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PREFACE

OVERVIEW

NEW TO THIS EDITION

The eleventh edition of Quantitative Analysis for Management continues to provide both graduate
and undergraduate students with a solid foundation in quantitative methods and management sci-
ence. Thanks to the comments and suggestions from numerous users and reviewers of this textbook
over the last thirty years, we are able to make this best-selling textbook even better.

We continue to place emphasis on model building and computer applications to help students
understand how the techniques presented in this book are actually used in business today. In each
chapter, managerial problems are presented to provide motivation for learning the techniques that
can be used to address these problems. Next, the mathematical models, with all necessary assump-
tions, are presented in a clear and concise fashion. The techniques are applied to the sample
problems with complete details provided. We have found that this method of presentation is very
effective, and students are very appreciative of this approach. If the mathematical computations for
a technique are very detailed, the mathematical details are presented in such a way that the instruc-
tor can easily omit these sections without interrupting the flow of the material. The use of computer
software allows the instructor to focus on the managerial problem and spend less time on the math-
ematical details of the algorithms. Computer output is provided for many examples.

The only mathematical prerequisite for this textbook is algebra. One chapter on probability and
another chapter on regression analysis provide introductory coverage of these topics. We use stan-
dard notation, terminology, and equations throughout the book. Careful verbal explanation is pro-
vided for the mathematical notation and equations used.

e Excel 2010 is incorporated throughout the chapters.

e The Poisson and exponential distribution discussions were moved to Chapter 2 with the other
statistical background material used in the textbook.

e The simplex algorithm content has been moved from the textbook to Module 7 on the
Companion Website.

e There are 11 new QA in Action boxes, 4 new Model in the Real World boxes, and more than
40 new problems.

e Less emphasis was placed on the algorithmic approach to solving transportation and assign-
ment model problems.

e More emphasis was placed on modeling and less emphasis was placed on manual solution
methods.

15
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SPECIAL FEATURES

Many features have been popular in previous editions of this textbook, and they have been updated
and expanded in this edition. They include the following:

e  Modeling in the Real World boxes demonstrate the application of the quantitative analysis
approach to every technique discussed in the book. New ones have been added.

e  Procedure boxes summarize the more complex quantitative techniques, presenting them as a
series of easily understandable steps.

e  Margin notes highlight the important topics in the text.

e  History boxes provide interesting asides related to the development of techniques and the peo-
ple who originated them.

e QA in Action boxes illustrate how real organizations have used quantitative analysis to solve
problems. Eleven new QA in Action boxes have been added.

e  Solved Problems, included at the end of each chapter, serve as models for students in solving
their own homework problems.

e Discussion Questions are presented at the end of each chapter to test the student’s understand-
ing of the concepts covered and definitions provided in the chapter.

®  Problems included in every chapter are applications oriented and test the student’s ability to solve
exam-type problems. They are graded by level of difficulty: introductory (one bullet), moderate
(two bullets), and challenging (three bullets). More than 40 new problems have been added.

e [Internet Homework Problems provide additional problems for students to work. They are
available on the Companion Website.

o  Self-Tests allow students to test their knowledge of important terms and concepts in prepara-
tion for quizzes and examinations.

e Case Studies, at the end of each chapter, provide additional challenging managerial applications.
e Glossaries, at the end of each chapter, define important terms.

e Key Equations, provided at the end of each chapter, list the equations presented in that chapter.
e  End-of-chapter bibliographies provide a current selection of more advanced books and articles.

e  The software POM-QM for Windows uses the full capabilities of Windows to solve quantita-
tive analysis problems.

o Excel OM and Excel 2010 are used to solve problems throughout the book.

e Data files with Excel spreadsheets and POM-QM for Windows files containing all the exam-
ples in the textbook are available for students to download from the Companion Website.
Instructors can download these plus additional files containing computer solutions to the rele-
vant end-of-chapter problems from the Instructor Resource Center website.

e  Online modules provide additional coverage of topics in quantitative analysis.

e The Companion Website, at www.pearsonglobaleditions.com/render, provides the online mod-
ules, additional problems, cases, and other material for almost every chapter.

SIGNIFICANT CHANGES TO THE ELEVENTH EDITION

In the eleventh edition, we have incorporated the use of Excel 2010 throughout the chapters.
Whereas information about Excel 2007 is also included in appropriate appendices, screen captures
and formulas from Excel 2010 are used extensively. Most of the examples have spreadsheet solu-
tions provided. The Excel QM add-in is used with Excel 2010 to provide students with the most
up-to-date methods available.

An even greater emphasis on modeling is provided as the simplex algorithm has been moved
from the textbook to a module on the Companion Website. Linear programming models are pre-
sented with the transportation, transshipment, and assignment problems. These are presented from a
network approach, providing a consistent and coherent discussion of these important types of
problems. Linear programming models are provided for some other network models as well. While
a few of the special purpose algorithms are still available in the textbook, they may be easily omit-
ted without loss of continuity should the instructor choose that option.
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In addition to the use of Excel 2010, the use of new screen captures, and the discussion of soft-
ware changes throughout the book, other modifications have been made to almost every chapter. We
briefly summarize the major changes here.

Chapter 1 Introduction to Quantitative Analysis. New QA in Action boxes and Managing in the
Real World applications have been added. One new problem has been added.

Chapter 2 Probability Concepts and Applications. The presentation of discrete random variables
has been modified. The empirical rule has been added, and the discussion of the normal distribution
has been modified. The presentations of the Poisson and exponential distributions, which are impor-
tant in the waiting line chapter, have been expanded. Three new problems have been added.

Chapter 3 Decision Analysis. The presentation of the expected value criterion has been modified. A
discussion is provided of using the decision criteria for both maximization and minimization prob-
lems. An Excel 2010 spreadsheet for the calculations with Bayes theorem is provided. A new QA in
Action box and six new problems have been added.

Chapter 4 Regression Models. Stepwise regression is mentioned when discussing model building.
Two new problems have been added. Other end-of-chapter problems have been modified.

Chapter S Forecasting. The presentation of exponential smoothing with trend has been modified.
Three new end-of-chapter problems and one new case have been added.

Chapter 6 Inventory Control Models. The use of safety stock has been significantly modified, with
the presentation of three distinct situations that would require the use of safety stock. Discussion of
inventory position has been added. One new QA in Action, five new problems, and two new solved
problems have been added.

Chapter 7 Linear Programming Models: Graphical and Computer Methods. Discussion has been
expanded on interpretation of computer output, the use of slack and surplus variables, and the pres-
entation of binding constraints. The use of Solver in Excel 2010 is significantly changed from Excel
2007, and the use of the new Solver is clearly presented. Two new problems have been added, and
others have been modified.

Chapter 8 Linear Programming Modeling Applications with Computer Analysis. The production
mix example was modified. To enhance the emphasis on model building, discussion of developing
the model was expanded for many examples. One new QA in Action box and two new end-of-chapter
problems were added.

Chapter 9 Transportation and Assignment Models. Major changes were made in this chapter, as
less emphasis was placed on the algorithmic approach to solving these problems. A network repre-
sentation, as well as the linear programming model for each type of problem, were presented. The
transshipment model is presented as an extension of the transportation problem. The basic trans-
portation and assignment algorithms are included, but they are at the end of the chapter and may be
omitted without loss of flow. Two QA in Action boxes, one Managing in the Real World situation,
and 11 new end-of-chapter problems were added.

Chapter 10 Integer Programming, Goal Programming, and Nonlinear Programming. More emphasis
was placed on modeling and less emphasis was placed on manual solution methods. One new
Managing in the Real World application, one new solved problem, and three new problems were added.

Chapter 11 Network Models. Linear programming formulations for the max-flow and shortest
route problems were added. The algorithms for solving these network problems were retained, but
these can easily be omitted without loss of continuity. Six new end-of-chapter problems were added.

Chapter 12 Project Management. Screen captures for the Excel QM software application were
added. One new problem was added.

Chapter 13 Waiting Lines and Queuing Models. The discussion of the Poisson and exponential dis-
tribution were moved to Chapter 2 with the other statistical background material used in the text-
book. Two new QA in Action boxes and two new end-of-chapter problems were added.

Chapter 14 Simulation Modeling. The use of Excel 2010 is the major change to this chapter.
Chapter 15 Markov Analysis. One Managing in the Real World application was added.

Chapter 16 Statistical Quality Control. One new QA in Action box was added. The chapter on the
simplex algorithm was converted to a module that is now available on the Companion Website with
the other modules. Instructors who choose to cover this can tell students to download the complete
discussion.



18 PREFACE

ONLINE MODULES

SOFTWARE

To streamline the book, seven topics are contained in modules available on the Companion Website
for the book.
1. Analytic Hierarchy Process
Dynamic Programming
Decision Theory and the Normal Distribution
Game Theory
Mathematical Tools: Matrices and Determinants

Calculus-Based Optimization

N kW

Linear Programming: The Simplex Method

COMPANION WEBSITE

Excel 2010 Instructions and screen captures are provided for, using Excel 2010, throughout the
book. Discussion of differences between Excel 2010 and Excel 2007 is provided where relevant.
Instructions for activating the Solver and Analysis ToolPak add-ins for both Excel 2010 and Excel
2007 are provided in an appendix. The use of Excel is more prevalent in this edition of the book than
in previous editions.

Excel QM Using the Excel QM add-in that is available on the Companion Website makes the use
of Excel even easier. Students with limited Excel experience can use this and learn from the formu-
las that are automatically provided by Excel QM. This is used in many of the chapters.

POM-QM for Windows This software, developed by Professor Howard Weiss, is available to
students at the Companion Website. This is very user friendly and has proven to be a very popular
software tool for users of this textbook. Modules are available for every major problem type pre-
sented in the textbook.

The Companion Website, located at www.pearsonglobaleditions.com/render, contains a variety of
materials to help students master the material in this course. These include:

Modules There are seven modules containing additional material that the instructor may choose
to include in the course. Students can download these from the Companion Website.

Self-Study Quizzes Some multiple choice, true-false, fill-in-the-blank, and discussion questions
are available for each chapter to help students test themselves over the material covered in that chapter.

Files for Examples in Excel, Excel QM, and POM-QM for Windows Students can download
the files that were used for examples throughout the book. This helps them become familiar with the
software, and it helps them understand the input and formulas necessary for working the examples.

Internet Homework Problems In addition to the end-of-chapter problems in the textbook,
there are additional problems that instructors may assign. These are available for download at the
Companion Website.

Internet Case Studies Additional case studies are available for most chapters.

POM-QM for Windows Developed by Howard Weiss, this very user-friendly software can be
used to solve most of the homework problems in the text.
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Excel QM This Excel add-in will automatically create worksheets for solving problems. This is
very helpful for instructors who choose to use Excel in their classes but who may have students
with limited Excel experience. Students can learn by examining the formulas that have been cre-
ated, and by seeing the inputs that are automatically generated for using the Solver add-in for lin-
ear programming.

INSTRUCTOR RESOURCES

o Instructor Resource Center: The Instructor Resource Center contains the electronic files for
the test bank, PowerPoint slides, the Solutions Manual, and data files for both Excel and
POM-QM for Windows for all relevant examples and end-of-chapter problems.
(www.pearsonglobaleditions.com/render).

®  Register, Redeem, Login: At www.pearsonglobaleditions.com/render, instructors can access
a variety of print, media, and presentation resources that are available with this text in down-
loadable, digital format.

o Need help? Our dedicated technical support team is ready to assist instructors with questions
about the media supplements that accompany this text. Visit http://247.pearsoned.co.uk for
answers to frequently asked questions and toll-free user support phone numbers. The supple-
ments are available to adopting instructors. Detailed descriptions are provided on the
Instructor Resource Center.

Instructor’s Solutions Manual The Instructor’s Solutions Manual, updated by the authors, is
available to adopters in print form and as a download from the Instructor Resource Center. Solutions
to all Internet Homework Problems and Internet Case Studies are also included in the manual.

Test Item File The updated test item file is available to adopters as a downloaded from the
Instructor Resource Center.

TestGen The computerized TestGen package allows instructors to customize, save, and generate
classroom tests. The test program permits instructors to edit, add, or delete questions from the test
bank; edit existing graphics and create new graphics; analyze test results; and organize a database of
test and student results. This software allows for extensive flexibility and ease of use. It provides
many options for organizing and displaying tests, along with search and sort features. The software
and the test banks can be downloaded at www.pearsonglobaleditions.com/render.
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Introduction to

Quantitative Analysis

LEARNING OBJECTIVES

After completing this chapter, students will be able to:

1. Describe the quantitative analysis approach.

2. Understand the application of quantitative analysis
in a real situation.

3. Describe the use of modeling in quantitative
analysis.

CHAPTER OUTLINE

1.1 Introduction
1.2 What Is Quantitative Analysis?
1.3 The Quantitative Analysis Approach

1.4 How to Develop a Quantitative Analysis
Model
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Approach
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Beverages at Southwestern University Football Games ¢ Bibliography

Summary ¢ Glossary ¢ Key Equations ¢ Self-Test ¢ Discussion Questions and Problems ¢ Case Study: Food and

21



22 CHAPTER 1 ¢ INTRODUCTION TO QUANTITATIVE ANALYSIS

1.1 Introduction

People have been using mathematical tools to help solve problems for thousands of years; how-
ever, the formal study and application of quantitative techniques to practical decision making is
largely a product of the twentieth century. The techniques we study in this book have been
applied successfully to an increasingly wide variety of complex problems in business, govern-
ment, health care, education, and many other areas. Many such successful uses are discussed
throughout this book.

It isn’t enough, though, just to know the mathematics of how a particular quantitative
technique works; you must also be familiar with the limitations, assumptions, and specific
applicability of the technique. The successful use of quantitative techniques usually results
in a solution that is timely, accurate, flexible, economical, reliable, and easy to understand
and use.

In this and other chapters, there are QA (Quantitative Analysis) in Action boxes that
provide success stories on the applications of management science. They show how organi-
zations have used quantitative techniques to make better decisions, operate more efficiently,
and generate more profits. Taco Bell has reported saving over $150 million with better forecast-
ing of demand and better scheduling of employees. NBC television increased advertising
revenue by over $200 million between 1996 and 2000 by using a model to help develop sales
plans for advertisers. Continental Airlines saves over $40 million per year by using mathe-
matical models to quickly recover from disruptions caused by weather delays and other
factors. These are but a few of the many companies discussed in QA in Action boxes throughout
this book.

To see other examples of how companies use quantitative analysis or operations research
methods to operate better and more efficiently, go to the website www.scienceofbetter.org. The
success stories presented there are categorized by industry, functional area, and benefit. These
success stories illustrate how operations research is truly the “science of better.”

1.2 WhatIs Quantitative Analysis?

Quantitative analysis uses
a scientific approach to decision
making.

Both qualitative and quantitative
factors must be considered.

Quantitative analysis is the scientific approach to managerial decision making. Whim, emo-
tions, and guesswork are not part of the quantitative analysis approach. The approach starts with
data. Like raw material for a factory, these data are manipulated or processed into information
that is valuable to people making decisions. This processing and manipulating of raw data into
meaningful information is the heart of quantitative analysis. Computers have been instrumental
in the increasing use of quantitative analysis.

In solving a problem, managers must consider both qualitative and quantitative factors. For
example, we might consider several different investment alternatives, including certificates of
deposit at a bank, investments in the stock market, and an investment in real estate. We can use
quantitative analysis to determine how much our investment will be worth in the future when
deposited at a bank at a given interest rate for a certain number of years. Quantitative analysis
can also be used in computing financial ratios from the balance sheets for several companies
whose stock we are considering. Some real estate companies have developed computer pro-
grams that use quantitative analysis to analyze cash flows and rates of return for investment
property.

In addition to quantitative analysis, qualitative factors should also be considered. The
weather, state and federal legislation, new technological breakthroughs, the outcome of an elec-
tion, and so on may all be factors that are difficult to quantify.

Because of the importance of qualitative factors, the role of quantitative analysis in the
decision-making process can vary. When there is a lack of qualitative factors and when
the problem, model, and input data remain the same, the results of quantitative analysis
can automate the decision-making process. For example, some companies use quantitative
inventory models to determine automatically when to order additional new materials. In
most cases, however, quantitative analysis will be an aid to the decision-making process.
The results of quantitative analysis will be combined with other (qualitative) information in
making decisions.
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Quantitative analysis has been in existence since the beginning
of recorded history, but it was Frederick W. Taylor who in the early
1900s pioneered the principles of the scientific approach to man-
agement. During World War Il, many new scientific and quantita-
tive techniques were developed to assist the military. These new
developments were so successful that after World War Il many
companies started using similar techniques in managerial decision
making and planning. Today, many organizations employ a staff

1.3 THE QUANTITATIVE ANALYSIS APPROACH
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of operations research or management science personnel or
consultants to apply the principles of scientific management to
problems and opportunities. In this book, we use the terms
management science, operations research, and quantitative
analysis interchangeably.

The origin of many of the techniques discussed in this book
can be traced to individuals and organizations that have applied
the principles of scientific management first developed by Taylor;
they are discussed in History boxes scattered throughout the book.
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1.3 The Quantitative Analysis Approach

Defining the problem can be the
most important step.

Concentrate on only a few
problems.

FIGURE 1.1
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The types of models include
physical, scale, schematic, and
mathematical models.

The quantitative analysis approach consists of defining a problem, developing a model, acquir-
ing input data, developing a solution, testing the solution, analyzing the results, and implement-
ing the results (see Figure 1.1). One step does not have to be finished completely before the next
is started; in most cases one or more of these steps will be modified to some extent before the fi-
nal results are implemented. This would cause all of the subsequent steps to be changed. In some
cases, testing the solution might reveal that the model or the input data are not correct. This
would mean that all steps that follow defining the problem would need to be modified.

Defining the Problem

The first step in the quantitative approach is to develop a clear, concise statement of the
problem. This statement will give direction and meaning to the following steps.

In many cases, defining the problem is the most important and the most difficult step. It is
essential to go beyond the symptoms of the problem and identify the true causes. One problem
may be related to other problems; solving one problem without regard to other related problems
can make the entire situation worse. Thus, it is important to analyze how the solution to one
problem affects other problems or the situation in general.

It is likely that an organization will have several problems. However, a quantitative analysis
group usually cannot deal with all of an organization’s problems at one time. Thus, it is usually
necessary to concentrate on only a few problems. For most companies, this means selecting
those problems whose solutions will result in the greatest increase in profits or reduction in costs
to the company. The importance of selecting the right problems to solve cannot be overempha-
sized. Experience has shown that bad problem definition is a major reason for failure of man-
agement science or operations research groups to serve their organizations well.

When the problem is difficult to quantify, it may be necessary to develop specific,
measurable objectives. A problem might be inadequate health care delivery in a hospital. The
objectives might be to increase the number of beds, reduce the average number of days a patient
spends in the hospital, increase the physician-to-patient ratio, and so on. When objectives are
used, however, the real problem should be kept in mind. It is important to avoid obtaining spe-
cific and measurable objectives that may not solve the real problem.

Developing a Model

Once we select the problem to be analyzed, the next step is to develop a model. Simply stated, a
model is a representation (usually mathematical) of a situation.

Even though you might not have been aware of it, you have been using models most of your
life. You may have developed models about people’s behavior. Your model might be that friend-
ship is based on reciprocity, an exchange of favors. If you need a favor such as a small loan, your
model would suggest that you ask a good friend.

Of course, there are many other types of models. Architects sometimes make a physical
model of a building that they will construct. Engineers develop scale models of chemical plants,
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CHAPTER 1

Operations researchers and decision scientists have been investi-
gating oil spill response and alleviation strategies since long before
the BP oil spill disaster of 2010 in the Gulf of Mexico. A four-phase
classification system has emerged for disaster response research: mit-
igation, preparedness, response, and recovery. Mitigation means re-
ducing the probability that a disaster will occur and implementing
robust, forward-thinking strategies to reduce the effects of a disaster

* INTRODUCTION TO QUANTITATIVE ANALYSIS

VBN [e) 'l Operations Research and Oil Spills

Many quantitative tools have helped in areas of risk analysis,
insurance, logistical preparation and supply management, evacu-
ation planning, and development of communication systems. Re-
cent research has shown that while many strides and discoveries
have been made, much research is still needed. Certainly each of
the four disaster response areas could benefit from additional re-
search, but recovery seems to be of particular concern and per-
haps the most promising for future research.

that does occur. Preparedness is any and all organization efforts that
happen a priori to a disaster. Response is the location, allocation, and
overall coordination of resources and procedures during the disaster
that are aimed at preserving life and property. Recovery is the set of
actions taken to minimize the long-term impacts of a particular dis-
aster after the immediate situation has stabilized.

Source: Based on N. Altay and W. Green. “OR/MS Research in Disaster Oper-
ations Management,” European Journal of Operational Research 175, 1 (2006):
475-493.

called pilot plants. A schematic model is a picture, drawing, or chart of reality. Automobiles,
lawn mowers, gears, fans, typewriters, and numerous other devices have schematic models
(drawings and pictures) that reveal how these devices work. What sets quantitative analysis apart
from other techniques is that the models that are used are mathematical. A mathematical model
is a set of mathematical relationships. In most cases, these relationships are expressed in equa-
tions and inequalities, as they are in a spreadsheet model that computes sums, averages, or stan-
dard deviations.

Although there is considerable flexibility in the development of models, most of the models
presented in this book contain one or more variables and parameters. A variable, as the name
implies, is a measurable quantity that may vary or is subject to change. Variables can be
controllable or uncontrollable. A controllable variable is also called a decision variable. An
example would be how many inventory items to order. A parameter is a measurable quantity
that is inherent in the problem. The cost of placing an order for more inventory items is an
example of a parameter. In most cases, variables are unknown quantities, while parameters
are known quantities. All models should be developed carefully. They should be solvable, real-
istic, and easy to understand and modify, and the required input data should be obtainable.
The model developer has to be careful to include the appropriate amount of detail to be solvable
yet realistic.

Acquiring Input Data

Once we have developed a model, we must obtain the data that are used in the model (input
data). Obtaining accurate data for the model is essential; even if the model is a perfect represen-
tation of reality, improper data will result in misleading results. This situation is called garbage
in, garbage out. For a larger problem, collecting accurate data can be one of the most difficult
steps in performing quantitative analysis.

There are a number of sources that can be used in collecting data. In some cases, company
reports and documents can be used to obtain the necessary data. Another source is interviews
with employees or other persons related to the firm. These individuals can sometimes provide
excellent information, and their experience and judgment can be invaluable. A production su-
pervisor, for example, might be able to tell you with a great degree of accuracy the amount of
time it takes to produce a particular product. Sampling and direct measurement provide other
sources of data for the model. You may need to know how many pounds of raw material are used
in producing a new photochemical product. This information can be obtained by going to the
plant and actually measuring with scales the amount of raw material that is being used. In other
cases, statistical sampling procedures can be used to obtain data.

Garbage in, garbage out means
that improper data will result
in misleading results.



The input data and model
determine the accuracy of the
solution.

Testing the data and model is
done before the results are
analyzed.

Sensitivity analysis determines
how the solutions will change
with a different model or input
data.
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Developing a Solution

Developing a solution involves manipulating the model to arrive at the best (optimal) solution to
the problem. In some cases, this requires that an equation be solved for the best decision. In
other cases, you can use a trial and error method, trying various approaches and picking the one
that results in the best decision. For some problems, you may wish to try all possible values for
the variables in the model to arrive at the best decision. This is called complete enumeration.
This book also shows you how to solve very difficult and complex problems by repeating a few
simple steps until you find the best solution. A series of steps or procedures that are repeated is
called an algorithm, named after Algorismus, an Arabic mathematician of the ninth century.
The accuracy of a solution depends on the accuracy of the input data and the model. If the in-
put data are accurate to only two significant digits, then the results can be accurate to only two sig-
nificant digits. For example, the results of dividing 2.6 by 1.4 should be 1.9, not 1.857142857.

Testing the Solution

Before a solution can be analyzed and implemented, it needs to be tested completely. Because
the solution depends on the input data and the model, both require testing.

Testing the input data and the model includes determining the accuracy and completeness
of the data used by the model. Inaccurate data will lead to an inaccurate solution. There are sev-
eral ways to test input data. One method of testing the data is to collect additional data from a
different source. If the original data were collected using interviews, perhaps some additional
data can be collected by direct measurement or sampling. These additional data can then be
compared with the original data, and statistical tests can be employed to determine whether there
are differences between the original data and the additional data. If there are significant differ-
ences, more effort is required to obtain accurate input data. If the data are accurate but the
results are inconsistent with the problem, the model may not be appropriate. The model can be
checked to make sure that it is logical and represents the real situation.

Although most of the quantitative techniques discussed in this book have been computer-
ized, you will probably be required to solve a number of problems by hand. To help detect both
logical and computational mistakes, you should check the results to make sure that they are con-
sistent with the structure of the problem. For example, (1.96)(301.7) is close to (2)(300), which
is equal to 600. If your computations are significantly different from 600, you know you have
made a mistake.

Analyzing the Results and Sensitivity Analysis

Analyzing the results starts with determining the implications of the solution. In most cases, a
solution to a problem will result in some kind of action or change in the way an organization is
operating. The implications of these actions or changes must be determined and analyzed before
the results are implemented.

Because a model is only an approximation of reality, the sensitivity of the solution to
changes in the model and input data is a very important part of analyzing the results. This type
of analysis is called sensitivity analysis or postoptimality analysis. It determines how much the
solution will change if there were changes in the model or the input data. When the solution is
sensitive to changes in the input data and the model specification, additional testing should be
performed to make sure that the model and input data are accurate and valid. If the model or data
are wrong, the solution could be wrong, resulting in financial losses or reduced profits.

The importance of sensitivity analysis cannot be overemphasized. Because input data may
not always be accurate or model assumptions may not be completely appropriate, sensitivity
analysis can become an important part of the quantitative analysis approach. Most of the chap-
ters in the book cover the use of sensitivity analysis as part of the decision-making and problem-
solving process.

Implementing the Results

The final step is to implement the results. This is the process of incorporating the solution into
the company. This can be much more difficult than you would imagine. Even if the solution
is optimal and will result in millions of dollars in additional profits, if managers resist the
new solution, all of the efforts of the analysis are of no value. Experience has shown that a large
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The Finn-P G Dealing T\
MODELING IN THE REAL WORLD [Sirsaftsshotonn

St Defining the Problem
the Problem Founded in 1969, the Finn-Power Group is Scandinavia’s largest machine-tool manufacturer, exporting
about 88% of its products to more than 50 countries. One of Finn-Power’s leading sectors is machinery au-
tomation, developed in the company’s northern Italian facility. While delivering very high-quality outputs, the
machines had to be configured in more than 60,000 different ways to accommodate customers’ needs, and
the need for successive modifications based on after sale requests created substantial optimization problems
and delays in product delivery.
Developing Developing a Model
a Model In 1999 Finn-Power began to study the introduction of sophisticated planning bills to produce more accurate
forecasts about its components needs. The purpose of the planning bills was to simplify the master produc-
l tion scheduling (MPS) and the requirements of input materials.
P Acqumng Inpqt Datal B -
Input Data The input data required consisted of specific details about the components, such as whether they were com-
mon to a set of products (modular bills) or specific to a single one. Bills were based both on historical data
l from previous sales and estimates about the probability of use for each component.
T Deve!opmg a .Solutlorll . | | |
a Solution In the initial solution, planning bills were implemented, and the company was able to achieve a substantial
reduction of the items that required individual estimates, therefore reducing overall time. A two-level pro-
l duction schedule to streamline the production was also introduced.
) Testing the Solution
Testing the est g-t ¢ _SO utp , , o ,
Solution The planning bills solution was tested in the Italian subsidiary operations. Salespeople collected orders from

customers, and requests for modifications were passed to the designers and buyers to be implemented.

:

Analyzing
the Results

Analyzing the Results

The first test was not successful as the process of updating the planning bills was not carried out with the
necessary clarity of objectives. Also, the reports produced were incomplete and hard to read, and they did
not convey a real picture of the modifications actually required. As a result, the company failed to deliver the
scheduled models in time and in some cases had to rework some of the components. A revised model was
therefore proposed to address these shortcomings.

. Implementing the Results
Implementing i i o } ) ]
the Results The revised model, which enhanced product modularity, finally yielded the desired results. It dramatically
improved the accuracy of forecasts, streamlined the production process as originally intended, and signifi-
cantly augmented the number of on-time deliveries from 38% in 1999 to 80% in 2002. Also, it signifi-
cantly reduced the value of the obsolete stock by 62.5%, resulting in huge savings and improved
performance.

Source: Danese P. and P. Romano. “Finn-Power Italia Develops and Implements a Method to Cope with High Product Variety
and Frequent Modifications,” Interfaces 35, 6 (November—December, 2005): 449-459.

number of quantitative analysis teams have failed in their efforts because they have failed to im-
plement a good, workable solution properly.

After the solution has been implemented, it should be closely monitored. Over time, there
may be numerous changes that call for modifications of the original solution. A changing
economy, fluctuating demand, and model enhancements requested by managers and decision
makers are only a few examples of changes that might require the analysis to be modified.
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The Quantitative Analysis Approach and Modeling in the Real World

The quantitative analysis approach is used extensively in the real world. These steps, first seen
in Figure 1.1 and described in this section, are the building blocks of any successful use of quan-
titative analysis. As seen in our first Modeling in the Real World box, the steps of the quantita-
tive analysis approach can be used to help a company such as The Finn-Power Group, to
schedule and customize its products. Throughout this book, you will see how the steps of the
quantitative analysis approach are used to help countries and companies of all sizes save mil-
lions of dollars, plan for the future, increase revenues, and provide higher-quality products and
services. The Modeling in the Real World boxes in every chapter will demonstrate to you the
power and importance of quantitative analysis in solving real problems for real organizations.
Using the steps of quantitative analysis, however, does not guarantee success. These steps must
be applied carefully.

1.4 How to Develop a Quantitative Analysis Model

Expenses include fixed and
variable costs.

Developing a model is an important part of the quantitative analysis approach. Let’s see how we
can use the following mathematical model, which represents profit:

Profit = Revenue — Expenses

In many cases, we can express revenues as price per unit multiplied times the number of units
sold. Expenses can often be determined by summing fixed costs and variable cost. Variable cost
is often expressed as variable cost per unit multiplied times the number of units. Thus, we can
also express profit in the following mathematical model:

Profit = Revenue — (Fixed cost + Variable cost)

Profit = (Selling price per unit)(Number of units sold)
— [Fixed cost + (Variable cost per unit)(Number of units sold) ]

sX — [f + vX]
sX — f — vX (1-1)

Profit
Profit

where
s = selling price per unit
f = fixed cost
v = variable cost per unit
X = number of units sold

The parameters in this model are f, v, and s, as these are inputs that are inherent in the model.
The number of units sold (X) is the decision variable of interest.

EXAMPLE: PRITCHETT’S PRECIOUS TIME PIECES We will use the Bill Pritchett clock repair shop
example to demonstrate the use of mathematical models. Bill’s company, Pritchett’s Precious
Time Pieces, buys, sells, and repairs old clocks and clock parts. Bill sells rebuilt springs for a
price per unit of $10. The fixed cost of the equipment to build the springs is $1,000. The vari-
able cost per unit is $5 for spring material. In this example,

s =10
= 1,000
v=>5

The number of springs sold is X, and our profit model becomes

Profit = $10X — $1,000 — $5X

If sales are 0, Bill will realize a $1,000 loss. If sales are 1,000 units, he will realize a profit of
$4,000 ($4,000 = ($10)(1,000) — $1,000 — ($5)(1,000)). See if you can determine the profit
for other values of units sold.
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The BEP results in $0 profits.

Deterministic means with
complete certainty.

In addition to the profit models shown here, decision makers are often interested in the
break-even point (BEP). The BEP is the number of units sold that will result in $0 profits. We
set profits equal to $0 and solve for X, the number of units at the break-even point:

0=sX—-f—vX
This can be written as

O=@G6G—-vX-—-f
Solving for X, we have

f=6-vX
f

A

X:

This quantity (X) that results in a profit of zero is the BEP, and we now have this model for the BEP:

Fixed cost

BEP = , , . . ,
(Selling price per unit) — (Variable cost per unit)

f

s =V

BEP =

1-2)

For the Pritchett’s Precious Time Pieces example, the BEP can be computed as follows:

BEP = $1,000/($10 — $5) = 200 units, or springs, at the break-even point

The Advantages of Mathematical Modeling
There are a number of advantages of using mathematical models:

1. Models can accurately represent reality. If properly formulated, a model can be extremely
accurate. A valid model is one that is accurate and correctly represents the problem or sys-
tem under investigation. The profit model in the example is accurate and valid for many
business problems.

2. Models can help a decision maker formulate problems. In the profit model, for example,

a decision maker can determine the important factors or contributors to revenues and
expenses, such as sales, returns, selling expenses, production costs, transportation costs,
and so on.

3. Models can give us insight and information. For example, using the profit model from the
preceding section, we can see what impact changes in revenues and expenses will have on
profits. As discussed in the previous section, studying the impact of changes in a model,
such as a profit model, is called sensitivity analysis.

4. Models can save time and money in decision making and problem solving. It usually takes
less time, effort, and expense to analyze a model. We can use a profit model to analyze the
impact of a new marketing campaign on profits, revenues, and expenses. In most cases,
using models is faster and less expensive than actually trying a new marketing campaign in
a real business setting and observing the results.

5. A model may be the only way to solve some large or complex problems in a timely
fashion. A large company, for example, may produce literally thousands of sizes of nuts,
bolts, and fasteners. The company may want to make the highest profits possible given its
manufacturing constraints. A mathematical model may be the only way to determine the
highest profits the company can achieve under these circumstances.

6. A model can be used to communicate problems and solutions to others. A decision analyst
can share his or her work with other decision analysts. Solutions to a mathematical model
can be given to managers and executives to help them make final decisions.

Mathematical Models Categorized by Risk

Some mathematical models, like the profit and break-even models previously discussed, do not
involve risk or chance. We assume that we know all values used in the model with complete
certainty. These are called deterministic models. A company, for example, might want to
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minimize manufacturing costs while maintaining a certain quality level. If we know all these
values with certainty, the model is deterministic.

Other models involve risk or chance. For example, the market for a new product might be
“good” with a chance of 60% (a probability of 0.6) or “not good” with a chance of 40% (a prob-
ability of 0.4). Models that involve chance or risk, often measured as a probability value, are
called probabilistic models. In this book, we will investigate both deterministic and probabilis-
tic models.

1.5 The Role of Computers and Spreadsheet Models in the Quantitative Analysis Approach

PROGRAM 1.1

The QM for Windows
Main Menu of
Quantitative Models

Developing a solution, testing the solution, and analyzing the results are important steps in the
quantitative analysis approach. Because we will be using mathematical models, these steps re-
quire mathematical calculations. Fortunately, we can use the computer to make these steps eas-
ier. Two programs that allow you to solve many of the problems found in this book are provided
at the Companion Website for this book:

1. POM-QM for Windows is an easy-to-use decision support system that was developed for
use with production/operations management (POM) and quantitative methods or quantita-
tive management (QM) courses. POM for Windows and QM for Windows were originally
separate software packages for each type of course. These are now combined into one pro-
gram called POM-QM for Windows. As seen in Program 1.1, it is possible to display all
the modules, only the POM modules, or only the QM modules. The images shown in this
textbook will typically display only the QM modules. Hence, in this book, reference will
usually be made to QM for Windows. Appendix E at the end of the book and many of the
end-of-chapter appendices provide more information about QM for Windows.

2. Excel QM, which can also be used to solve many of the problems discussed in this book,
works automatically within Excel spreadsheets. Excel QM makes using a spreadsheet even
easier by providing custom menus and solution procedures that guide you through every
step. In Excel 2007, the main menu is found in the Add-Ins tab, as shown in Program 1.2.
Appendix F provides further details of how to install this add-in program to Excel 2010
and Excel 2007. To solve the break-even problem discussed in Section 1.4, we illustrate
Excel QM features in Programs 1.3A and 1.3B.

Ble 3t ow ke rocmet Took Vireow £H
ngals st
Breakeven,Cost-Volume Analysis :

&nm

(Unstruction )— Dectn Al
Forecasting

Game Theory

Goal Programming

Integer & Mixed Integer Programming
Inyentory

Linear Programming

Markov Analysis

Material Requirements Planning
MNetwiorks

Project Management (PERT/CPM)
Quality Control

Simulation

Statistics (mean, var, sd; normal dist)
Transportation

Waiting Lines

Display POM Modules only

Data area

Utility bar 45 Module | [ Print Sepeen
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PROGRAM 1.2

Excel QM Main Menu of
Quantitative Models in

Excel 2010

PROGRAM 1.3A
Selecting Breakeven

Analysis in Excel QM

Home Insert Page Layout Formulas Data Review View Add-Ins Acrobat

| Exceom i@ 7 &) §2 eMail @ PHWeb Site ] Unload BCR(QM  F About @ Help

Assignment

Ereakeven Analysis

» Gelect the Add-Ins ta@

| Beciion A X tom Toolbars
[: SN AY Click Excel QM, and the drop-down
l: Forecasting menu opens with the list of models
Games (Ze_available in Excel QM. Y, E F G H
Inventory b

Linear, Integer & Mixed Integer Programming
Markov Chains

Material Requirements Planning

Network Analysis b
Project Management ]
Quality Control ]
Simulation

Statistics (mean, var, sd; Normal Dist) b

Transportation
Waiting Lines ]
Show/Hide Toolbar

Tools [ ]

T

Home Insert Page Layout Formulas Data Review View AddIns Acrobat

PyPreferences {8 & BT i@ 7 ) 63 Mail @ pHweb site Ml Unload BxcalQM T} About @ Help

Bl —| Select the Add-Ins tab.
[ Crossover/Cost-Volume Analysis
Decision Analysis

|:P \Breake\ren (Cost/s Revenue) {% |
[ | Forecastin b [ B
H ? [ select Excel QM. F \F\/G = | 3 z

Select Breakeven Analysis and then
Linear, Integer & Mixed Integer Programming| select Breakeven (Cost vs Revenue).

Breakeven Analysi

L | Games (Zero

Inventory

Markov Chains

Material Requirements Planning

Metwork: Analysis ]
Project Management ]
Quality Control b |
Simulation

Statistics (mean, var, sd; Mormal Dist) b |

Transportation
Waiting Lines L
Show/Hide Toolbar

Tools B

=

Add-in programs make Excel, which is already a wonderful tool for modeling, even
more powerful in solving quantitative analysis problems. Excel QM and the Excel files used in
the examples throughout this text are also included on the Companion Website for this text.
There are two other powerful Excel built-in features that make solving quantitative analysis

problems easier:

1. Solver. Solver is an optimization technique that can maximize or minimize a quantity
given a set of limitations or constraints. We will be using Solver throughout the text to
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PROGRAM 1.3B

Breakeven Analysis
in Excel QM

PROGRAM 1.4

Using Goal Seek in the
Break-Even Problem to
Achieve a Specified
Profit

31

' | —=
T Prl“hmg“k Rapalt To see the formula used fo\r the calculations, hold c.iown £ b la
|2 the Ctrl key and press the " (grave accent) key. Doing

3 BreakevenAnalysis | this a second time returns to the display of the results.

a4
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T
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s P T will compute the profit in B23.
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12 Revenue 10 | 3500 1
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14 | 3000

15 Results | 2500 <
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17 Units 200 |
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19 1000
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21 Costs } S 1,00000 The break-even point is given

22 Revenue s in units and also in dollars. . .
23 Profit S (1,000.00) 300 400 00
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25 Graph i 3

26 Units Casts Revenus e b s

27 0 1000 0

28 4ano 3000 4000

solve optimization problems. It is described in detail in Chapter 7 and used in
Chapters 7-12.
2. Goal Seek. This feature of Excel allows you to specify a goal or target (Set Cell) and what

variable (Changing Cell) that you want Excel to change in order to achieve a desired goal.

Bill Pritchett, for example, would like to determine how many springs must be sold to
make a profit of $175. Program 1.4 shows how Goal Seek can be used to make the
necessary calculations.

[l
(= RS -

| File Home Insert Page Layout Formulas Data Review View Add Ins Acrobat
)| Connections | p— K - 2K Data Validatio > s
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Get External| fefresh z| r 5 & e
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| 1 Pritchatt Clock Rapair Select the Data tab and
12 then select What-If Analysis.
|| 3 Breakeven Analysis Then select Goal Seek.
-2 Put the cell that has
1S Enter the Nixed and vanable costs andthe selling price inthe data area. You may enter a volume at which 1{ the prOfIt (823) intO
| g .the Set Cell window.
|| & Data
Il 9 QOption 1 4
|| 10 Fixed cost 1000 To wabue: 175

11 Variable cost 5 By changing cell: | $0$12

1?2 Revenue ””’"""}9
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Results
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Put in the desired profit and specify
the location for the volume cell (B13).

17 Click OK, and Excel will change the value in
18 cell B13. Other cells are changed according
19 to the formulas in those cells.
20 Volume Afaryss ZooTumT
1 21 |Costs S 2,175.00
| 22 Revenue S 2,350.00
|| 23 |Profit 5 175.00
il 24
25 Graph
26 Units Costs Revenue
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IN ACTION

In 1997, the Pittsburgh Pirates signed Ross Ohlendorf because
of his 95-mph sinking fastball. Little did they know that Ross pos-
sessed operations research skills also worthy of national merit.
Ross Ohlendorf had graduated from Princeton University with a
3.8 GPA in operations research and financial engineering.

Indeed, after the 2009 baseball season, when Ross applied for
an 8-week unpaid internship with the U.S. Department of Agricul-
ture, he didn’t need to mention his full-time employer because the

Major League Operations Research
at the Department of Agriculture

Secretary of the Department of Agriculture at the time, Tom Vilsack,
was born and raised in Pittsburgh and was an avid Pittsburgh
Pirates fan. Ross spent 2 months of the ensuing off-season utiliz-
ing his educational background in operations research, helping the
Department of Agriculture track disease migration in livestock, a
subject Ross has a vested interest in as his family runs a cattle
ranch in Texas. Moreover, when ABC News asked Ross about his
off-season unpaid internship experience, he replied, “This one’s
been, I'd say, the most exciting off-season I've had."”

1.6 Possible Problems in the Quantitative Analysis Approach

All viewpoints should be
considered before formally
defining the problem.

We have presented the quantitative analysis approach as a logical, systematic means of tackling
decision-making problems. Even when these steps are followed carefully, there are many diffi-
culties that can hurt the chances of implementing solutions to real-world problems. We now take
a look at what can happen during each of the steps.

Defining the Problem

One view of decision makers is that they sit at a desk all day long, waiting until a problem arises,
and then stand up and attack the problem until it is solved. Once it is solved, they sit down, re-
lax, and wait for the next big problem. In the worlds of business, government, and education,
problems are, unfortunately, not easily identified. There are four potential roadblocks that quan-
titative analysts face in defining a problem. We use an application, inventory analysis, through-
out this section as an example.

CONFLICTING VIEWPOINTS The first difficulty is that quantitative analysts must often consider
conflicting viewpoints in defining the problem. For example, there are at least two views that
managers take when dealing with inventory problems. Financial managers usually feel that
inventory is too high, as inventory represents cash not available for other investments. Sales
managers, on the other hand, often feel that inventory is too low, as high levels of inventory may
be needed to fill an unexpected order. If analysts assume either one of these statements as the
problem definition, they have essentially accepted one manager’s perception and can expect
resistance from the other manager when the “solution” emerges. So it’s important to consider
both points of view before stating the problem. Good mathematical models should include all
pertinent information. As we shall see in Chapter 6, both of these factors are included in inven-
tory models.

IMPACT ON OTHER DEPARTMENTS The next difficulty is that problems do not exist in isolation
and are not owned by just one department of a firm. Inventory is closely tied with cash flows
and various production problems. A change in ordering policy can seriously hurt cash flows and
upset production schedules to the point that savings on inventory are more than offset by in-
creased costs for finance and production. The problem statement should thus be as broad as pos-
sible and include input from all departments that have a stake in the solution. When a solution is
found, the benefits to all areas of the organization should be identified and communicated to the
people involved.

BEGINNING ASSUMPTIONS The third difficulty is that people have a tendency to state pro-
blems in terms of solutions. The statement that inventory is too low implies a solution that in-
ventory levels should be raised. The quantitative analyst who starts off with this assumption will



An optimal solution to the wrong
problem leaves the real problem
unsolved.

Obtaining accurate input data
can be very difficult.
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probably indeed find that inventory should be raised. From an implementation standpoint, a
“good” solution to the right problem is much better than an “optimal” solution to the wrong
problem. If a problem has been defined in terms of a desired solution, the quantitative analyst
should ask questions about why this solution is desired. By probing further, the true problem
will surface and can be defined properly.

SOLUTION OUTDATED Even with the best of problem statements, however, there is a fourth dan-
ger. The problem can change as the model is being developed. In our rapidly changing business
environment, it is not unusual for problems to appear or disappear virtually overnight. The ana-
lyst who presents a solution to a problem that no longer exists can’t expect credit for providing
timely help. However, one of the benefits of mathematical models is that once the original model
has been developed, it can be used over and over again whenever similar problems arise. This
allows a solution to be found very easily in a timely manner.

Developing a Model

FITTING THE TEXTBOOK MODELS One problem in developing quantitative models is that a man-
ager’s perception of a problem won’t always match the textbook approach. Most inventory
models involve minimizing the total of holding and ordering costs. Some managers view these
costs as unimportant; instead, they see the problem in terms of cash flow, turnover, and levels
of customer satisfaction. Results of a model based on holding and ordering costs are probably
not acceptable to such managers. This is why the analyst must completely understand the model
and not simply use the computer as a “black box” where data are input and results are given
with no understanding of the process. The analyst who understands the process can explain
to the manager how the model does consider these other factors when estimating the different
types of inventory costs. If other factors are important as well, the analyst can consider these
and use sensitivity analysis and good judgment to modify the computer solution before it is
implemented.

UNDERSTANDING THE MODEL A second major concern involves the trade-off between the com-
plexity of the model and ease of understanding. Managers simply will not use the results of a
model they do not understand. Complex problems, though, require complex models. One trade-
off is to simplify assumptions in order to make the model easier to understand. The model loses
some of its reality but gains some acceptance by management.

One simplifying assumption in inventory modeling is that demand is known and con-
stant. This means that probability distributions are not needed and it allows us to build simple,
easy-to-understand models. Demand, however, is rarely known and constant, so the model we
build lacks some reality. Introducing probability distributions provides more realism but may
put comprehension beyond all but the most mathematically sophisticated managers. One
approach is for the quantitative analyst to start with the simple model and make sure that it is
completely understood. Later, more complex models can be introduced slowly as managers gain
more confidence in using the new approach. Explaining the impact of the more sophisticated
models (e.g., carrying extra inventory called safety stock) without going into complete mathe-
matical details is sometimes helpful. Managers can understand and identify with this concept,
even if the specific mathematics used to find the appropriate quantity of safety stock is not
totally understood.

Acquiring Input Data
Gathering the data to be used in the quantitative approach to problem solving is often not a sim-
ple task. One-fifth of all firms in a recent study had difficulty with data access.

USING ACCOUNTING DATA One problem is that most data generated in a firm come from basic
accounting reports. The accounting department collects its inventory data, for example, in terms
of cash flows and turnover. But quantitative analysts tackling an inventory problem need to col-
lect data on holding costs and ordering costs. If they ask for such data, they may be shocked to
find that the data were simply never collected for those specified costs.
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Hard-to-understand mathematics
and one answer can be a problem
in developing a solution.

Assumptions should be reviewed.

Professor Gene Woolsey tells a story of a young quantitative analyst sent down to account-
ing to get “the inventory holding cost per item per day for part 23456/AZ.” The accountant asked
the young man if he wanted the first-in, first-out figure, the last-in, first-out figure, the lower of
cost or market figure, or the “how-we-do-it” figure. The young man replied that the inventory
model required only one number. The accountant at the next desk said, “Hell, Joe, give the kid a
number.” The kid was given a number and departed.

VALIDITY OF DATA A lack of “good, clean data” means that whatever data are available must often
be distilled and manipulated (we call it “fudging”) before being used in a model. Unfortunately,
the validity of the results of a model is no better than the validity of the data that go into the model.
You cannot blame a manager for resisting a model’s “scientific” results when he or she knows that
questionable data were used as input. This highlights the importance of the analyst understanding
other business functions so that good data can be found and evaluated by the analyst. It also em-
phasizes the importance of sensitivity analysis, which is used to determine the impact of minor
changes in input data. Some solutions are very robust and would not change at all for certain
changes in the input data.

Developing a Solution

HARD-TO-UNDERSTAND MATHEMATICS The first concern in developing solutions is that al-
though the mathematical models we use may be complex and powerful, they may not be com-
pletely understood. Fancy solutions to problems may have faulty logic or data. The aura of
mathematics often causes managers to remain silent when they should be critical. The well-
known operations researcher C. W. Churchman cautions that “because mathematics has been so
revered a discipline in recent years, it tends to lull the unsuspecting into believing that he who
thinks elaborately thinks well.”!

ONLY ONE ANSWER IS LIMITING The second problem is that quantitative models usually give
just one answer to a problem. Most managers would like to have a range of options and not be
put in a take-it-or-leave-it position. A more appropriate strategy is for an analyst to present a
range of options, indicating the effect that each solution has on the objective function. This gives
managers a choice as well as information on how much it will cost to deviate from the optimal
solution. It also allows problems to be viewed from a broader perspective, since nonquantitative
factors can be considered.

Testing the Solution

The results of quantitative analysis often take the form of predictions of how things will work in
the future if certain changes are made now. To get a preview of how well solutions will really
work, managers are often asked how good the solution looks to them. The problem is that com-
plex models tend to give solutions that are not intuitively obvious. Such solutions tend to be re-
jected by managers. The quantitative analyst now has the chance to work through the model and
the assumptions with the manager in an effort to convince the manager of the validity of the re-
sults. In the process of convincing the manager, the analyst will have to review every assump-
tion that went into the model. If there are errors, they may be revealed during this review. In
addition, the manager will be casting a critical eye on everything that went into the model, and
if he or she can be convinced that the model is valid, there is a good chance that the solution re-
sults are also valid.

Analyzing the Results

Once a solution has been tested, the results must be analyzed in terms of how they will affect the
total organization. You should be aware that even small changes in organizations are often diffi-
cult to bring about. If the results indicate large changes in organization policy, the quantitative
analyst can expect resistance. In analyzing the results, the analyst should ascertain who must
change and by how much, if the people who must change will be better or worse off, and who
has the power to direct the change.

IC. W. Churchman. “Relativity Models in the Social Sciences,” Interfaces 4, 1 (November 1973).
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in Athens

The 2004 Olympic Games were held in Athens, Greece, over a
period of 16 days. More than 2,000 athletes competed in 300
events in 28 sports. The events were held in 36 different venues
(stadia, competition centers, etc.), and 3.6 million tickets were
sold to people who would view these events. In addition, 2,500
members of international committees and 22,000 journalists and
broadcasters attended these games. Home viewers spent more
than 34 billion hours watching these sporting events. The 2004
Olympic Games was the biggest sporting event in the history of
the world up to that point.

In addition to the sporting venues, other noncompetitive ven-
ues, such as the airport and Olympic village, had to be consid-
ered. A successful Olympics requires tremendous planning for the
transportation system that will handle the millions of spectators.
Three years of work and planning were needed for the 16 days of
the Olympics.

The Athens Olympic Games Organizing Committee (ATHOC)
had to plan, design, and coordinate systems that would be deliv-
ered by outside contractors. ATHOC personnel would later be re-
sponsible for managing the efforts of volunteers and paid staff
during the operations of the games. To make the Athens
Olympics run efficiently and effectively, the Process Logistics

PLATO Helps 2004 Olympic Games
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Advanced Technical Optimization (PLATO) project was begun.
Innovative techniques from management science, systems engi-
neering, and information technology were used to change the
planning, design, and operations of venues.

The objectives of PLATO were to (1) facilitate effective organiza-
tional transformation, (2) help plan and manage resources in a cost-
effective manner, and (3) document lessons learned so future
Olympic committees could benefit. The PLATO project developed
business-process models for the various venues, developed simula-
tion models that enable the generation of what-if scenarios, devel-
oped software to aid in the creation and management of these
models, and developed process steps for training ATHOC personnel
in using these models. Generic solutions were developed so that this
knowledge and approach could be made available to other users.

PLATO was credited with reducing the cost of the 2004
Olympics by over $69 million. Perhaps even more important is the
fact that the Athens games were universally deemed an unquali-
fied success. The resulting increase in tourism is expected to re-
sult in economic benefit to Greece for many years in the future.

Source: Based on D. A. Beis, et al. “PLATO Helps Athens Win Gold: Olympic
Games Knowledge Modeling for Organizational Change and Resource Man-
agement,” Interfaces 36, 1 (January—February 2006): 26-42.

1.7

Implementation—Not Just the Final Step

Management support and user
involvement are important.

We have just presented some of the many problems that can affect the ultimate acceptance of
the quantitative analysis approach and use of its models. It should be clear now that implemen-
tation isn’t just another step that takes place after the modeling process is over. Each one of these
steps greatly affects the chances of implementing the results of a quantitative study.

Lack of Commitment and Resistance to Change

Even though many business decisions can be made intuitively, based on hunches and experience,
there are more and more situations in which quantitative models can assist. Some managers,
however, fear that the use of a formal analysis process will reduce their decision-making power.
Others fear that it may expose some previous intuitive decisions as inadequate. Still others just
feel uncomfortable about having to reverse their thinking patterns with formal decision making.
These managers often argue against the use of quantitative methods.

Many action-oriented managers do not like the lengthy formal decision-making process and
prefer to get things done quickly. They prefer “quick and dirty” techniques that can yield imme-
diate results. Once managers see some quick results that have a substantial payoff, the stage is
set for convincing them that quantitative analysis is a beneficial tool.

We have known for some time that management support and user involvement are critical
to the successful implementation of quantitative analysis projects. A Swedish study found that
only 40% of projects suggested by quantitative analysts were ever implemented. But 70% of the
quantitative projects initiated by users, and fully 98% of projects suggested by top managers,
were implemented.

Lack of Commitment by Quantitative Analysts

Just as managers’ attitudes are to blame for some implementation problems, analysts’ attitudes
are to blame for others. When the quantitative analyst is not an integral part of the department
facing the problem, he or she sometimes tends to treat the modeling activity as an end in itself.
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That is, the analyst accepts the problem as stated by the manager and builds a model to solve
only that problem. When the results are computed, he or she hands them back to the manager
and considers the job done. The analyst who does not care whether these results help make the
final decision is not concerned with implementation.

Successful implementation requires that the analyst not zell the users what to do, but work
with them and take their feelings into account. An article in Operations Research describes an
inventory control system that calculated reorder points and order quantities. But instead of
insisting that computer-calculated quantities be ordered, a manual override feature was installed.
This allowed users to disregard the calculated figures and substitute their own. The override was
used quite often when the system was first installed. Gradually, however, as users came to real-
ize that the calculated figures were right more often than not, they allowed the system’s figures
to stand. Eventually, the override feature was used only in special circumstances. This is a good

example of how good relationships can aid in model implementation.

Summary

Quantitative analysis is a scientific approach to decision mak-
ing. The quantitative analysis approach includes defining the
problem, developing a model, acquiring input data, developing
a solution, testing the solution, analyzing the results, and im-
plementing the results. In using the quantitative approach,
however, there can be potential problems, including conflicting
viewpoints, the impact of quantitative analysis models on other

Glossary

departments, beginning assumptions, outdated solutions, fitting
textbook models, understanding the model, acquiring good
input data, hard-to-understand mathematics, obtaining only
one answer, testing the solution, and analyzing the results. In
using the quantitative analysis approach, implementation is not
the final step. There can be a lack of commitment to the
approach and resistance to change.

Algorithm A set of logical and mathematical operations per-
formed in a specific sequence.

Break-Even Point The quantity of sales that results in zero
profit.

Deterministic Model A model in which all values used in
the model are known with complete certainty.

Input Data Data that are used in a model in arriving at the
final solution.

Mathematical Model A model that uses mathematical equa-
tions and statements to represent the relationships within
the model.

Model A representation of reality or of a real-life situation.

Parameter A measurable input quantity that is inherent in
a problem.

Key Equations

Probabilistic Model A model in which all values used in the
model are not known with certainty but rather involve some
chance or risk, often measured as a probability value.

Problem A statement, which should come from a manager,
that indicates a problem to be solved or an objective or a
goal to be reached.

Quantitative Analysis or Management Science A scientific
approach that uses quantitative techniques as a tool in deci-
sion making.

Sensitivity Analysis A process that involves determining
how sensitive a solution is to changes in the formulation of
a problem.

Stochastic Model Another name for a probabilistic model.

Variable A measurable quantity that is subject to change.

(1-1) Profit = sX — f — vX

where

selling price per unit
= fixed cost

= variable cost per unit
X = number of units sold

A N

An equation to determine profit as a function of the sell-
ing price per unit, fixed costs, variable costs, and num-
ber of units sold.

f

S — Vv

(1-2) BEP =

An equation to determine the break-even point (BEP) in
units as a function of the selling price per unit (s), fixed
costs (f), and variable costs (v).
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Before taking the self-test, refer to the learning objectives at the beginning of the chapter,

the notes in the margins, and the glossary at the end of the chapter.
e Use the key at the back of the book to correct your answers.
o Restudy pages that correspond to any questions that you answered incorrectly or material

you feel uncertain about.

. In analyzing a problem, you should normally study
a. the qualitative aspects.

b. the quantitative aspects.

c. both a and b.

d. neither a nor b.

. Quantitative analysis is

a. a logical approach to decision making.

b. a rational approach to decision making.

c. a scientific approach to decision making.

d. all of the above.

. Frederick Winslow Taylor

a. was a military researcher during World War II.

b. pioneered the principles of scientific management.
c. developed the use of the algorithm for QA.

d. all of the above.

. An input (such as variable cost per unit or fixed cost) for
a model is an example of

a. a decision variable.

b. a parameter.

c. an algorithm.

d. a stochastic variable.

. The point at which the total revenue equals total cost
(meaning zero profit) is called the

a. zero-profit solution.

b. optimal-profit solution.

c. break-even point.

d. fixed-cost solution.

. Quantitative analysis is typically associated with the use of
a. schematic models.

b. physical models.

c. mathematical models.

d. scale models.

. Sensitivity analysis is most often associated with which
step of the quantitative analysis approach?

a. defining the problem

b. acquiring input data

Discussion Questions and Problems

10.

11.

12.

13.

14.

15.

c. implementing the results
d. analyzing the results
A deterministic model is one in which
a. there is some uncertainty about the parameters used in
the model.
b. there is a measurable outcome.
c. all parameters used in the model are known with
complete certainty.
d. there is no available computer software.
The term algorithm
a. is named after Algorismus.
b. is named after a ninth-century Arabic mathematician.
c. describes a series of steps or procedures to be
repeated.
d. all of the above.
An analysis to determine how much a solution would
change if there were changes in the model or the input
data is called
a. sensitivity or postoptimality analysis.
b. schematic or iconic analysis.
c. futurama conditioning.
d. both b and c.
Decision variables are
a. controllable.
b. uncontrollable.
C. parameters.
d. constant numerical values associated with any
complex problem.
is the scientific approach to managerial
decision making.
is the first step in quantitative
analysis.
A is a picture, drawing, or chart of
reality.
A series of steps that are repeated until a solution is
found is called a(n)

Discussion Questions

1-1 What is the difference between quantitative and
qualitative analysis? Give several examples.

1-2 Define quantitative analysis. What are some of the
organizations that support the use of the scientific
approach?

1-3  What is the quantitative analysis process? Give sev-
eral examples of this process.

1-4 Briefly trace the history of quantitative analysis.
What happened to the development of quantitative
analysis during World War I1?

1-5 Give some examples of various types of models.
What is a mathematical model? Develop two exam-
ples of mathematical models.

1-6 List some sources of input data.

1-7 What is implementation, and why is it important?
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1-8

1-9

1-10

1-13

Describe the use of sensitivity analysis and postopti-
mality analysis in analyzing the results.

Managers are quick to claim that quantitative ana-
lysts talk to them in a jargon that does not sound like
English. List four terms that might not be under-
stood by a manager. Then explain in nontechnical
terms what each term means.

Why do you think many quantitative analysts don’t
like to participate in the implementation process?
What could be done to change this attitude?

Should people who will be using the results of a new
quantitative model become involved in the technical
aspects of the problem-solving procedure?

C. W. Churchman once said that “mathematics ...
tends to lull the unsuspecting into believing that he
who thinks elaborately thinks well.” Do you think
that the best QA models are the ones that are most
elaborate and complex mathematically? Why?
What is the break-even point? What parameters are
necessary to find it?

Problems
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Gina Fox has started her own company, Foxy Shirts,
which manufactures imprinted shirts for special oc-
casions. Since she has just begun this operation, she
rents the equipment from a local printing shop when
necessary. The cost of using the equipment is $350.
The materials used in one shirt cost $8, and Gina can
sell these for $15 each.
(a) If Gina sells 20 shirts, what will her total rev-
enue be? What will her total variable cost be?
(b) How many shirts must Gina sell to break even?
What is the total revenue for this?

Ray Bond sells handcrafted yard decorations at
county fairs. The variable cost to make these is $20
each, and he sells them for $50. The cost to rent a
booth at the fair is $150. How many of these must
Ray sell to break even?

Ray Bond, from Problem 1-15, is trying to find a new
supplier that will reduce his variable cost of produc-
tion to $15 per unit. If he was able to succeed in re-
ducing this cost, what would the break-even point be?

Katherine D’ Ann is planning to finance her college
education by selling programs at the football games
for State University. There is a fixed cost of $400 for
printing these programs, and the variable cost is $3.
There is also a $1,000 fee that is paid to the univer-
sity for the right to sell these programs. If Katherine
was able to sell programs for $5 each, how many
would she have to sell in order to break even?

Katherine D’ Ann, from Problem 1-17, has become
concerned that sales may fall, as the team is on a

Note: £ means the problem may be solved with QM for Windows; * means
the problem may be solved with Excel QM; and * means the problem may be
solved with QM for Windows and/or Excel QM.
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terrible losing streak, and attendance has fallen off.
In fact, Katherine believes that she will sell only 500
programs for the next game. If it was possible to
raise the selling price of the program and still sell
500, what would the price have to be for Katherine
to break even by selling 500?

Farris Billiard Supply sells all types of billiard
equipment, and is considering manufacturing their
own brand of pool cues. Mysti Farris, the production
manager, is currently investigating the production of
a standard house pool cue that should be very popu-
lar. Upon analyzing the costs, Mysti determines that
the materials and labor cost for each cue is $25, and
the fixed cost that must be covered is $2,400 per
week. With a selling price of $40 each, how many
pool cues must be sold to break even? What would
the total revenue be at this break-even point?

Mysti Farris (see Problem 1-19) is considering rais-
ing the selling price of each cue to $50 instead of
$40. If this is done while the costs remain the same,
what would the new break-even point be? What
would the total revenue be at this break-even point?

Mysti Farris (see Problem 1-19) believes that there
is a high probability that 120 pool cues can be sold
if the selling price is appropriately set. What selling
price would cause the break-even point to be 1207

Golden Age Retirement Planners specializes in pro-
viding financial advice for people planning for a
comfortable retirement. The company offers semi-
nars on the important topic of retirement planning.
For a typical seminar, the room rental at a hotel is
$1,000, and the cost of advertising and other inci-
dentals is about $10,000 per seminar. The cost of the
materials and special gifts for each attendee is $60
per person attending the seminar. The company
charges $250 per person to attend the seminar as this
seems to be competitive with other companies in the
same business. How many people must attend each
seminar for Golden Age to break even?

A couple of entrepreneurial business students at

State University decided to put their education into

practice by developing a tutoring company for busi-

ness students. While private tutoring was offered, it
was determined that group tutoring before tests in
the large statistics classes would be most beneficial.

The students rented a room close to campus for $300

for 3 hours. They developed handouts based on past

tests, and these handouts (including color graphs)

cost $5 each. The tutor was paid $25 per hour, for a

total of $75 for each tutoring session.

(a) If students are charged $20 to attend the session,
how many students must enroll for the company
to break even?

(b) A somewhat smaller room is available for $200
for 3 hours. The company is considering this
possibility. How would this affect the break-even
point?
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Food and Beverages at Southwestern University Football Games

Southwestern University (SWU), a large state college in
Stephenville, Texas, 30 miles southwest of the Dallas/Fort
Worth metroplex, enrolls close to 20,000 students. The school
is the dominant force in the small city, with more students dur-
ing fall and spring than permanent residents.

A longtime football powerhouse, SWU is a member of the
Big Eleven conference and is usually in the top 20 in college
football rankings. To bolster its chances of reaching the elusive
and long-desired number-one ranking, in 2010 SWU hired the
legendary Bo Pitterno as its head coach. Although the number-
one ranking remained out of reach, attendance at the five Satur-
day home games each year increased. Prior to Pitterno’s arrival,
attendance generally averaged 25,000-29,000. Season ticket
sales bumped up by 10,000 just with the announcement of the
new coach’s arrival. Stephenville and SWU were ready to move
to the big time!

With the growth in attendance came more fame, the need
for a bigger stadium, and more complaints about seating, park-
ing, long lines, and concession stand prices. Southwestern Uni-
versity’s president, Dr. Marty Starr, was concerned not only
about the cost of expanding the existing stadium versus build-
ing a new stadium but also about the ancillary activities. He
wanted to be sure that these various support activities generated
revenue adequate to pay for themselves. Consequently, he
wanted the parking lots, game programs, and food service to all
be handled as profit centers. At a recent meeting discussing the
new stadium, Starr told the stadium manager, Hank Maddux,
to develop a break-even chart and related data for each of the
centers. He instructed Maddux to have the food service area
break-even report ready for the next meeting. After discussion
with other facility managers and his subordinates, Maddux de-
veloped the following table showing the suggested selling
prices, and his estimate of variable costs, and the percent rev-
enue by item. It also provides an estimate of the percentage of
the total revenues that would be expected for each of the items
based on historical sales data.

Maddux’s fixed costs are interesting. He estimated that the
prorated portion of the stadium cost would be as follows:
salaries for food services at $100,000 ($20,000 for each of the
five home games); 2,400 square feet of stadium space at $2 per
square foot per game; and six people per booth in each of the

Bibliography

SELLING VARIABLE PERCENT
ITEM PRICE/UNIT  COST/UNIT  REVENUE
Soft drink $1.50 $0.75 25%
Coffee 2.00 0.50 25%
Hot dogs 2.00 0.80 20%
Hamburgers 2.50 1.00 20%
Misc. snacks 1.00 0.40 10%

six booths for 5 hours at $7 an hour. These fixed costs will
be proportionately allocated to each of the products based on
the percentages provided in the table. For example, the revenue
from soft drinks would be expected to cover 25% of the total
fixed costs.

Maddux wants to be sure that he has a number of things for
President Starr: (1) the total fixed cost that must be covered at
each of the games; (2) the portion of the fixed cost allocated to
each of the items; (3) what his unit sales would be at break-even
for each item—that is, what sales of soft drinks, coffee, hot
dogs, and hamburgers are necessary to cover the portion of the
fixed cost allocated to each of these items; (4) what the dollar
sales for each of these would be at these break-even points; and
(5) realistic sales estimates per attendee for attendance of
60,000 and 35,000. (In other words, he wants to know how
many dollars each attendee is spending on food at his projected
break-even sales at present and if attendance grows to 60,000.)
He felt this last piece of information would be helpful to under-
stand how realistic the assumptions of his model are, and this
information could be compared with similar figures from previ-
ous seasons.

Discussion Question
1. Prepare a brief report with the items noted so it is ready

for Dr. Starr at the next meeting.
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2.1 Introduction

A probability is a numerical
statement about the chance that
an event will occur.

Life would be simpler if we knew without doubt what was going to happen in the future. The
outcome of any decision would depend only on how logical and rational the decision was. If
you lost money in the stock market, it would be because you failed to consider all the infor-
mation or to make a logical decision. If you got caught in the rain, it would be because you
simply forgot your umbrella. You could always avoid building a plant that was too large, in-
vesting in a company that would lose money, running out of supplies, or losing crops because
of bad weather. There would be no such thing as a risky investment. Life would be simpler,
but boring.

It wasn’t until the sixteenth century that people started to quantify risks and to apply this
concept to everyday situations. Today, the idea of risk or probability is a part of our lives. “There
is a 40% chance of rain in Omaha today.” “The Florida State University Seminoles are favored 2
to 1 over the Louisiana State University Tigers this Saturday.” “There is a 50-50 chance that the
stock market will reach an all-time high next month.”

A probability is a numerical statement about the likelihood that an event will occur. In this
chapter we examine the basic concepts, terms, and relationships of probability and probability
distributions that are useful in solving many quantitative analysis problems. Table 2.1 lists some
of the topics covered in this book that rely on probability theory. You can see that the study of
quantitative analysis would be quite difficult without it.

2.2 Fundamental Concepts

People often misuse the two basic
rules of probabilities when they
use such statements as, “I'm
110% sure we’re going to win the
big game.”

TABLE 2.1

Chapters in this Book
that Use Probability

There are two basic rules regarding the mathematics of probability:

1. The probability, P, of any event or state of nature occurring is greater than or equal to 0 and
less than or equal to 1. That is,

0 = P(event) = 1 (2-1)
A probability of 0 indicates that an event is never expected to occur. A probability of
1 means that an event is always expected to occur.

2. The sum of the simple probabilities for all possible outcomes of an activity must equal 1.
Both of these concepts are illustrated in Example 1.
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EXAMPLE 1: TWO RULES OF PROBABILITY Demand for white latex paint at Diversey Paint and
Supply has always been 0, 1, 2, 3, or 4 gallons per day. (There are no other possible outcomes
and when one occurs, no other can.) Over the past 200 working days, the owner notes the
following frequencies of demand.

QUANTITY
DEMANDED (GALLONS) NUMBER OF DAYS

40

80

50

20

10
Total 200

A W D = O

If this past distribution is a good indicator of future sales, we can find the probability
of each possible outcome occurring in the future by converting the data into percentages of
the total:

QUANTITY DEMANDED PROBABILITY

0 0.20 (=40/200)

1 0.40 (=80,/200)

2 0.25 (=50/200)

3 0.10 (=20/200)

4 0.05 (=10/200)
(

Total 1.00(=200/200)

Thus, the probability that sales are 2 gallons of paint on any given day is P(2 gallons) =
0.25 = 25%. The probability of any level of sales must be greater than or equal to 0 and less
than or equal to 1. Since 0, 1, 2, 3, and 4 gallons exhaust all possible events or outcomes, the
sum of their probability values must equal 1.

Types of Probability

There are two different ways to determine probability: the objective approach and the subjective
approach.

OBJECTIVE PROBABILITY Example 1 provides an illustration of objective probability assessment.
The probability of any paint demand level is the relative frequency of occurrence of that demand
in a large number of trial observations (200 days, in this case). In general,

Number of occurrences of the event

P(event) = -
( ) Total number of trials or outcomes

Objective probability can also be set using what is called the classical or logical method.
Without performing a series of trials, we can often logically determine what the probabilities
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Where do probabilities come
from? Sometimes they are
subjective and based on personal
experiences. Other times they are
objectively based on logical
observations such as the roll of a
die. Often, probabilities are
derived from historical data.

of various events should be. For example, the probability of tossing a fair coin once and getting
a head is

1 <«—— Number of ways of getting a head

P(head) =
(head) 2 ~<—— Number of possible outcomes (head or tail)

Similarly, the probability of drawing a spade out of a deck of 52 playing cards can be logically
set as

13 <«—— Number of chances of drawing a spade

P(spade) = 50 <<—— Number of possible outcomes

Ve =025 =25%

SUBJECTIVE PROBABILITY When logic and past history are not appropriate, probability values
can be assessed subjectively. The accuracy of subjective probabilities depends on the experience
and judgment of the person making the estimates. A number of probability values cannot be
determined unless the subjective approach is used. What is the probability that the price of gaso-
line will be more than $4 in the next few years? What is the probability that our economy will
be in a severe depression in 2015? What is the probability that you will be president of a major
corporation within 20 years?

There are several methods for making subjective probability assessments. Opinion polls can
be used to help in determining subjective probabilities for possible election returns and potential
political candidates. In some cases, experience and judgment must be used in making subjective
assessments of probability values. A production manager, for example, might believe that the
probability of manufacturing a new product without a single defect is 0.85. In the Delphi
method, a panel of experts is assembled to make their predictions of the future. This approach is
discussed in Chapter 5.

2.3 Mutually Exclusive and Collectively Exhaustive Events

Events are said to be mutually exclusive if only one of the events can occur on any one trial.
They are called collectively exhaustive if the list of outcomes includes every possible
outcome. Many common experiences involve events that have both of these properties. In
tossing a coin, for example, the possible outcomes are a head or a tail. Since both of them
cannot occur on any one toss, the outcomes head and tail are mutually exclusive. Since
obtaining a head and obtaining a tail represent every possible outcome, they are also collec-
tively exhaustive.

EXAMPLE 2: ROLLING A DIE Rolling a die is a simple experiment that has six possible outcomes,
each listed in the following table with its corresponding probability:

OUTCOME OF ROLL ‘ PROBABILITY

o Y N U U -
=

Total 1
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2.3 MUTUALLY EXCLUSIVE AND COLLECTIVELY EXHAUSTIVE EVENTS

Defining the Problem

The scarcity of liver organs for transplants has reached critical levels in the United States; 1,131 individuals
died in 1997 while waiting for a transplant. With only 4,000 liver donations per year, there are 10,000
patients on the waiting list, with 8,000 being added each year. There is a need to develop a model to
evaluate policies for allocating livers to terminally ill patients who need them.

Developing a Model

Doctors, engineers, researchers, and scientists worked together with Pritsker Corp. consultants in the
process of creating the liver allocation model, called ULAM. One of the model’s jobs would be to evaluate
whether to list potential recipients on a national basis or regionally.

Acquiring Input Data

Historical information was available from the United Network for Organ Sharing (UNOS), from 1990 to
1995. The data were then stored in ULAM. “Poisson” probability processes described the arrivals of donors
at 63 organ procurement centers and arrival of patients at 106 liver transplant centers.

Developing a Solution

ULAM provides probabilities of accepting an offered liver, where the probability is a function of the
patient’s medical status, the transplant center, and the quality of the offered liver. ULAM also models the
daily probability of a patient changing from one status of criticality to another.

Testing the Solution

Testing involved a comparison of the model output to actual results over the 1992-1994 time period.
Model results were close enough to actual results that ULAM was declared valid.

Analyzing the Results

ULAM was used to compare more than 100 liver allocation policies and was then updated in 1998, with
more recent data, for presentation to Congress.

Implementing the Results

Based on the projected results, the UNOS committee voted 18-0 to implement an allocation policy
based on regional, not national, waiting lists. This decision is expected to save 2,414 lives over an 8-
year period.

Source: Based on A. A. B. Pritsker. “Life and Death Decisions,” OR/MS Today (August 1998): 22-28.
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These events are both mutually exclusive (on any roll, only one of the six events can occur)
and are also collectively exhaustive (one of them must occur and hence they total in probabil-

ity to 1).

EXAMPLE 3: DRAWING A CARD You are asked to draw one card from a deck of 52 playing cards.

Using a logical probability assessment, it is easy to set some of the relationships, such as

P(drawinga7) = %5, = /3
P(drawing a heart) = 135, = 1,

We also see that these events (drawing a 7 and drawing a heart) are not mutually exclusive since
a 7 of hearts can be drawn. They are also not collectively exhaustive since there are other cards

in the deck besides 7s and hearts.
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This table is especially useful
in helping to understand the
difference between mutually
exclusive and collectively
exhaustive events.

FIGURE 2.1

Addition Law for Events
that are Mutually
Exclusive

P(Aor B) = P(A) + P(B)

FIGURE 2.2

Addition Law for Events
that are Not Mutually
Exclusive

You can test your understanding of these concepts by going through the following cases:

g[UTUALLY COLLECTIVELY
XCLUSIVE? EXHAUSTIVE?

1. Draw a spade and a club Yes No

2. Draw a face card and a number card Yes Yes

3. Draw an ace and a 3 Yes No

4. Draw a club and a nonclub Yes Yes

5. Draw a 5 and a diamond No No

6. Draw a red card and a diamond No No

Adding Mutually Exclusive Events

Often we are interested in whether one event or a second event will occur. This is often called
the union of two events. When these two events are mutually exclusive, the law of addition is
simply as follows:
P(event Aorevent B) = P(event A) + P(event B)
or, more briefly,
P(AorB) = P(A) + P(B) (2-2)

For example, we just saw that the events of drawing a spade or drawing a club out of a deck
of cards are mutually exclusive. Since P(spade) = 135, and P(club) = 135,, the probability of
drawing either a spade or a club is

P(spadeorclub) = P(spade) + P(club)

By + 13s,
= 2/, = 1) = 0.50 = 50%

The Venn diagram in Figure 2.1 depicts the probability of the occurrence of mutually exclusive
events.

Law of Addition for Events That Are Not Mutually Exclusive

When two events are not mutually exclusive, Equation 2-2 must be modified to account for dou-
ble counting. The correct equation reduces the probability by subtracting the chance of both
events occurring together:

P(event Aorevent B) = P(event A) + P(event B)
—P(event A and event B both occurring)
This can be expressed in shorter form as
P(AorB) = P(A) + P(B) — P(Aand B) 2-3)

Figure 2.2 illustrates this concept of subtracting the probability of outcomes that are common to
both events. When events are mutually exclusive, the area of overlap, called the intersection, is 0,
as shown in Figure 2.1.

P(Aand B)

Q

P(Aor B) = P(A) + P(B) — P(Aand B)



The formula for adding events
that are not mutually exclusive is
P(AorB) = P(A) +

P(B) — P(A andB). Do you
understand why we subtract

P(A andB)?
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Let us consider the events drawing a 5 and drawing a diamond out of the card deck. These
events are not mutually exclusive, so Equation 2-3 must be applied to compute the probability
of either a 5 or a diamond being drawn:

P(five or diamond) = P(five) + P(diamond) — P(five and diamond)
o+ 9 -
52 52 52

95 =3

2.4 Statistically Independent Events

A marginal probability is the
probability of an event occurring.

A joint probability is the product
of marginal probabilities.

A conditional probability is the
probability of an event occurring
given that another event has
taken place.

Events may be either independent or dependent. When they are independent, the occurrence
of one event has no effect on the probability of occurrence of the second event. Let us examine
four sets of events and determine which are independent:

1. (a) Your education } Dependent events

(b) Your income level Can you explain why?

2. (a) Draw a jack of hearts from a full 52-card deck

(b) Draw a jack of clubs from a full 52-card deck } Independent events

3. (a) Chicago Cubs win the National League pennant

D dent t
(b) Chicago Cubs win the World Series } ependent events

4. (a) Snow in Santiago, Chile

.. . } Independent events
(b) Rain in Tel Aviv, Israel

The three types of probability under both statistical independence and statistical depend-
ence are (1) marginal, (2) joint, and (3) conditional. When events are independent, these three
are very easy to compute, as we shall see.

A marginal (or a simple) probability is just the probability of an event occurring. For exam-
ple, if we toss a fair die, the marginal probability of a 2 landing face up is P(dieisa2) =
1/6 = 0.166. Because each separate toss is an independent event (that is, what we get on the first
toss has absolutely no effect on any later tosses), the marginal probability for each possible out-
come is Y.

The joint probability of two or more independent events occurring is the product of their
marginal or simple probabilities. This may be written as

P(AB) = P(A) X P(B) 2-4

where
P(AB) = joint probability of events A and B occuring together, or one after the other

P(A) = marginal probability of event A

P(B) = marginal probability of event B
The probability, for example, of tossing a 6 on the first roll of a die and a 2 on the second
roll is

P(6 on first and 2 on second roll)

P(tossing a 6) X P(tossing a2)

o X Y6 = Y6

0.028

The third type, conditional probability, is expressed as P(B|A), or “the probability of event
B, given that event A has occurred.” Similarly, P(A|B) would mean “the conditional probability
of event A, given that event B has taken place.” Since events are independent the occurrence of one
in no way affects the outcome of another, P(A|B) = P(A) and P(B|A) = P(B).
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EXAMPLE 4: PROBABILITIES WHEN EVENTS ARE INDEPENDENT A bucket contains 3 black balls
and 7 green balls. We draw a ball from the bucket, replace it, and draw a second ball. We can
determine the probability of each of the following events occurring:

1. A black ball is drawn on the first draw:
P(B) = 0.30 (This is a marginal probabiliry.)
2. Two green balls are drawn:
P(GG) = P(G) X P(G) = (0.7)(0.7) = 0.49
(This is a joint probability for two independent events.)
3. A black ball is drawn on the second draw if the first draw is green:

P(B|G) = P(B) = 0.30 (This is a conditional probability but equal to the marginal
because the two draws are independent events.)

4. A green ball is drawn on the second draw if the first draw was green:

P(G|G) = P(G) = 0.70 (This is a conditional probability, as in event 3.)

2.5 Statistically Dependent Events

When events are statistically dependent, the occurrence of one event affects the probability of
occurrence of some other event. Marginal, conditional, and joint probabilities exist under
dependence as they did under independence, but the form of the latter two are changed.

A marginal probability is computed exactly as it was for independent events. Again, the
marginal probability of the event A occurring is denoted P(A).

Calculating a conditional probability under dependence is somewhat more involved than it
is under independence. The formula for the conditional probability of A, given that event B has
taken place, is stated as

palg) = DAB) 2-3)

P(B)

From Equation 2-5, the formula for a joint probability is
P(AB) = P(A|B)P(B) (2-6)

EXAMPLE 5: PROBABILITIES WHEN EVENTS ARE DEPENDENT Assume that we have an urn con-
taining 10 balls of the following descriptions:

4 are white (W) and lettered (L).
2 are white (W) and numbered (N).
3 are yellow (Y) and lettered (L).
1 is yellow (Y) and numbered (N).
You randomly draw a ball from the urn and see that it is yellow. What, then, is the probability

that the ball is lettered? (See Figure 2.3.)
Since there are 10 balls, it is a simple matter to tabulate a series of useful probabilities:

P(WL) = %o =04 P(YL) = 3o =03

P(WN) = %5 =02 P(YN) = Yo =0.1
P(W) =% =106, or P(W)= P(WL) + P(WN) =04+ 02 =06
P(L) =7 =07, or P(L)= P(WL)+ P(YL) =04+ 03 =07
P(Y) =% =04, or P(Y)= P(YL)+ P(YN) =03+ 0.1 = 0.4
P(N) = 3%y =03, or P(N)=P(WN)+ P(YN)=02+0.1=03
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Dependent Events
of Example 5
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4 balls
White (W)
and
Lettered (L)

~— Probability (WL) = %

; 2 balls
Urn contains
10 balls White (W) | propability (WN) = 2
and 10

Numbered (N)

3 balls
Yellow (Y)
and
Lettered (L)

<~ Probability (YL) = %

1 ball Yellow (Y)

D ili -1
and Numbered (N) Probability (YN)

10

We can now calculate the conditional probability that the ball drawn is lettered, given that it
is yellow:
P(YL) 03

== =07
P(Y) 04 07

P(LlY) =

This equation shows that we divided the probability of yellow and lettered balls (3 out of 10) by
the probability of yellow balls (4 out of 10). There is a 0.75 probability that the yellow ball that
you drew is lettered.

We can use the joint probability formula to verify that P(YL) = 0.3, which was obtained
by inspection in Example 5 by multiplying P(L|Y) times P(Y):

P(YL) = P(L|Y) X P(Y) = (0.75)(0.4) = 0.3

EXAMPLE 6: JOINT PROBABILITIES WHEN EVENTS ARE DEPENDENT Your stockbroker informs
you that if the stock market reaches the 12,500-point level by January, there is a 70% probability
that Tubeless Electronics will go up in value. Your own feeling is that there is only a 40% chance
of the market average reaching 12,500 points by January. Can you calculate the probability that
both the stock market will reach 12,500 points and the price of Tubeless Electronics will go up?

Let M represent the event of the stock market reaching the 12,500 level, and let T be the
event that Tubeless goes up in value. Then

P(MT) = P(T|M) X P(M) = (0.70)(0.40) = 0.28

Thus, there is only a 28% chance that both events will occur.

2.6 Revising Probabilities with Bayes’ Theorem

Bayes’ theorem is used to incorporate additional information as it is made available and help
create revised or posterior probabilities. This means that we can take new or recent data and
then revise and improve upon our old probability estimates for an event (see Figure 2.4). Let us
consider the following example.

EXAMPLE 7: POSTERIOR PROBABILITIES A cup contains two dice identical in appearance. One,
however, is fair (unbiased) and the other is loaded (biased). The probability of rolling a 3 on the
fair die is 1/6, or 0.166. The probability of tossing the same number on the loaded die is 0.60.
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FIGURE 2.4
Using Bayes’ Process

Prior

Probabilities \
o /

Information

Bayes’ Posterior
Process —— = Probabilities

We have no idea which die is which, but select one by chance and toss it. The result is
a 3. Given this additional piece of information, can we find the (revised) probability that
the die rolled was fair? Can we determine the probability that it was the loaded die that was
rolled?

The answer to these questions is yes, and we do so by using the formula for joint probabil-
ity under statistical dependence and Bayes’ theorem. First, we take stock of the information and
probabilities available. We know, for example, that since we randomly selected the die to roll,
the probability of it being fair or loaded is 0.50:

P(fair) = 0.50 P(loaded) = 0.50
We also know that
P(3|fair) = 0.166 P(3|loaded) = 0.60

Next, we compute joint probabilities P(3 and fair) and P(3 and loaded) using the formula
P(AB) = P(A|B) X P(B):
P(3 and fair) = P(3|fair) X P(fair)
= (0.166)(0.50) = 0.083

P(3 andloaded) = P(3|loaded) X P(loaded)
= (0.60)(0.50) = 0.300

A 3 can occur in combination with the state “fair die” or in combination with the state “loaded
die.” The sum of their probabilities gives the unconditional or marginal probability of a 3 on the
toss, namely, P(3) = 0.083 + 0.300 = 0.383.

If a 3 does occur, and if we do not know which die it came from, the probability that the die
rolled was the fair one is

P(fairand3)  (0.083
P(3) 0383
The probability that the die rolled was loaded is

P(fair|3) = =0.22

P(loadedand 3)  0.300

P(loaded|3) = =
(loaded|3) P(3) 0.383

= 0.78

These two conditional probabilities are called the revised or posterior probabilities for the next
roll of the die.

Before the die was rolled in the preceding example, the best we could say was that there
was a 50-50 chance that it was fair (0.50 probability) and a 50-50 chance that it was loaded.
After one roll of the die, however, we are able to revise our prior probability estimates. The
new posterior estimate is that there is a 0.78 probability that the die rolled was loaded and only a
0.22 probability that it was not.

Using a table is often helpful in performing the calculations associated with Bayes
Theorem. Table 2.2 provides the general layout for this, and Table 2.3 provides this specific
example.



TABLE 2.2

Tabular Form of Bayes
Calculations Given that
Event B has Occurred

TABLE 2.3

Bayes Calculations Given
that a 3 is Rolled in
Example 7

Another way to compute revised
probabilities is with Bayes’
Theorem.

A Presbyterian minister, Thomas
Bayes (1702-1761), did the work
leading to this theorem.
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STATE OF P(B | STATE PRIOR JOINT POSTERIOR
NATURE  OF NATURE) PROBABILITY PROBABILITY PROBABILITY
A P(B|A) XP(A) =P(BandA)  P(Band A)/P(B) = P(A|B)
A’ P(B|A") XP(A") =P(BandA’')  P(Band A’)/P(B) = P(A’'|B)
P(B)
STATE OF  P(3| STATE PRIOR JOINT POSTERIOR
NATURE OF NATURE)  PROBABILITY  PROBABILITY PROBABILITY
Fair die 0.166 x0.5 = 0.083 0.083/0.383 = 0.22
Loaded die 0.600 x0.5 = 0.300 0.300/0.383 = 0.78
P(3) = 0.383

General Form of Bayes' Theorem

Revised probabilities can also be computed in a more direct way using a general form for Bayes’
theorem:

P(B|A)P(A)

P(AlB) = P(BIA)P(A) + P(BIA")P(A))

(2-7)

where

A’ = the complement of the event A;
for example, if A is the event “fair die,” then A’ is “loaded die”

We originally saw in Equation 2-5 the conditional probability of event A, given event B, is

P(AB
P(A|B) = P((B))

Thomas Bayes derived his theorem from this. Appendix 2.1 shows the mathematical steps lead-
ing to Equation 2-7. Now let’s return to Example 7.

Although it may not be obvious to you at first glance, we used this basic equation to com-
pute the revised probabilities. For example, if we want the probability that the fair die was rolled
given the first toss was a 3, namely, P(fair die | 3 rolled), we can let

event “fair die” replace A in Equation 2-7
event “loaded die” replace A’ in Equation 2-7

event “3 rolled” replace B in Equation 2-7
We can then rewrite Equation 2-7 and solve as follows:

P(fair die|3 rolled)
P(3 |fair) P(fair)
~ P(3|fair)P(fair) + P(3|loaded)P(loaded)
(0.166)(0.50)
(0.166)(0.50) + (0.60)(0.50)

0.083
0.383

0.22

This is the same answer that we computed in Example 7. Can you use this alternative approach to
show that P(loaded die | 3 rolled) = 0.78? Either method is perfectly acceptable, but when we deal
with probability revisions again in Chapter 3, we may find that Equation 2-7 or the tabular approach
is easier to apply. An Excel spreadsheet will be used in Chapter 3 for the tabular approach.
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2.7 Further Probability Revisions

Although one revision of prior probabilities can provide useful posterior probability estimates,
additional information can be gained from performing the experiment a second time. If it is
financially worthwhile, a decision maker may even decide to make several more revisions.

EXAMPLE 8: A SECOND PROBABILITY REVISION Returning to Example 7, we now attempt to
obtain further information about the posterior probabilities as to whether the die just rolled is
fair or loaded. To do so, let us toss the die a second time. Again, we roll a 3. What are the fur-
ther revised probabilities?

To answer this question, we proceed as before, with only one exception. The probabili-
ties P(fair) = 0.50 and P(loaded) = 0.50 remain the same, but now we must compute
P(3,3]fair) = (0.166)(0.166) = 0.027 and P(3,3|loaded) = (0.6)(0.6) = 0.36. With these
joint probabilities of two 3s on successive rolls, given the two types of dice, we may revise the

probabilities:

P(3,3and fair) = P(3,3 | fair) X P(fair)

= (0.027)(0.5) = 0.013

P(3,3 andloaded) = P(3,3|loaded) X P(loaded)

Thus, the probability of rolling two 3s, a marginal probability, is 0.013 + 0.18 = 0.193, the

= (0.36)(0.5) = 0.18

sum of the two joint probabilities:

\Nith the horrific events of September 11, 2001, and the use
of airplanes as weapons of mass destruction, airline safety has be-
come an even more important international issue. How can we
reduce the impact of terrorism on air safety? What can be done
to make air travel safer overall? One answer is to evaluate various
air safety programs and to use probability theory in the analysis
of the costs of these programs.

Determining airline safety is a matter of applying the con-
cepts of objective probability analysis. The chance of getting
killed in a scheduled domestic flight is about 1 in 5 million. This
is probability of about .0000002. Another measure is the num-
ber of deaths per passenger mile flown. The number is about 1
passenger per billion passenger miles flown, or a probability of
about .000000001. Without question, flying is safer than many
other forms of transportation, including driving. For a typical
weekend, more people are killed in car accidents than a typical
air disaster.

Analyzing new airline safety measures involves costs and the
subjective probability that lives will be saved. One airline expert
proposed a number of new airline safety measures. When the

P(3, 3 and fair)

P(fair|3,3) =
(fair| 3, 3) P(.3)
0.013
= 0193 0.067
P(3, 3 and loaded)
P(loaded| 3,3) =
P(3,3)
0.18
= 0193 0.933

1\ B\ [0)\'B Flight Safety and Probability Analysis

costs involved and probability of saving lives were taken into
account, the result was about a $1 billion cost for every life saved
on average. Using probability analysis will help determine which
safety programs will result in the greatest benefit, and these
programs can be expanded.

In addition, some proposed safety issues are not completely
certain. For example, a Thermal Neutron Analysis device to detect
explosives at airports had a probability of .15 of giving a false
alarm, resulting in a high cost of inspection and long flight delays.
This would indicate that money should be spent on developing
more reliable equipment for detecting explosives. The result
would be safer air travel with fewer unnecessary delays.

Without question, the use of probability analysis to determine
and improve flight safety is indispensable. Many transportation
experts hope that the same rigorous probability models used in
the airline industry will some day be applied to the much more
deadly system of highways and the drivers who use them.

Sources: Based on Robert Machol. “Flying Scared,” OR/MS Today (October
1997): 32-37; and Arnold Barnett. “The Worst Day Ever,” OR/MS Today
(December 2001): 28-31.
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What has this second roll accomplished? Before we rolled the die the first time, we knew
only that there was a 0.50 probability that it was either fair or loaded. When the first die was
rolled in Example 7, we were able to revise these probabilities:

probability the die is fair = 0.22
probability the die is loaded = 0.78

Now, after the second roll in Example 8, our refined revisions tell us that

probability the die is fair = 0.067
probability the died is loaded = 0.933

This type of information can be extremely valuable in business decision making.

2.8 Random Variables

Try to develop a few more
examples of discrete random
variables to be sure you
understand this concept.

We have just discussed various ways of assigning probability values to the outcomes of an
experiment. Let us now use this probability information to compute the expected outcome, vari-
ance, and standard deviation of the experiment. This can help select the best decision among a
number of alternatives.

A random variable assigns a real number to every possible outcome or event in an exper-
iment. It is normally represented by a letter such as X or Y. When the outcome itself is numeri-
cal or quantitative, the outcome numbers can be the random variable. For example, consider
refrigerator sales at an appliance store. The number of refrigerators sold during a given day can
be the random variable. Using X to represent this random variable, we can express this rela-
tionship as follows:

X = number of refrigerators sold during the day

In general, whenever the experiment has quantifiable outcomes, it is beneficial to define these
quantitative outcomes as the random variable. Examples are given in Table 2.4.

When the outcome itself is not numerical or quantitative, it is necessary to define a random
variable that associates each outcome with a unique real number. Several examples are given in
Table 2.5.

There are two types of random variables: discrete random variables and continuous ran-
dom variables. Developing probability distributions and making computations based on these
distributions depends on the type of random variable.

A random variable is a discrete random variable if it can assume only a finite or limited set
of values. Which of the random variables in Table 2.4 are discrete random variables? Looking at
Table 2.4, we can see that stocking 50 Christmas trees, inspecting 600 items, and sending out
5,000 letters are all examples of discrete random variables. Each of these random variables can
assume only a finite or limited set of values. The number of Christmas trees sold, for example,
can only be integer numbers from 0 to 50. There are 51 values that the random variable X can
assume in this example.

TABLE 2.4 Examples of Random Variables

EXPERIMENT

Stock 50 Christmas trees
Inspect 600 items
Send out 5,000 sales letters

Build an apartment building

Test the lifetime of a
lightbulb (minutes)

NGE OF RANDOM

OUTCOME RANDOM VARIABLES 'ARTABLES
Number of Christmas trees sold X = number of Christmas trees sold 0,1,2,...,50
Number of acceptable items Y = number of acceptable items 0,1,2,...,600
Number of people responding Z = number of people responding 0,1,2,...,5,000
to the letters to the letters
Percent of building completed R = percent of building completed 0=R =100
after 4 months after 4 months
Length of time the bulb lasts up S = time the bulb burns 0 =S = 80,000

to 80,000 minutes
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TABLE 2.5

Random Variables for
Outcomes that are
Not Numbers

RANGE OF
RANDOM RANDOM
EXPERIMENT OUTCOME VARIABLES VARIABLES
Students respond Strongly agree (SA) 5if SA 1,2,3,4,5
to a questionnaire Agree (A) 4if A
Neutral (N) X=9 3ifN
Disagree (D) 2ifD
Strongly disagree (SD) 1if SD
One machine is inspected  Defective _ 0 if defective 0,1
Not defective Y= 1 if not defective
Consumers respond to Good 3 if good 1,2,3
how they like a product Average Z = 4 2if average
Poor 1 if poor

A continuous random variable is a random variable that has an infinite or an unlimited set
of values. Are there any examples of continuous random variables in Table 2.4 or 2.5? Looking
at Table 2.4, we can see that testing the lifetime of a lightbulb is an experiment that can be
described with a continuous random variable. In this case, the random variable, S, is the time
the bulb burns. It can last for 3,206 minutes, 6,500.7 minutes, 251.726 minutes, or any other
value between 0 and 80,000 minutes. In most cases, the range of a continuous random variable
is stated as: lower value = S = upper value, such as 0 = § = 80,000. The random variable R
in Table 2.4 is also continuous. Can you explain why?

2.9 Probability Distributions

TABLE 2.6

Probability Distribution
for Quiz Scores

Earlier we discussed the probability values of an event. We now explore the properties of
probability distributions. We see how popular distributions, such as the normal, Poisson, bino-
mial, and exponential probability distributions, can save us time and effort. Since a random vari-
able may be discrete or continuous, we consider each of these types separately.

Probability Distribution of a Discrete Random Variable

When we have a discrete random variable, there is a probability value assigned to each event.
These values must be between 0 and 1, and they must sum to 1. Let’s look at an example.

The 100 students in Pat Shannon’s statistics class have just completed a math quiz that he
gives on the first day of class. The quiz consists of five very difficult algebra problems. The
grade on the quiz is the number of correct answers, so the grades theoretically could range from
0 to 5. However, no one in this class received a score of 0, so the grades ranged from 1 to 5. The
random variable X is defined to be the grade on this quiz, and the grades are summarized in
Table 2.6. This discrete probability distribution was developed using the relative frequency
approach presented earlier.

RANDOM
VARIABLE (X)-SCORE NUMBER PROBABILITY P(X)
5 10 0.1 = 10/100
4 20 0.2 =20/100
3 30 0.3 = 30/100
2 30 0.3 = 30/100
1 10 0.1 = 10/100
Total 100 1.0 = 100/100




The expected value of a discrete
distribution is a weighted average
of the values of the random
variable.

FIGURE 2.5

Probability Distribution
for Dr. Shannon'’s Class
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The distribution follows the three rules required of all probability distributions: (1) the
events are mutually exclusive and collectively exhaustive, (2) the individual probability values
are between 0 and 1 inclusive, and (3) the total of the probability values sum to 1.

Although listing the probability distribution as we did in Table 2.6 is adequate, it can be dif-
ficult to get an idea about characteristics of the distribution. To overcome this problem, the prob-
ability values are often presented in graph form. The graph of the distribution in Table 2.6 is
shown in Figure 2.5.

The graph of this probability distribution gives us a picture of its shape. It helps us identify
the central tendency of the distribution, called the mean or expected value, and the amount of
variability or spread of the distribution, called the variance.

Expected Value of a Discrete Probability Distribution

Once we have established a probability distribution, the first characteristic that is usually of
interest is the central tendency of the distribution. The expected value, a measure of central
tendency, is computed as the weighted average of the values of the random variable:

E(X) = éXiP(Xi)

X\ P(X)) + X5P(X5) +--+ X,P(X,) (2-8)
where

X; = random variable’s possible values
P(X;

N—
Il

probability of each of the random variable’s possible values

n
2 = summation sign indicating we are adding all n possible values
i=1

E(X) = expected value or mean of the random variable

The expected value or mean of any discrete probability distribution can be computed by
multiplying each possible value of the random variable, X, times the probability, P(X;), that
outcome will occur and summing the results, . Here is how the expected value can be com-
puted for the quiz scores:

5
E(X) = i:EIX,-P(Xi)

= X|P(X)) + XoP(X5) + X3P(X3) + X4P(X4) + Xs5P(Xs)
= (5)(0.1) + (4)(0.2) + (3)(03) + (2)(0.3) + (1)(0.1)
=29

The expected value of 2.9 is the mean score on the quiz.
0.4

0.3

0.2

P(X)

0.1
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A probability distribution is
often described by its mean and
variance. Even if most of the men
in class (or the United States)
have heights between 5 feet

6 inches and 6 feet 2 inches,
there is still some small
probability of outliers.

Variance of a Discrete Probability Distribution

In addition to the central tendency of a probability distribution, most people are interested in the
variability or the spread of the distribution. If the variability is low, it is much more likely that
the outcome of an experiment will be close to the average or expected value. On the other hand,
if the variability of the distribution is high, which means that the probability is spread out over
the various random variable values, there is less chance that the outcome of an experiment will
be close to the expected value.

The variance of a probability distribution is a number that reveals the overall spread or
dispersion of the distribution. For a discrete probability distribution, it can be computed using
the following equation:

o = Variance = i[X, — E(X)PP(X;) 2-9)

i=1
where

X; = random variable’s possible values
E(X) = expected value of the random variable
]

[X; — E(X)] = difference between each value of the random variable
and the expected value

P(X;) = probability of each possible value of the random variable
To compute the variance, each value of the random variable is subtracted from the expected
value, squared, and multiplied times the probability of occurrence of that value. The results are

then summed to obtain the variance. Here is how this procedure is done for Dr. Shannon’s quiz
scores:

5
variance = > [X; — E(X)]*P(X;)

i=1
variance = (5 — 2.9)%(0.1) + (4 — 2.9)%(0.2) + (3 — 2.9)%(0.3) + (2 — 2.9)%(0.3)
+ (1 —2.9)%0.1)
= (2.1)%0.1) + (1.1)2(0.2) + (0.1)%(0.3) + (—0.9)%(0.3) + (—1.9)%(0.1)
0.441 + 0.242 + 0.003 + 0.243 + 0.361
=129

A related measure of dispersion or spread is the standard deviation. This quantity is also
used in many computations involved with probability distributions. The standard deviation is
just the square root of the variance:

o = VVariance = Vo2 (2-10)

where

V' = square root
o = standard deviation

The standard deviation for the random variable X in the example is

o = VVariance
= V129 = 1.14
These calculations are easily performed in Excel. Program 2.1A shows the inputs and formulas in

Excel for calculating the mean, variance, and standard deviation in this example. Program 2.1B
provides the output for this example.

Probability Distribution of a Continuous Random Variable

There are many examples of continuous random variables. The time it takes to finish a
project, the number of ounces in a barrel of butter, the high temperature during a given day,
the exact length of a given type of lumber, and the weight of a railroad car of coal are all



PROGRAM 2.1A

Formulas in an Excel
Spreadsheet for the
Dr. Shannon Example

PROGRAM 2.1B

Excel Output for the
Dr. Shannon Example

A probability density function,
f(X), is a mathematical way of
describing the probability
distribution.
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A B ¢ D
1 X P(X) XP(X) (X - E(X))*P(X)
205 0.1 =A2*B2 =(A2-SCS$7)A2*B2
3 4 0.2 =A3*B3 =(A3-SCS7)A2*B3
4 3 0.3 =A4*B4 =(A4-SCS7)72*B4
52 0.3 =A5*B5 =(A5-SCS7)A2*B5
6 1 0.1 =A6*B6 =(A6-SCS7)A2*B6
7 E(X) = IXP(X) = =SUM(C2:C6) =SUM(D2:D6)
8 =SQRT(D7)
A B C D E E
1 X P(X) XP(X)  (X-E(X))*P(X)
2 5 0.1 (08 0.441
a 4 0.2 0.8 0.242
4 3 0.3 0.9 0.003
5 2 0.3 0.6 0.243
6 1 0.1 0.1 0.361
7 E(X)= ZIXP(X)= 2.9 1.290 = Variance
8 1.136 = Standard deviation

examples of continuous random variables. Since random variables can take on an infinite
number of values, the fundamental probability rules for continuous random variables must
be modified.

As with discrete probability distributions, the sum of the probability values must equal 1.
Because there are an infinite number of values of the random variables, however, the probability
of each value of the random variable must be 0. If the probability values for the random variable
values were greater than 0, the sum would be infinitely large.

With a continuous probability distribution, there is a continuous mathematical function that
describes the probability distribution. This function is called the probability density function or
simply the probability function. It is usually represented by f(X). When working with contin-
uous probability distributions, the probability function can be graphed, and the area underneath
the curve represents probability. Thus, to find any probability, we simply find the area under the
curve associated with the range of interest.

We now look at the sketch of a sample density function in Figure 2.6. This curve repre-
sents the probability density function for the weight of a particular machined part. The
weight could vary from 5.06 to 5.30 grams, with weights around 5.18 grams being the
most likely. The shaded area represents the probability the weight is between 5.22 and
5.26 grams.

If we wanted to know the probability of a part weighing exactly 5.1300000 grams, for
example, we would have to compute the area of a line of width 0. Of course, this would be 0.
This result may seem strange, but if we insist on enough decimal places of accuracy, we
are bound to find that the weight differs from 5.1300000 grams exactly, be the difference
ever so slight.
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FIGURE 2.6
Sample Density Function

Probability

5.06 5.10 5.14 5.18 5.22 5.26 5.30

Weight (grams)

This is important because it means that, for any continuous distribution, the probability does
not change if a single point is added to the range of values that is being considered. In Figure 2.6
this means the following probabilities are all exactly the same:

P(5.22 < X <526) = P(522 < X = 5.26) = P(522 = X < 5.26)
= P(5.22 = X = 5.26)

The inclusion or exclusion of either endpoint (5.22 or 5.26) has no impact on the probability.

In this section we have investigated the fundamental characteristics and properties
of probability distributions in general. In the next three sections we introduce three impor-
tant continuous distributions—the normal distribution, the F distribution, and the exponen-
tial distribution—and two discrete distributions—the Poisson distribution and the binomial
distribution.

2.10 The Binomial Distribution

Many business experiments can be characterized by the Bernoulli process. The probability
of obtaining specific outcomes in a Bernoulli process is described by the binomial probabil-
ity distribution. In order to be a Bernoulli process, an experiment must have the following
characteristics:

1. Each trial in a Bernoulli process has only two possible outcomes. These are typically called
a success and a failure, although examples might be yes or no, heads or tails, pass or fail,
defective or good, and so on.

2. The probability stays the same from one trial to the next.

3. The trials are statistically independent.

4. The number of trials is a positive integer.

A common example of this process is tossing a coin.

The binomial distribution is used to find the probability of a specific number of suc-
cesses out of n trials of a Bernoulli process. To find this probability, it is necessary to know
the following:

n = the number of trials

the probability of a success on any single trial

<
Il

We let

= the number of successes

\
I

q = 1 — p = the probability of a failure



TABLE 2.7

Binomial Probability
Distribution forn =5
and p = 0.50

FIGURE 2.7

Binomial Probability
Distribution forn =5
and p = 0.50
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V
NUMBER OF HEADS  pROBABILITY = ——— (0.5) (0.5)°
(r) ri(5 = r)!
0 0.03125 = L(os) (0.5)°7°
' 0!(5 — 0)! :
1 0.15625 = 57(05) (0.5)5°1
1 -1t
2 0.31250 = L(OS) (0572
' 21(5 — 2)! ’
3 0.31250 = L(OS) (0.5)°73
' 31(5 — 3)! ’
4 0.15625 = L(o 5)*(0.5)°4
' 41(5 — 4)! ’
5 0.03125 = $(05) (0.5)373
‘ 51(5 = 5)! ’

The binomial formula is

!
Probability of r successes in n trials = L)'p' g (2-11)
r

ri(n —

The symbol ! means factorial, and n! = n(n — 1)(n — )... (1). For example,

41 = (4)(3)(2)(1) =24
Also, 1! = 1, and 0! = 1 by definition.

Solving Problems with the Binomial Formula

A common example of a binomial distribution is the tossing of a coin and counting the number
of heads. For example, if we wished to find the probability of 4 heads in 5 tosses of a coin, we
would have

n=5r=4,p=05 and ¢g=1-05=05
Thus,

51
41(5 — 4)!

= M (0.0625)(0.5) = 0.15625

4(3)(2)()(1Y)
Thus, the probability of 4 heads in 5 tosses of a coin is 0.15625 or about 16%.

Using Equation 2-11, it is also possible to find the entire probability distribution (all the
possible values for r and the corresponding probabilities) for a binomial experiment. The
probability distribution for the number of heads in 5 tosses of a fair coin is shown in Table 2.7
and then graphed in Figure 2.7.

P(4 successes in 5 trials) = 0.5%0.5°~*

Probability, P(A)

1 2 3 4 5 6
Values of r (number of sucesses)
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Solving Problems with Binomial Tables

MSA Electronics is experimenting with the manufacture of a new type of transistor that is very
difficult to mass produce at an acceptable quality level. Every hour a supervisor takes a random
sample of 5 transistors produced on the assembly line. The probability that any one transistor is
defective is considered to be 0.15. MSA wants to know the probability of finding 3, 4, or 5 de-
fectives if the true percentage defective is 15%.

For this problem, n = 5, p = 0.15, and r = 3,4, or 5. Although we could use the formula
for each of these values, it is easier to use binomial tables for this. Appendix B gives a binomial
table for a broad range of values for n, r, and p. A portion of this appendix is shown in Table 2.8.
To find these probabilities, we look through the n = 5 section and find the p = 0.15 column. In
the row where r = 3, we see 0.0244. Thus, P(r = 3) = 0.0244. Similarly, P(r = 4) = 0.0022,
and P(r = 5) = 0.0001. By adding these three probabilities we have the probability that the
number of defects is 3 or more:

P(3 or more defects) = P(3) + P(4) + P(5)
= 0.0244 + 0.0022 + 0.0001 = 0.0267

The expected value (or mean) and the variance of a binomial random variable may be easily
found. These are

Expected value (mean) = np (2-12)
Variance = np(1 — p) (2-13)

TABLE 2.8 A Sample Table for the Binomial Distribution

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45

1 0
1
2 0
1
2
3 0
1
2
3
4 0
1
2
3
4
5 0
1
2
3
4
5
6 0
1
2
3
4
5
6

0.9500
0.0500

0.9025
0.0950
0.0025

0.8574
0.1354
0.0071
0.0001

0.8145
0.1715
0.0135
0.0005
0.0000

0.7738
0.2036
0.0214
0.0011
0.0000
0.0000

0.7351
0.2321
0.0305
0.0021
0.0001
0.0000
0.0000

0.9000 0.8500 0.8000 0.7500 0.7000 0.6500 0.6000 0.5500 0.5000
0.1000 0.1500 0.2000 0.2500 0.3000 0.3500 0.4000 0.4500 0.5000

0.8100 0.7225 0.6400 0.5625 0.4900 0.4225 0.3600 0.3025 0.2500
0.1800 0.2500 0.3200 0.3750 0.4200 0.4550 0.4800 0.4950 0.5000
0.0100 0.0225 0.0400 0.0625 0.0900 0.1225 0.1600 0.2025 0.2500

0.7290 0.6141 0.5120 0.4219 0.3430 0.2746 0.2160 0.1664 0.1250
0.2430 0.3251 0.3840 0.4219 0.4410 0.4436 0.4320 0.4084 0.3750
0.0270 0.0574 0.0960 0.1406 0.1890 0.2389 0.2880 0.3341 0.3750
0.0010 0.0034 0.0080 0.0156 0.0270 0.0429 0.0640 0.0911 0.1250

0.6561 0.5220 0.4096 0.3164 0.2401 0.1785 0.1296 0.0915 0.0625
0.2916 0.3685 0.4096 0.4219 0.4116 0.3845 0.3456 0.2995 0.2500
0.0486 0.0975 0.1536 0.2109 0.2646 0.3105 0.3456 0.3675 0.3750
0.0036 0.0115 0.0256 0.0469 0.0756 0.1115 0.1536 0.2005 0.2500
0.0001 0.0005 0.0016 0.0039 0.0081 0.0150 0.0256 0.0410 0.0625

0.5905 0.4437 0.3277 0.2373 0.1681 0.1160 0.0778 0.0503 0.0313
0.3281 0.3915 0.4096 0.3955 0.3602 0.3124 0.2592 0.2059 0.1563
0.0729 0.1382 0.2048 0.2637 0.3087 0.3364 0.3456 0.3369 0.3125
0.0081 0.0512 0.0879 0.1323 0.1811 0.2304 0.2757 0.3125
0.0005 0.0064 0.0146 0.0284 0.0488 0.0768 0.1128 0.1563
0.0000 0.0003 0.0010 0.0024 0.0053 0.0102 0.0185 0.0313

0.5314 0.3771 0.2621 0.1780 0.1176 0.0754 0.0467 0.0277 0.0156
0.3543 0.3993 0.3932 0.3560 0.3025 0.2437 0.1866 0.1359 0.0938
0.0984 0.1762 0.2458 0.2966 0.3241 0.3280 0.3110 0.2780 0.2344
0.0146 0.0415 0.0819 0.1318 0.1852 0.2355 0.2765 0.3032 0.3125
0.0012 0.0055 0.0154 0.0330 0.0595 0.0951 0.1382 0.1861 0.2344
0.0001 0.0004 0.0015 0.0044 0.0102 0.0205 0.0369 0.0609 0.0938
0.0000 0.0000 0.0001 0.0002 0.0007 0.0018 0.0041 0.0083 0.0156
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The expected value and variance for the MSA Electronics example are computed as
follows:
Expected value = np = 5(0.15) = 0.75
Variance = np(1 — p) = 5(0.15)(0.85) = 0.6375

Programs 2.2A and 2.2B illustrate how Excel is used for binomial probabilities.

PROGRAM 2.2A

. i A Using the cell references eliminates the need to retype the formula
Function in an Excel 2010 if

you change a parameter such as p or r.

Spreadsheet for Binomial 1 The Binomial
Probabilities 2 X =random variable f¢ The function BINOM.DIST
(r,n,p,TRUE) returns the
3 n=>5 ber of ti cumulative probability.
4 p= 0.5 ility of a succes
> =4 specific niumber of successes
6
7 Cumulative probabilitP(X<r)= =BINOM.DIST(B5,B3,B4,TRUE)
8 Probability of exactly iP(X=r) = =BINOM.DIST(B5,B3,B4,FALSE)
PROGRAM 2.2B | A B C
E?(cel Output for the 1 The Binomial Distribution
Binomial Example =
2 X=random variable for number of successes
&) n= 5 number of trials
4 p= 0.5 probability of a succes
5 r= 4 specific number of successes
6
7 Cumulative probability P(X<r)= 0.96875
8 Probability of exactly r successes  P(X=r)= 0.15625

2.11 The Normal Distribution

The normal distribution affectsa  One of the most popular and useful continuous probability distributions is the normal distribu-
large number of processes in our  tion. The probability density function of this distribution is given by the rather complex formula
lives (for example, filling boxes of

cereal with 32 ounces of corn | SOk

flakes). Each normal distribution f(X) = e (2-14)
depends on the mean and oV2m

standard deviation. The normal distribution is specified completely when values for the mean, ., and the stan-

dard deviation, o, are known. Figure 2.8 shows several different normal distributions with the
same standard deviation and different means. As shown, differing values of . will shift the aver-
age or center of the normal distribution. The overall shape of the distribution remains the same.
On the other hand, when the standard deviation is varied, the normal curve either flattens out or
becomes steeper. This is shown in Figure 2.9.

As the standard deviation, o, becomes smaller, the normal distribution becomes steeper.
When the standard deviation becomes larger, the normal distribution has a tendency to flatten
out or become broader.
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FIGURE 2.8

Normal Distribution with
Different Values for p

/kSmaI/er M, same o
|

m =40 50 60
Larger ., same o
T
|
40 50 w = 60

Probabilities are used every day in sporting activities. In many
sporting events, there are questions involving strategies that must
be answered to provide the best chance of winning the game. In
baseball, should a particular batter be intentionally walked in key
situations at the end of the game? In football, should a team
elect to try for a two-point conversion after a touchdown? In soc-
cer, should a penalty kick ever be aimed directly at the goal
keeper? In curling, in the last round, or “end” of a game, is it bet-
ter to be behind by one point and have the hammer or is it better
to be ahead by one point and not have the hammer? An attempt
was made to answer this last question.

In curling, a granite stone, or “rock,” is slid across a sheet of
ice 14 feet wide and 146 feet long. Four players on each of two
teams take alternating turns sliding the rock, trying to get it as
close as possible to the center of a circle called the “house.” The
team with the rock closest to this scores points. The team that is
behind at the completion of a round or end has the advantage in

VBN [e) 'l Probability Assessments of Curling Champions

the next end by being the last team to slide the rock. This team is
said to “have the hammer.” A survey was taken of a group of ex-
perts in curling, including a number of former world champions.
In this survey, about 58% of the respondents favored having the
hammer and being down by one going into the last end. Only
about 42% preferred being ahead and not having the hammer.

Data were also collected from 1985 to 1997 at the Canadian
Men’s Curling Championships (also called the Brier). Based on the
results over this time period, it is better to be ahead by one point
and not have the hammer at the end of the ninth end rather than
be behind by one and have the hammer, as many people prefer.
This differed from the survey results. Apparently, world champi-
ons and other experts preferred to have more control of their des-
tiny by having the hammer even though it put them in a worse
situation.

Source: Based on Keith A. Willoughby and Kent J. Kostuk. “Preferred Scenar-
ios in the Sport of Curling,” Interfaces 34, 2 (March—April 2004): 117-122.

Area Under the Normal Curve

Because the normal distribution is symmetrical, its midpoint (and highest point) is at the mean.
Values on the X axis are then measured in terms of how many standard deviations they lie from
the mean. As you may recall from our earlier discussion of probability distributions, the area
under the curve (in a continuous distribution) describes the probability that a random variable has
a value in a specified interval. When dealing with the uniform distribution, it is easy to compute
the area between any points a and b. The normal distribution requires mathematical calculations
beyond the scope of this book, but tables that provide areas or probabilities are readily available.

Using the Standard Normal Table

When finding probabilities for the normal distribution, it is best to draw the normal curve and
shade the area corresponding to the probability being sought. The normal distribution table can
then be used to find probabilities by following two steps.

Step 1. Convert the normal distribution to what we call a standard normal distribution.
A standard normal distribution has a mean of 0 and a standard deviation of 1. All normal tables
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Same w, smaller o
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are set up to handle random variables with w = 0 and o = 1. Without a standard normal
distribution, a different table would be needed for each pair of . and o values. We call the new
standard random variable Z. The value for Z for any normal distribution is computed from this
equation:

X —
7z = " (2-15)
g
where

X = value of the random variable we want to measure
v = mean of the distribution
o = standard deviation of the distribution
Z = number of standard deviations from X to the mean,

For example, if @ = 100, ¢ = 15, and we are interested in finding the probability that the
random variable X is less than 130, we want P(X < 130):

X— w130 — 100

Z:
(] 15

0
= I = 2 standard deviations
This means that the point X is 2.0 standard deviations to the right of the mean. This is shown in
Figure 2.10.

Step 2. Look up the probability from a table of normal curve areas. Table 2.9, which also
appears as Appendix A, is such a table of areas for the standard normal distribution. It is set up
to provide the area under the curve to the left of any specified value of Z.

Let’s see how Table 2.9 can be used. The column on the left lists values of Z, with the sec-
ond decimal place of Z appearing in the top row. For example, for a value of Z = 2.00 as just
computed, find 2.0 in the left-hand column and 0.00 in the top row. In the body of the table, we
find that the area sought is 0.97725, or 97.7%. Thus,

P(X < 130) = P(Z < 2.00) = 97.7%

This suggests that if the mean 1Q score is 100, with a standard deviation of 15 points, the
probability that a randomly selected person’s 1Q is less than 130 is 97.7%. This is also the prob-
ability that the 1Q is less than or equal to 130. To find the probability that the IQ is greater than
130, we simply note that this is the complement of the previous event and the total area under
the curve (the total probability) is 1. Thus,

P(X>130)=1-P(X=130)=1— P(Z =2) =1~ 097725 = 0.02275
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FIGURE 2.10

Normal Distribution
Showing the
Relationship Between Z
Values and X Values

To be sure you understand the
concept of symmetry in Table 2.9,
try to find the probability such as
P(X < 85). Note that the
standard normal table shows only
positive Z values.

w =100
P(X < 130)

While Table 2.9 does not give negative Z values, the symmetry of the normal distribution
can be used to find probabilities associated with negative Z values. For example,
P(Z < =2) = P(Z >2).

To feel comfortable with the use of the standard normal probability table, we need to work
a few more examples. We now use the Haynes Construction Company as a case in point.

Haynes Construction Company Example
Haynes Construction Company builds primarily three- and four-unit apartment buildings (called
triplexes and quadraplexes) for investors, and it is believed that the total construction time in
days follows a normal distribution. The mean time to construct a triplex is 100 days, and the
standard deviation is 20 days. Recently, the president of Haynes Construction signed a contract
to complete a triplex in 125 days. Failure to complete the triplex in 125 days would result in se-
vere penalty fees. What is the probability that Haynes Construction will not be in violation of
their construction contract? The normal distribution for the construction of triplexes is shown in
Figure 2.11.

To compute this probability, we need to find the shaded area under the curve. We begin by
computing Z for this problem:

X —p
(6}

125 — 100
20

=20 1.25

Looking in Table 2.9 for a Z value of 1.25, we find an area under the curve of 0.89435. (We
do this by looking up 1.2 in the left-hand column of the table and then moving to the 0.05 col-
umn to find the value for Z = 1.25.) Therefore, the probability of not violating the contract is
0.89435, or about an 89% chance.

Now let us look at the Haynes problem from another perspective. If the firm finishes this
triplex in 75 days or less, it will be awarded a bonus payment of $5,000. What is the probability
that Haynes will receive the bonus?
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TABLE 2.9 Standardized Normal Distribution Function

AREA UNDER THE NORMAL CURVE

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
0.0 .50000 .50399 .50798 51197 51595 51994 52392 .52790 53188 .53586
0.1 .53983 .54380 54776 55172 .55567 .55962 .56356 .56749 57142 57535
0.2 .57926 58317 .58706 .59095 .59483 59871 .60257 .60642 .61026 .61409
0.3 .61791 62172 62552 .62930 .63307 .63683 .64058 .64431 .64803 .65173
04 .65542 .65910 .66276 .66640 .67003 .67364 67724 .68082 .68439 .68793
0.5 .69146 .69497 .69847 70194 .70540 70884 71226 71566 71904 712240
0.6 12575 712907 13237 713536 73891 74215 74537 74857 (15175 75490
0.7 75804 76115 76424 76730 77035 77337 77637 77935 78230 78524
0.8 718814 79103 79389 79673 719955 .80234 .80511 .80785 .81057 81327
0.9 .81594 .81859 82121 .82381 .82639 .82894 .83147 .83398 .83646 .83891
1.0 .84134 .84375 .84614 .84849 .85083 .85314 .85543 .85769 .85993 .86214
1.1 .86433 .86650 .86864 .87076 .87286 .87493 .87698 .87900 .88100 .88298
1.2 .88493 .88686 .88877 .89065 .89251 .89435 .89617 .89796 .89973 .90147
1.3 90320 .90490 90658 90824 90988 91149 91309 91466 91621 91774
1.4 91924 .92073 .92220 92364 .92507 .92647 92785 92922 .93056 .93189
1.5 93319 .93448 93574 93699 93822 .93943 94062 94179 .94295 .94408
1.6 .94520 .94630 94738 94845 .94950 .95053 95154 .95254 .95352 .95449
1.7 .95543 .95637 95728 95818 95907 .95994 .96080 .96164 .96246 96327
1.8 96407 .96485 96562 .96638 96712 96784 96856 .96926 96995 97062
1.9 97128 97193 97257 97320 97381 97441 .97500 .97558 97615 .97670
2.0 97725 97784 97831 97882 97932 97982 98030 .98077 98124 98169
2.1 98214 98257 .98300 98341 .98382 .98422 98461 .98500 98537 98574
22 .98610 .98645 98679 98713 98745 98778 98809 .98840 98870 98899
2.3 .98928 .98956 .98983 99010 99036 99061 99086 99111 99134 99158
2.4 99180 99202 99224 99245 .99266 .99286 99305 .99324 .99343 .99361
2.5 99379 .99396 99413 99430 99446 99461 99477 .99492 99506 99520
2.6 .99534 .99547 99560 99573 99585 .99598 99609 .99621 .99632 .99643
2.7 .99653 .99664 99674 99683 99693 99702 99711 .99720 99728 99736
2.8 .99744 .99752 .99760 99767 99774 99781 99788 .99795 .99801 .99807
29 99813 99819 99825 99831 .99836 99841 .99846 99851 .99856 99861
3.0 .99865 .99869 .99874 99878 99882 .99886 99889 .99893 99896 99900
3.1 .99903 .99906 99910 99913 99916 99918 99921 .99924 .99926 .99929
32 99931 .99934 99936 99938 .99940 99942 99944 .99946 99948 99950
33 .99952 .99953 .99955 99957 99958 .99960 99961 .99962 .99964 .99965
3.4 .99966 .99968 99969 99970 99971 99972 99973 .99974 99975 99976
35 99977 99978 99978 99979 99980 99981 99981 99982 99983 99983
3.6 .99984 .99985 99985 99986 .99986 .99987 99987 .99988 99988 99989
3.7 99989 .99990 99990 99990 99991 99991 99992 99992 99992 99992
3.8 .99993 .99993 99993 99994 .99994 .99994 .99994 .99995 .99995 .99995
39 .99995 .99995 99996 99996 99996 .99996 99996 .99996 99997 99997

Source: Richard I. Levin and Charles A. Kirkpatrick. Quantitative Approaches to Management, 4th ed. Copyright © 1978, 1975, 1971, 1965 by
McGraw-Hill, Inc. Used with permission of the McGraw-Hill Book Company.
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FIGURE 2.11

Normal Distribution for
Haynes Construction

FIGURE 2.12

Probability that Haynes
will Receive the Bonus

by Finishing in 75 Days
or Less

P (X < 125)

0.89435

1 = 100 days "X = 125 days

o = 20 days 7—1.25

Figure 2.12 illustrates the probability we are looking for in the shaded area. The first step is
again to compute the Z value:

_ IR s
20 ‘

This Z value indicates that 75 days is —1.25 standard deviations to the left of the mean. But the
standard normal table is structured to handle only positive Z values. To solve this problem, we
observe that the curve is symmetric. The probability that Haynes will finish in 75 days or less
is equivalent to the probability that it will finish in more than 125 days. A moment ago (in
Figure 2.11) we found the probability that Haynes will finish in less than 125 days. That value
is 0.89435. So the probability it takes more than 125 days is

P(X > 125) = 1.0 — P(X = 125)
= 1.0 — 0.89435 = 0.10565
Thus, the probability of completing the triplex in 75 days or less is 0.10565, or about 11%.

One final example: What is the probability that the triplex will take between 110 and 125
days? We see in Figure 2.13 that

P(110 < X < 125) = P(X = 125) — P(X < 110)

That is, the shaded area in the graph can be computed by finding the probability of com-
pleting the building in 125 days or less minus the probability of completing it in 110 days
or less.

I
0.89435

P(X = 75 days)
Area of
Interest

X =75 days = 100 days

Z=-125
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FIGURE 2.13

Probability that Haynes
will Complete in 110 to
125 Days

o = 20 days

100 110 125
M ~days days days

Recall that P(X = 125 days) is equal to 0.89435. To find P(X < 110 days), we follow the
two steps developed earlier:

X-—p 110-100 10
o 20 20

= (.5 standard deviations

1. Z =

2. From Table 2.9, the area for Z = 0.50 is 0.69146. So the probability the triplex can be
completed in less than 110 days is 0.69146. Finally,

P(110 = X = 125) = 0.89435 — 0.69146 = 0.20289
The probability that it will take between 110 and 125 days is about 20%.

PROGRAM 2.3A
Function in an Excel 2010

A B

Spreadsheet for the 1 Normal distribution - Xis a
Normal Distribution 2  with mean, y, and standart
Example 3 n= 100
4 o=|20
5 x =75
6 P(X<x)= =NORM.DIST(B5,B3,B4, TRUE)
7 P(X>x)= =1-B6
PROGRAM 2.3B i A B C D
IEI);cr?rIISUI;ips::i;?::iLhne 1 Normal distribution - X is a normal random variable
Example 2 with mean, y, and standard deviation, o.
3 n= 100
4 o= 20
5 X = 75
6 P(X<x)= 0.10565
7 P(X>x)= 0.89435
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FIGURE 2.14

Approximate
Probabilities from the
Empirical Rule

Figure 2.14 is very important,
and you should comprehend the
meanings of £1, 2, and 3
standard deviation symmetrical
areas.

Managers often speak of 95%
and 99% confidence intervals,
which roughly refer to +2 and 3
standard deviation graphs.

2.12 The F Distribution
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The Empirical Rule

While the probability tables for the normal distribution can provide precise probabilities, many
situations require less precision. The empirical rule was derived from the normal distribution
and is an easy way to remember some basic information about normal distributions. The empiri-
cal rule states that for a normal distribution

approximately 68% of the values will be within 1 standard deviation of the mean
approximately 95% of the values will be within 2 standard deviations of the mean

almost all (about 99.7%) of the values will be within 3 standard deviations of the mean

Figure 2.14 illustrates the empirical rule. The area from point a to point b in the first drawing
represents the probability, approximately 68%, that the random variable will be within 1 stan-
dard deviation of the mean. The middle drawing illustrates the probability, approximately 95%,
that the random variable will be within 2 standard deviations of the mean. The last drawing
illustrates the probability, about 99.7% (almost all), that the random variable will be within
3 standard deviations of the mean.

The F distribution is a continuous probability distribution that is helpful in testing hypotheses
about variances. The F distribution will be used in Chapter 4 when regression models are tested
for significance. Figure 2.15 provides a graph of the F distribution. As with a graph for any con-
tinuous distribution, the area underneath the curve represents probability. Note that for a large
value of F, the probability is very small.
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FIGURE 2.16
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The F statistic is the ratio of two sample variances from independent normal distributions.
Every F distribution has two sets of degrees of freedom associated with it. One of the degrees of
freedom is associated with the numerator of the ratio, and the other is associated with the
denominator of the ratio. The degrees of freedom are based on the sample sizes used in calculat-
ing the numerator and denominator.

Appendix D provides values of F associated with the upper tail of the distribution for cer-
tain probabilities (denoted by «) and degrees of freedom for the numerator (df;) and degrees of
freedom for the denominator (df,).

To find the F value that is associated with a particular probability and degrees of freedom,
refer to Appendix D. The following notation will be used:

df; = degrees of freedom for the numerator

df, = degrees of freedom for the denominator

Consider the following example:

af, = 5
df2 =6
a = 0.05

From Appendix D, we get

Fy.af1,ar2 = Fo05,5,6 = 4.39
This means
P(F > 439) = 0.05

The probability is very low (only 5%) that the F value will exceed 4.39. There is a 95% proba-
bility that it will not exceed 4.39. This is illustrated in Figure 2.16. Appendix D also provides
F values associated with a« = 0.01. Programs 2.4A and 2.4B illustrate Excel functions for the
F distribution.

0.05
F=4.39
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PROGRAM 2.4A

Functions in an Excel
2010 Spreadsheet for
the F Distribution

PROGRAM 2.4B

Excel Output for the
F Distribution

A B
F Distribution with df

To find F given a Given the degrees of freedom and the
df1=5 probability o = 0.05, this returns the F-value
= corresponding to the right 5% of the area.

1
)

3

4 df2= 6

5 q=0.05/
6

7

8

9

F-value = =F.INV.RT(B5,B3,B4)

To find the probability
dfl =5 [ This gives the probability to the right of th}

F-value that is specified.

10 df2= 6
11 f=42

12 P(F > f) = =F.DIST.RT(B11,B9,B10)

N A B ¢ | b | E

1 F Distribution with dfl and df2 degrees of freedom
2 Tofind F given a

<) dfl= b

4 df2 = 6

5 a= 0.05

6 F-value= 4.39

i

8 Tofind the probability to the right of a calculated value, f
9 dfl = 5

10 df2 = 6

vl f= 4.2

12 P(F>f)= 0.0548

2.13 The Exponential Distribution

The exponential distribution, also called the negative exponential distribution, is used in dealing
with queuing problems. The exponential distribution often describes the time required to service
a customer. The exponential distribution is a continuous distribution. Its probability function is

given by
FX) = pet
where

X = random variable (service times)

W
e = 2.718 (the base of the natural logarithm)

average number of units the service facility can handle in a specific period of time
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fiX)

The general shape of the exponential distribution is shown in Figure 2.17. Its expected value
and variance can be shown to be

1
Expected value = — = Average service time (2-17)
T
. 1
Variance = — (2-18)
W

As with any other continuous distribution, probabilities are found by determining the area under
the curve. For the normal distribution, we found the area by using a table of probabilities. For
the exponential distribution, the probabilities can be found using the exponent key on a calcula-
tor with the formula below. The probability that an exponentially distributed time (X) required
to serve a customer is less than or equal to time ¢ is given by the formula

PX=t)=1—-e™ (2-19)

The time period used in describing u determines the units for the time 7. For example, if w is the
average number served per hour, the time # must be given in hours. If u is the average number
served per minute, the time ¢t must be given in minutes.

Arnold’s Muffler Example

Arnold’s Muffler Shop installs new mufflers on automobiles and small trucks. The mechanic
can install new mufflers at a rate of about three per hour, and this service time is exponentially
distributed. What is the probability that the time to install a new muffler would be 1/2 hour or
less? Using Equation 2-19 we have

X

"
t

exponentially distributed service time

average number that can be served per time period = 3 per hour
1/2 hour = 0.5 hour

P(X=05)=1-¢20) =1 —¢15=1-02231 =0.7769

Figure 2.18 shows the area under the curve from 0 to 0.5 to be 0.7769. Thus, there is about a
78% chance the time will be no more than 0.5 hour and about a 22% chance that the time will
be longer than this. Similarly, we could find the probability that the service time is no more 1/3
hour or 2/3 hour, as follows:

p(x = 1) =1 -3 =1-¢1=1-03679 = 0.6321

P(X = 2) M=

I — 0.1353 = 0.8647
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FIGURE 2.18

Probability That the
Mechanic Will Install a
Muffler in 0.5 Hour

PROGRAM 2.5A

Function in an Excel
Spreadsheet for the
Exponential Distribution

PROGRAM 2.5B

Excel Output for the
Exponential Distribution

2.5

2 -
1.5 P(service time = 0.5) = 0.7769

14

0.7769

0.5

0 I T T T 1

0 0.5 1 1.5 2 25

While Equation 2-19 provides the probability that the time (X) is less than or equal to a particu-
lar value ¢, the probability that the time is greater than a particular value ¢ is found by observing
that these two events are complementary. For example, to find the probability that the mechanic
at Arnold’s Muffler Shop would take longer than 0.5 hour, we have

P(X >05)=1-P(X =05) =1- 07769 = 0.2231

Programs 2.5A and 2.5B illustrate how a function in Excel can find exponential probabilities.

A B C
1 Exponential distrib
2 Average number 3 per hour
3 t= 0.5 hours
4 P(X<t)=  =EXPON.DIST(B3,B2,TRUE)
5 P(X>t)=  =1-B4
6
7

A B C

1 Exponential distribution - the random variable (X) is time
2 Average number per time period = p = 3 per heur
3 t= 0.5000 hours
4 P(X<t)= 0.7769
5 P(X>1)= 0.2231

2.14 The Poisson Distribution

The Poisson probability
distribution is used in many
queuing models to represent
arrival patterns.

An important discrete probability distribution is the Poisson distribution.! We examine it
because of its key role in complementing the exponential distribution in queuing theory in
Chapter 13. The distribution describes situations in which customers arrive independently dur-
ing a certain time interval, and the number of arrivals depends on the length of the time interval.

'This distribution, derived by Simeon Denis Poisson in 1837, is pronounced “pwah-sahn.”
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Examples are patients arriving at a health clinic, customers arriving at a bank window, passen-
gers arriving at an airport, and telephone calls going through a central exchange.
The formula for the Poisson distribution is

e
P(X) = X (2-20)
where
P(X) = probability of exactly X arrivals or occurrences
A = average number of arrivals per unit of time (the mean arrival rate),
pronounced “lambda”
e = 2.718, the base of the natural logarithm
X = number of occurrences (0, 1,2, ...)
The mean and variance of the Poisson distribution are equal and are computed simply as
Expected value = N (2-21)
Variance = \ (2-22)

With the help of the table in Appendix C, the values of ¢ ™ are easy to find. We can use these
in the formula to find probabilities. For example, if N = 2, from Appendix C we find
¢ 2 = 0.1353. The Poisson probabilities that X is 0, 1, and 2 when A = 2 are as follows:

—A) X
e A
P(x) =
—2~0
20 (0.1353)1
P0) = &= = ( N 01353 ~ 14%
0! 1
21l -2
2 2 0.1353(2
ply=2"2=-%2°_ @) _ 2706 ~ 279
T 1
212 -2
P(2) = = = — 02706 ~ 27%
(2) =" 2(1) 2 ’

These probabilities, as well as others for A = 2 and A = 4, are shown in Figure 2.19. Notice
that the chances that 9 or more customers will arrive in a particular time period are virtually nil.
Programs 2.6A and 2.6B illustrate how Excel can be used to find Poisson probabilities.

It should be noted that the exponential and Poisson distributions are related. If the number of oc-
currences per time period follows a Poisson distribution, then the time between occurrences follows
an exponential distribution. For example, if the number of phone calls arriving at a customer service
center followed a Poisson distribution with a mean of 10 calls per hour, the time between each phone
call would be exponentially distributed with a mean time between calls of !/ hour (6 minutes).

Sample Poisson Distributions with A =2 and A = 4
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robability
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©
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3 4 5 6 7 8 9 o 1t 2 3 4 5 6 7 8 9
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A = 2 Distribution A = 4 Distribution
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PROGRAM 2.6A

A B @
Functions in an Excel 1 Poi d
2010 Spreadsheet for the Sieon
Poisson Distribution 2 A= 2 per hour
3 X P(X) P(X <x)
4 0 =POISSON.DIST(A4,5BS2,FALSE) =POISSON.DIST(A4,5BS2,TRUE)
511 =POISSON.DIST(A5,5B52,FALSE) =POISSON.DIST(A5,5B52, TRUE)
6 2 =POISSON.DIST(A6,5BS52,FALSE) =POISSON.DIST(A6,5B52, TRUE)
PROGRAM 2.6B x B C D L ' =
Excel Output for the : R : : :
Poisson Distribution 1 Poisson distribution - X is the number of occurrences per time period
2 | A= 2 per hour
3 X P(X) P(X<x)
) 0 0.1353 0.1353
S 1 0.2707 0.4060
6 2 0.2707 0.6767

Summary

This chapter presents the fundamental concepts of probability
and probability distributions. Probability values can be obtained
objectively or subjectively. A single probability value must be
between 0 and 1, and the sum of all probability values for all
possible outcomes must be equal to 1. In addition, probability
values and events can have a number of properties. These prop-
erties include mutually exclusive, collectively exhaustive, sta-
tistically independent, and statistically dependent events. Rules
for computing probability values depend on these fundamental
properties. It is also possible to revise probability values when
new information becomes available. This can be done using
Bayes’ theorem.

Glossary

We also covered the topics of random variables, discrete
probability distributions (such as Poisson and binomial), and
continuous probability distributions (such as normal, F, and
exponential). A probability distribution is any statement of a
probability function having a set of collectively exhaustive and
mutually exclusive events. All probability distributions follow
the basic probability rules mentioned previously.

The topics presented here will be very important in many
of the chapters to come. Basic probability concepts and distri-
butions are used for decision theory, inventory control, Markov
analysis, project management, simulation, and statistical qual-
ity control.

Bayes’ Theorem A formula that is used to revise probabili-
ties based on new information.

Bernoulli Process A process with two outcomes in each of a
series of independent trials in which the probabilities of the
outcomes do not change.

Binomial Distribution A discrete distribution that describes
the number of successes in independent trials of a Bernoulli
process.

Classical or Logical Approach An objective way of assess-
ing probabilities based on logic.

Collectively Exhaustive Events
outcomes of an experiment.

Conditional Probability The probability of one event occur-
ring given that another has taken place.

Continuous Probability Distribution A probability distri-
bution with a continuous random variable.

Continuous Random Variable A random variable that can
assume an infinite or unlimited set of values.

A collection of all possible

Dependent Events The situation in which the occurrence of
one event affects the probability of occurrence of some
other event.

Discrete Probability Distribution A probability distribution
with a discrete random variable.

Discrete Random Variable A random variable that can only
assume a finite or limited set of values.

Expected Value The (weighted) average of a probability
distribution.

F Distribution A continuous probability distribution that is
the ratio of the variances of samples from two independent
normal distributions.

Independent Events The situation in which the occurrence
of one event has no effect on the probability of occurrence
of a second event.

Joint Probability The probability of events occurring
together (or one after the other).



Marginal Probability The simple probability of an event oc-
curring.

Mutually Exclusive Events A situation in which only one
event can occur on any given trial or experiment.

Negative Exponential Distribution A continuous probabil-
ity distribution that describes the time between customer
arrivals in a queuing situation.

Normal Distribution A continuous bell-shaped distribution
that is a function of two parameters, the mean and standard
deviation of the distribution.

Poisson Distribution A discrete probability distribution
used in queuing theory.

Prior Probability A probability value determined before
new or additional information is obtained. It is sometimes
called an a priori probability estimate.

Probability A statement about the likelihood of an event
occurring. It is expressed as a numerical value between 0
and 1, inclusive.

Key Equations
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Probability Density Function The mathematical function
that describes a continuous probability distribution. It is
represented by f{X).

Probability Distribution The set of all possible values of a
random variable and their associated probabilities.

Random Variable A variable that assigns a number to every
possible outcome of an experiment.

Relative Frequency Approach An objective way of
determining probabilities based on observing frequencies
over a number of trials.

Revised or Posterior Probability A probability value that re-
sults from new or revised information and prior probabilities.

Standard Deviation The square root of the variance.

Subjective Approach A method of determining probability
values based on experience or judgment.

Variance A measure of dispersion or spread of the probabil-
ity distribution.

(2-1) 0 = P(event) = 1

A basic statement of probability.
(2-2) P(AorB) = P(A) + P(B)

Law of addition for mutually exclusive events.
(2-3) P(AorB) = P(A) + P(B) — P(Aand B)

Law of addition for events that are not mutually exclusive.
(2-4) P(AB) = P(A)P(B)

Joint probability for independent events.
P(AB)

p(B)

Conditional probability.
(2-6) P(AB) = P(A|B)P(B)

Joint probability for dependent events.

P(B|A)P(A)

(B|A)P(A) + P(B|A")P(A")
Bayes’ law in general form.

(2-5) P(A|B) =

(2-7) P(A|B) = -

(2-8) E(X) = éXiP(Xi)

An equation that computes the expected value (mean) of
a discrete probability distribution.
n
(2-9) o? = Variance = > [X; — E(X)]*P(X;)
i=1
An equation that computes the variance of a discrete
probability distribution.

(2-10) ¢ = \/Variance = Vo2
An equation that computes the standard deviation from
the variance.

n!

(2-11) Probability of 7 successes in n trials = ——————p" ¢" "
ri(n —r)!

A formula that computes probabilities for the binomial
probability distribution.

(2-12) Expected value (mean) = np
The expected value of the binomial distribution.

(2-13) Variance = np(1 — p)
The variance of the binomial distribution.
—(x—p)
@14 f(X) = ——e ™"
- = e
oV2r
The density function for the normal probability dis-
tribution.

(2-15)Z =

X—p

g
An equation that computes the number of standard devi-
ations, Z, the point X is from the mean .

(2-16) f(X) = pe ™
The exponential distribution.

1
(2-17) Expected value = —
'8

The expected value of an exponential distribution.

1
(2-18) Variance = —
W
The variance of an exponential distribution.

R-19YP(X =t)=1—e™
Formula to find the probability that an exponential
random variable (X) is less than or equal to time .

Ne ™

X!
The Poisson distribution.

(2200 P(X) =

(2-21) Expected value = N
The mean of a Poisson distribution.

(2-22) Variance = \
The variance of a Poisson distribution.
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Solved Problems

Solved Problem 2-1
In the past 30 days, Roger’s Rural Roundup has sold either 8, 9, 10, or 11 lottery tickets. It never sold
fewer than 8 or more than 11. Assuming that the past is similar to the future, find the probabilities for
the number of tickets sold if sales were 8 tickets on 10 days, 9 tickets on 12 days, 10 tickets on 6 days,
and 11 tickets on 2 days.

Solution

8 10 0.333
9 12 0.400
10 6 0.200
1 2 0.067
Total 30 1.000

Solved Problem 2-2
A class contains 30 students. Ten are female (F) and U.S. citizens (U); 12 are male (M) and U.S. citi-
zens; 6 are female and non-U.S. citizens (N); 2 are male and non-U.S. citizens.
A name is randomly selected from the class roster and it is female. What is the probability that the
student is a U.S. citizen?

Solution

P(FU) = %, = 0.333

P(FN) = %3¢ = 0.200

P(MU) = 2, = 0.400

P(MN) = %3, = 0.067
P(F) = P(FU) + P(FN) = 0.333 + 0.200 = 0.533
P(M) = P(MU) + P(MN) = 0.400 + 0.067 = 0.467
P(U) = P(FU) + P(MU) = 0.333 + 0.400 = 0.733
P(N) = P(FN) + P(MN) = 0.200 + 0.067 = 0.267

P(FU) 0333
P(U|F) = = —— = 0.625

P(F) 0533

Solved Problem 2-3
Your professor tells you that if you score an 85 or better on your midterm exam, then you have a 90%
chance of getting an A for the course. You think you have only a 50% chance of scoring 85 or better.
Find the probability that both your score is 85 or better and you receive an A in the course.

Solution

P(Aand85) = P(A[85) X P(85) = (0.90)(0.50)
= 45%
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Solved Problem 2-4
A statistics class was asked if it believed that all tests on the Monday following the football game win
over their archrival should be postponed automatically. The results were as follows:

Strongly agree 40
Agree 30
Neutral 20
Disagree 10
Strongly disagree 0
100

Transform this into a numeric score, using the following random variable scale, and find a proba-
bility distribution for the results:

Strongly agree 5
Agree 4
Neutral 3
Disagree 2
Strongly disagree 1
Solution
Strongly agree (5) 0.4 = 40/100
Agree (4) 0.3 = 30/100
Neutral (3) 0.2 = 20/100
Disagree (2) 0.1 = 10/100
Strongly disagree (1) 0.0 = 0/100
Total 1.0 = 100/100

Solved Problem 2-5

For Solved Problem 2-4, let X be the numeric score. Compute the expected value of X.

Solution

5
E(X) = ;Xip(xi) = X |P(X;) + XoP(X>)

+ X3P(X3) + X4P(X4) + Xs5P(X5)
= 5(0.4) + 4(0.3) + 3(0.2) + 2(0.1) + 1(0)
=40

Solved Problem 2-6

Compute the variance and standard deviation for the random variable X in Solved Problems 2-4 and 2-5.

Solution

5
Variance = E(xi — E(x))*P(x;)

i=1
= (5 —4)%0.4) + (4 — 4)%(0.3) + (3 — 4)%(0.2) + (2 — 4)>(0.1) + (1 — 4)*(0.0)
= (1)%(0.4) + (0)%(0.3) + (—1)%(0.2) + (—2)*(0.1) + (—3)%(0.0)
=04+00+02+04+00=10
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The standard deviation is

o = VVVariance = V1 = 1

Solved Problem 2-7
A candidate for public office has claimed that 60% of voters will vote for her. If 5 registered voters
were sampled, what is the probability that exactly 3 would say they favor this candidate?

Solution
We use the binomial distribution withn = 5, p = 0.6, and r = 3:

! 5!
P(exactly 3 successes in 5 trials) = ﬁpr qg = m(0.6)3(0.4)573 = 0.3456

Solved Problem 2-8
The length of the rods coming out of our new cutting machine can be said to approximate a normal
distribution with a mean of 10 inches and a standard deviation of 0.2 inch. Find the probability that a
rod selected randomly will have a length

(a) of less than 10.0 inches

(b) between 10.0 and 10.4 inches

(c) between 10.0 and 10.1 inches

(d) between 10.1 and 10.4 inches

(e) between 9.6 and 9.9 inches

(f) between 9.9 and 10.4 inches

(g) between 9.886 and 10.406 inches

Solution
First compute the standard normal distribution, the Z value:

Next, find the area under the curve for the given Z value by using a standard normal distribution table.

(a) P(X < 10.0) = 0.50000

(b) P(10.0 < X < 10.4) = 0.97725 — 0.50000 = 0.47725

(¢) P(10.0 < X < 10.1) = 0.69146 — 0.50000 = 0.19146

(d) P(10.1 < X < 10.4) = 0.97725 — 0.69146 = 0.28579

(e) P(9.6 < X <9.9) = 0.97725 — 0.69146 = 0.28579

() P(9.9 < X < 104) = 0.19146 + 0.47725 = 0.66871
(

(g) P(9.886 < X < 10.406) = 0.47882 + 0.21566 = 0.69448
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o Before taking the self-test, refer to the learning objectives at the beginning of the chapter, the notes in the margins, and the

glossary at the end of the chapter.

Use the key at the back of the book to correct your answers.

Restudy pages that correspond to any questions that you answered incorrectly or material you feel uncertain about.

If only one event may occur on any one trial, then the
events are said to be

a. independent.

b. exhaustive.

c. mutually exclusive.

d. continuous.

New probabilities that have been found using Bayes’ theo-
rem are called

a. prior probabilities.

b. posterior probabilities.

c. Bayesian probabilities.

d. joint probabilities.

A measure of central tendency is

a. expected value.

b. variance.

c. standard deviation.

d. all of the above.

To compute the variance, you need to know the

a. variable’s possible values.

b. expected value of the variable.

c. probability of each possible value of the variable.
d. all of the above.

The square root of the variance is the

a. expected value.

b. standard deviation.

c. area under the normal curve.

d. all of the above.

Which of the following is an example of a discrete
distribution?

a. the normal distribution

b. the exponential distribution

c. the Poisson distribution

d. the Z distribution

The total area under the curve for any continuous
distribution must equal

a. L.

b. 0.

c. 0.5.

d. none of the above.

Probabilities for all the possible values of a discrete
random variable

a. may be greater than 1.

b. may be negative on some occasions.

c. must sum to 1.

d. are represented by area underneath the curve.

0.

10.

11.

12.

13.

14.

15.

In a standard normal distribution, the mean is equal to
a. 1.

b. 0.

c. the variance.

d. the standard deviation.

The probability of two or more independent events
occurring is the

a. marginal probability.

b. simple probability.

c. conditional probability.

d. joint probability.

e. all of the above.

In the normal distribution, 95.45% of the population lies
within

a. 1 standard deviation of the mean.

b. 2 standard deviations of the mean.

c. 3 standard deviations of the mean.

d. 4 standard deviations of the mean.

If a normal distribution has a mean of 200 and a standard
deviation of 10, 99.7% of the population falls within
what range of values?

a. 170-230

b. 180-220

c. 190-210

d. 175-225

e. 170-220

If two events are mutually exclusive, then the probability
of the intersection of these two events will equal

a. 0.

b. 0.5.

c. 1.0.

d. cannot be determined without more information.

If P(A) = 0.4 and P(B) = 0.5and P(Aand B) = 0.2,
then P(B|A) =

a. 0.80.

b. 0.50.

c. 0.10

d. 0.40.

e. none of the above.

If P(A) = 0.4 and P(B) = 0.5and P(Aand B) = 0.2,
then P(Aor B) =

a. 0.7.

b. 0.9.

c. 1.1.

d.0.2.

e. none of the above.
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Discussion Questions and Problems

Discussion Questions

2-1
2-2

2-5
2-6
2-7

2-8

2-10

What are the two basic laws of probability?

What is the meaning of mutually exclusive events?
What is meant by collectively exhaustive? Give an
example of each.

Describe the various approaches used in determining
probability values.

Why is the probability of the intersection of two
events subtracted in the sum of the probability of
two events?

What is the difference between events that are
dependent and events that are independent?

What is Bayes’ theorem, and when can it be used?
Describe the characteristics of a Bernoulli process.
How is a Bernoulli process associated with the bino-
mial distribution?

What is a random variable? What are the various
types of random variables?

What is the difference between a discrete probabil-
ity distribution and a continuous probability distri-
bution? Give your own example of each.

What is the expected value, and what does it meas-
ure? How is it computed for a discrete probability
distribution?

What is the variance, and what does it measure? How
is it computed for a discrete probability distribution?
Name three business processes that can be described
by the normal distribution.

After evaluating student response to a question
about a case used in class, the instructor constructed
the following probability distribution. What kind of
probability distribution is it?

RESPONSE

RANDOM VARIABLE, X PROBABILITY

Excellent
Good
Average
Fair

Poor

5 0.05
4 0.25
3 0.40
2 0.15
1 0.15

Problems

<214

A student taking Management Science 301 at East
Haven University will receive one of the five possi-
ble grades for the course: A, B, C, D, or F. The

Note: & means the problem may be solved with QM for Windows; * means the
Q

problem may be solved with Excel QM; and * means the problem may be
solved with QM for Windows and/or Excel QM.

°2-15

°2-16

°2-17

$2-18

distribution of grades over the past two years is as
follows:

GRADE NUMBER OF STUDENTS

A 80
75
90
30
25

Total 300

m U Q W

If this past distribution is a good indicator of future
grades, what is the probability of a student receiving
a C in the course?

A silver dollar is flipped twice. Calculate the proba-

bility of each of the following occurring:

(a) a head on the first flip

(b) a tail on the second flip given that the first toss
was a head

(c) two tails

(d) a tail on the first and a head on the second

(e) a tail on the first and a head on the second or a
head on the first and a tail on the second

(f) at least one head on the two flips

An urn contains 8 red chips, 10 green chips, and

2 white chips. A chip is drawn and replaced, and

then a second chip drawn. What is the probability of

(a) a white chip on the first draw?

(b) a white chip on the first draw and a red on the
second?

(c) two green chips being drawn?

(d) ared chip on the second, given that a white chip
was drawn on the first?

Evertight, a leading manufacturer of quality nails,

produces 1-, 2-, 3-, 4-, and 5-inch nails for various

uses. In the production process, if there is an overrun
or the nails are slightly defective, they are placed in

a common bin. Yesterday, 651 of the 1-inch nails,

243 of the 2-inch nails, 41 of the 3-inch nails, 451 of

the 4-inch nails, and 333 of the 5-inch nails were

placed in the bin.

(a) What is the probability of reaching into the bin
and getting a 4-inch nail?

(b) What is the probability of getting a 5-inch
nail?

(c) If a particular application requires a nail that is
3 inches or shorter, what is the probability of
getting a nail that will satisfy the requirements
of the application?

Last year, at Northern Manufacturing Company,
200 people had colds during the year. One hundred
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$2-20

$2-21

fifty-five people who did no exercising had colds, and

the remainder of the people with colds were involved

in a weekly exercise program. Half of the 1,000 em-
ployees were involved in some type of exercise.

(a) What is the probability that an employee will
have a cold next year?

(b) Given that an employee is involved in an exer-
cise program, what is the probability that he or
she will get a cold next year?

(c) What is the probability that an employee who is
not involved in an exercise program will get a
cold next year?

(d) Are exercising and getting a cold independent
events? Explain your answer.

The Springfield Kings, a professional basketball
team, has won 12 of its last 20 games and is ex-
pected to continue winning at the same percentage
rate. The team’s ticket manager is anxious to attract
a large crowd to tomorrow’s game but believes that
depends on how well the Kings perform tonight
against the Galveston Comets. He assesses the
probability of drawing a large crowd to be 0.90
should the team win tonight. What is the probability
that the team wins tonight and that there will be a
large crowd at tomorrow’s game?

David Mashley teaches two undergraduate statistics

courses at Kansas College. The class for Statistics 201

consists of 7 sophomores and 3 juniors. The more ad-

vanced course, Statistics 301, has 2 sophomores and

8 juniors enrolled. As an example of a business sam-

pling technique, Professor Mashley randomly selects,

from the stack of Statistics 201 registration cards, the

class card of one student and then places that card

back in the stack. If that student was a sophomore,

Mashley draws another card from the Statistics 201

stack; if not, he randomly draws a card from the Sta-

tistics 301 group. Are these two draws independent

events? What is the probability of

(a) a junior’s name on the first draw?

(b) a junior’s name on the second draw, given that a
sophomore’s name was drawn first?

(c) a junior’s name on the second draw, given that a
junior’s name was drawn first?

(d) a sophomore’s name on both draws?

(e) ajunior’s name on both draws?

(f) one sophomore’s name and one junior’s name on
the two draws, regardless of order drawn?

The oasis outpost of Abu Ilan, in the heart of the
Negev desert, has a population of 20 Bedouin tribes-
men and 20 Farima tribesmen. El Kamin, a nearby
oasis, has a population of 32 Bedouins and 8 Farima.
A lost Israeli soldier, accidentally separated from his
army unit, is wandering through the desert and ar-
rives at the edge of one of the oases. The soldier has
no idea which oasis he has found, but the first person
he spots at a distance is a Bedouin. What is the prob-
ability that he wandered into Abu Ilan? What is the
probability that he is in El Kamin?

$2-22

¢2-23

$2-24

DISCUSSION QUESTIONS AND PROBLEMS 81

The lost Israeli soldier mentioned in Problem 2-21
decides to rest for a few minutes before entering the
desert oasis he has just found. Closing his eyes, he
dozes off for 15 minutes, wakes, and walks toward
the center of the oasis. The first person he spots this
time he again recognizes as a Bedouin. What is the
posterior probability that he is in El Kamin?

Ace Machine Works estimates that the probability
its lathe tool is properly adjusted is 0.8. When the
lathe is properly adjusted, there is a 0.9 probability
that the parts produced pass inspection. If the lathe
is out of adjustment, however, the probability of a
good part being produced is only 0.2. A part ran-
domly chosen is inspected and found to be accept-
able. At this point, what is the posterior probability
that the lathe tool is properly adjusted?

The Boston South Fifth Street Softball League
consists of three teams: Mama’s Boys, team 1; the
Killers, team 2; and the Machos, team 3. Each
team plays the other teams just once during the
season. The win—loss record for the past 5 years is
as follows:

WINNER 1) 2) 3

Mama’s Boys (1) X 3 4
The Killers (2) 2 X 1
The Machos (3) 1 4 X

$2-25

$ 2-26

Each row represents the number of wins over the

past 5 years. Mama’s Boys beat the Killers 3 times,

beat the Machos 4 times, and so on.

(a) What is the probability that the Killers will win
every game next year?

(b) What is the probability that the Machos will win
at least one game next year?

(c) What is the probability that Mama’s Boys will
win exactly one game next year?

(d) What is the probability that the Killers will win
fewer than two games next year?

The schedule for the Killers next year is as follows
(refer to Problem 2-24):

Game 1: The Machos

Game 2: Mama’s Boys

(a) What is the probability that the Killers will win
their first game?

(b) What is the probability that the Killers will win
their last game?

(c) What is the probability that the Killers will break
even—win exactly one game?

(d) What is the probability that the Killers will win
every game?

(e) What is the probability that the Killers will lose
every game?

(f) Would you want to be the coach of the Killers?

The Northside Rifle team has two markspersons,
Dick and Sally. Dick hits a bull’s-eye 90% of the
time, and Sally hits a bull’s-eye 95% of the time.
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(a) What is the probability that either Dick or Sally or
both will hit the bull’s-eye if each takes one shot?

(b) What is the probability that Dick and Sally will
both hit the bull’s-eye?

(c) Did you make any assumptions in answering the
preceding questions? If you answered yes, do
you think that you are justified in making the
assumption(s)?

In a sample of 1,000 representing a survey from the

entire population, 650 people were from Laketown,

and the rest of the people were from River City. Out
of the sample, 19 people had some form of cancer.

Thirteen of these people were from Laketown.

(a) Are the events of living in Laketown and having
some sort of cancer independent?

(b) Which city would you prefer to live in, assuming
that your main objective was to avoid having
cancer?

Compute the probability of “loaded die, given that a

3 was rolled,” as shown in Example 7, this time

using the general form of Bayes’ theorem from

Equation 2-7.

Which of the following are probability distributions?
Why?
(a)
RANDOM VARIABLE X PROBABILITY
2 0.1
-1 0.2
0 0.3
1 0.25
2 0.15
(b)
RANDOM VARIABLE Y PROBABILITY
1 1.1
1.5 0.2
2 0.3
25 0.25
3 -1.25
(©)
RANDOM VARIABLE Z PROBABILITY
1 0.1
2 0.2
3 0.3
4 0.4
5 0.0
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Harrington Health Food stocks 5 loaves of Neutro-
Bread. The probability distribution for the sales of
Neutro-Bread is listed in the following table. How
many loaves will Harrington sell on average?

NUMBER OF LOAVES SOLD PROBABILITY

0 0.05
0.15
0.20
0.25
0.20
0.15

wm A W N =

°2-31

X2 2-32

X ¢ 2-33

x: 234

x 3 235

What are the expected value and variance of the fol-
lowing probability distribution?

RANDOM VARIABLE X PROBABILITY

0.05
0.05
0.10
0.10
0.15
0.15
0.25
0.15

(o e Y A \ I

There are 10 questions on a true—false test. A student

feels unprepared for this test and randomly guesses

the answer for each of these.

(a) What is the probability that the student gets
exactly 7 correct?

(b) What is the probability that the student gets
exactly 8 correct?

(c) What is the probability that the student gets
exactly 9 correct?

(d) What is the probability that the student gets
exactly 10 correct?

(e) What is the probability that the student gets
more than 6 correct?

Gary Schwartz is the top salesman for his company.

Records indicate that he makes a sale on 70% of his

sales calls. If he calls on four potential clients, what is

the probability that he makes exactly 3 sales? What is

the probability that he makes exactly 4 sales?

If 10% of all disk drives produced on an assembly
line are defective, what is the probability that there
will be exactly one defect in a random sample of 5
of these? What is the probability that there will be
no defects in a random sample of 5?

Trowbridge Manufacturing produces cases for per-
sonal computers and other electronic equipment. The
quality control inspector for this company believes
that a particular process is out of control. Normally,
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only 5% of all cases are deemed defective due to
discolorations. If 6 such cases are sampled, what is
the probability that there will be 0 defective cases if
the process is operating correctly? What is the prob-
ability that there will be exactly 1 defective case?

Refer to the Trowbridge Manufacturing example in
Problem 2-35. The quality control inspection proce-
dure is to select 6 items, and if there are O or 1 de-
fective cases in the group of 6, the process is said to
be in control. If the number of defects is more than
1, the process is out of control. Suppose that the true
proportion of defective items is 0.15. What is the
probability that there will be O or 1 defects in a sam-
ple of 6 if the true proportion of defects is 0.15?

An industrial oven used to cure sand cores for a
factory manufacturing engine blocks for small cars
is able to maintain fairly constant temperatures.
The temperature range of the oven follows a nor-
mal distribution with a mean of 450°F and a stan-
dard deviation of 25°F. Leslie Larsen, president of
the factory, is concerned about the large number of
defective cores that have been produced in the past
several months. If the oven gets hotter than 475°F,
the core is defective. What is the probability that the
oven will cause a core to be defective? What is the
probability that the temperature of the oven will
range from 460° to 470°F?

Steve Goodman, production foreman for the

Florida Gold Fruit Company, estimates that the av-

erage sale of oranges is 4,700 and the standard de-

viation is 500 oranges. Sales follow a normal

distribution.

(a) What is the probability that sales will be greater
than 5,500 oranges?

(b) What is the probability that sales will be greater
than 4,500 oranges?

(c) What is the probability that sales will be less
than 4,900 oranges?

(d) What is the probability that sales will be less
than 4,300 oranges?

Susan Williams has been the production manager
of Medical Suppliers, Inc., for the past 17 years.
Medical Suppliers, Inc., is a producer of bandages
and arm slings. During the past 5 years, the de-
mand for No-Stick bandages has been fairly con-
stant. On the average, sales have been about 87,000
packages of No-Stick. Susan has reason to believe
that the distribution of No-Stick follows a normal
curve, with a standard deviation of 4,000 packages.
What is the probability that sales will be less than
81,000 packages?

Armstrong Faber produces a standard number-two
pencil called Ultra-Lite. Since Chuck Armstrong
started Armstrong Faber, sales have grown steadily.
With the increase in the price of wood products,
however, Chuck has been forced to increase the
price of the Ultra-Lite pencils. As a result, the
demand for Ultra-Lite has been fairly stable over

2-41
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the past 6 years. On the average, Armstrong Faber
has sold 457,000 pencils each year. Furthermore,
90% of the time sales have been between 454,000
and 460,000 pencils. It is expected that the sales
follow a normal distribution with a mean of
457,000 pencils. Estimate the standard deviation of
this distribution. (Hint: Work backward from the
normal table to find Z. Then apply Equation 2-15.)

The time to complete a construction project is nor-

mally distributed with a mean of 60 weeks and a

standard deviation of 4 weeks.

(a) What is the probability the project will be fin-
ished in 62 weeks or less?

(b) What is the probability the project will be fin-
ished in 66 weeks or less?

(c) What is the probability the project will take
longer than 65 weeks?

A new integrated computer system is to be installed
worldwide for a major corporation. Bids on this
project are being solicited, and the contract will be
awarded to one of the bidders. As a part of the pro-
posal for this project, bidders must specify how
long the project will take. There will be a significant
penalty for finishing late. One potential contractor
determines that the average time to complete a proj-
ect of this type is 40 weeks with a standard devia-
tion of 5 weeks. The time required to complete this
project is assumed to be normally distributed.

(a) If the due date of this project is set at 40 weeks,
what is the probability that the contractor will
have to pay a penalty (i.e., the project will not
be finished on schedule)?

(b) If the due date of this project is set at 43 weeks,
what is the probability that the contractor will
have to pay a penalty (i.e., the project will not
be finished on schedule)?

(c) If the bidder wishes to set the due date in the
proposal so that there is only a 5% chance of
being late (and consequently only a 5% chance
of having to pay a penalty), what due date
should be set?

Patients arrive at the emergency room of Costa Val-

ley Hospital at an average of 5 per day. The

demand for emergency room treatment at Costa

Valley follows a Poisson distribution.

(a) Using Appendix C, compute the probability of
exactly 0, 1, 2, 3, 4, and 5 arrivals per day.

(b) What is the sum of these probabilities, and why
is the number less than 1?

Using the data in Problem 2-43, determine the
probability of more than 3 visits for emergency
room service on any given day.

Cars arrive at Carla’s Muffler shop for repair work

at an average of 3 per hour, following an exponen-

tial distribution.

(a) What is the expected time between arrivals?

(b) What is the variance of the time between
arrivals?
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A particular test for the presence of steroids is to be
used after a professional track meet. If steroids are
present, the test will accurately indicate this 95% of
the time. However, if steroids are not present, the
test will indicate this 90% of the time (so it is wrong
10% of the time and predicts the presence of
steroids). Based on past data, it is believed that 2%
of the athletes do use steroids. This test is adminis-
tered to one athlete, and the test is positive for
steroids. What is the probability that this person
actually used steroids?

Market Researchers, Inc., has been hired to perform
a study to determine if the market for a new product
will be good or poor. In similar studies performed in
the past, whenever the market actually was good, the
market research study indicated that it would be
good 85% of the time. On the other hand, whenever
the market actually was poor, the market study in-
correctly predicted it would be good 20% of the
time. Before the study is performed, it is believed
there is a 70% chance the market will be good.
When Market Researchers, Inc. performs the study
for this product, the results predict the market will
be good. Given the results of this study, what is the
probability that the market actually will be good?

Policy Pollsters is a market research firm specializing
in political polls. Records indicate in past elections,
when a candidate was elected, Policy Pollsters had
accurately predicted this 80 percent of the time and
they were wrong 20% of the time. Records also show
for losing candidates, Policy Pollsters accurately pre-
dicted they would lose 90 percent of the time and they
were only wrong 10% of the time. Before the poll is
taken, there is a 50% chance of winning the election.
If Policy Pollsters predicts a candidate will win the
election, what is the probability that the candidate will
actually win? If Policy Pollsters predicts that a candi-
date will lose the election, what is the probability that
the candidate will actually lose?

Burger City is a large chain of fast-food restaurants
specializing in gourmet hamburgers. A mathemati-
cal model is now used to predict the success of new
restaurants based on location and demographic in-
formation for that area. In the past, 70% of all
restaurants that were opened were successful. The
mathematical model has been tested in the existing
restaurants to determine how effective it is. For the
restaurants that were successful, 90% of the time the
model predicted they would be, while 10% of the
time the model predicted a failure. For the restau-
rants that were not successful, when the mathemati-
cal model was applied, 20% of the time it incorrectly
predicted a successful restaurant while 80% of the
time it was accurate and predicted an unsuccessful
restaurant. If the model is used on a new location
and predicts the restaurant will be successful, what
is the probability that it actually is successful?
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A mortgage lender attempted to increase its business
by marketing its subprime mortgage. This mortgage
is designed for people with a less-than-perfect credit
rating, and the interest rate is higher to offset the ex-
tra risk. In the past year, 20% of these mortgages re-
sulted in foreclosure as customers defaulted on their
loans. A new screening system has been developed
to determine whether to approve customers for the

subprime loans. When the system is applied to a

credit application, the system will classify the appli-

cation as “Approve for loan” or “Reject for loan.”

When this new system was applied to recent cus-

tomers who had defaulted on their loans, 90% of

these customers were classified as “Reject.” When
this same system was applied to recent loan cus-
tomers who had not defaulted on their loan pay-
ments, 70% of these customers were classified as

“Approve for loan.”

(a) If a customer did not default on a loan, what is
the probability that the rating system would have
classified the applicant in the reject category?

(b) If the rating system had classified the applicant
in the reject category, what is the probability that
the customer would not default on a loan?

Use the F table in Appendix D to find the value of F
for the upper 5% of the F distribution with

(a) dfy = 5,df, = 10

(b) dfy = 8,df, =7

(c) dfy = 3,df, =5

(d) df; = 10,df, = 4

Use the F table in Appendix D to find the value of F
for the upper 1% of the F distribution with

(a) dfy = 15,df, = 6

(b) dfy = 12,df, = 8

(c) dfy =3,df, =5

(d) df; = 9,df, =7

For each of the following F' values, determine
whether the probability indicated is greater than or
less than 5%:

(a) P(F34 > 6.8)

(b) P(F73 > 3.6)

(¢) P(Fa20 > 2.6)

(d) P(F75 > 5.1)

(e) P(F75 <5.1)

For each of the following F values, determine
whether the probability indicated is greater than or
less than 1%:

(@) P(Fs4 > 14)

(b) P(Fg3 > 30)

(¢) P(Fio,12 > 4.2)

(d) P(Fp3 > 35)

(e) P(Fp3 < 35)

Nite Time Inn has a toll-free telephone number
so that customers can call at any time to make a
reservation. A typical call takes about 4 minutes to



complete, and the time required follows an exponen-
tial distribution. Find the probability that

(a) a call takes 3 minutes or less

(b) a call takes 4 minutes or less

(c) a call takes 5 minutes or less

(d) a call takes longer than 5 minutes

¢ 2-56 During normal business hours on the east coast, calls
to the toll-free reservation number of the Nite Time
Inn arrive at a rate of 5 per minute. It has been deter-
mined that the number of calls per minute can be
described by the Poisson distribution. Find the prob-
ability that in the next minute, the number of calls
arriving will be
(a) exactly 5
(b) exactly 4

>
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(c) exactly 3
(d) exactly 6
(e) less than 2

2 2-57 In the Arnold’s Muffler example for the exponential
distribution in this chapter, the average rate of serv-
ice was given as 3 per hour, and the times were ex-
pressed in hours. Convert the average service rate to
the number per minute and convert the times to min-
utes. Find the probabilities that the service times will
be less than 1/2 hour, 1/3 hour, and 2/3 hour. Com-
pare these probabilities to the probabilities found in
the example.

:w% Internet Homework Problems

See our Internet home page, at www.pearsonglobaleditions.com/render, for additional home-

work problems, Problems 2-58 to 2-65.

Case Study

WTVX

WTVX, Channel 6, is located in Eugene, Oregon, home of the
University of Oregon’s football team. The station was owned
and operated by George Wilcox, a former Duck (University of
Oregon football player). Although there were other television
stations in Eugene, WTVX was the only station that had a
weatherperson who was a member of the American Meteoro-
logical Society (AMS). Every night, Joe Hummel would be
introduced as the only weatherperson in Eugene who was a
member of the AMS. This was George’s idea, and he believed
that this gave his station the mark of quality and helped with
market share.

In addition to being a member of AMS, Joe was also the
most popular person on any of the local news programs. Joe was
always trying to find innovative ways to make the weather in-
teresting, and this was especially difficult during the winter
months when the weather seemed to remain the same over long
periods of time. Joe’s forecast for next month, for example, was
that there would be a 70% chance of rain every day, and that
what happens on one day (rain or shine) was not in any way de-
pendent on what happened the day before.

One of Joe’s most popular features of the weather report
was to invite questions during the actual broadcast. Questions

would be phoned in, and they were answered on the spot by Joe.
Once a 10-year-old boy asked what caused fog, and Joe did an
excellent job of describing some of the various causes.

Occasionally, Joe would make a mistake. For example, a
high school senior asked Joe what the chances were of getting 15
days of rain in the next month (30 days). Joe made a quick calcula-
tion: (70%) X (15 days/30days) = (70%)(1/2) = 35%. Joe
quickly found out what it was like being wrong in a university
town. He had over 50 phone calls from scientists, mathemati-
cians, and other university professors, telling him that he had
made a big mistake in computing the chances of getting 15 days
of rain during the next 30 days. Although Joe didn’t understand
all of the formulas the professors mentioned, he was determined
to find the correct answer and make a correction during a future
broadcast.

Discussion Questions

1. What are the chances of getting 15 days of rain during the
next 30 days?

2. What do you think about Joe’s assumptions concerning
the weather for the next 30 days?
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Appendix 2.1: Derivation of Bayes’ Theorem
We know that the following formulas are correct:
P(A|B) = P(AB) @))]
P(B)
P(B|A) P(AB)
P(A)
[which can be rewritten as P(AB) = P(B|A)P(A)]and )
P(B|A") = M
P(A")
[which can be rewritten as P(A’B) = P(B|A")P(A")]. 3)
Furthermore, by definition, we know that
P(B) = P(AB) + P(A'B)
= P(B|A)P(A) + P(B|A")P(A’) (€))]
from (2) from (3)
Substituting Equations 2 and 4 into Equation 1, we have
P(AB) from (2)
PIAIB) = e
P(B|A)P(A)
~ P(B|A)P(A) + P(B|A")P(A') ©)
s v
from (4)
This is the general form of Bayes’ theorem, shown as Equation 2-7 in this chapter.
Appendix 2.2: Basic Statistics Using Excel

Statistical Functions

Many statistical functions are available in Excel 2010 and earlier versions. To see the complete
list of available functions, from the Formulas tab in Excel 2010 or 2007, select fx (Insert Func-
tion) and select Statistical, as shown in Program 2.7. Scroll down the list to see all available
functions. The names of some of these have changed slightly from Excel 2007 to Excel 2010.
For example, the function to obtain a probability with the normal distribution was NORMDIST
in Excel 2007, while the same function in Excel 2010 is NORM.DIST (a period was added

between NORM and DIST).
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PROGRAM 2.7 Eelect the fx—Insert Functioa

Accessing Statistical = i E lect the Formulas t @
Functions in Excel 2010 X W9 o -Fs cee e rormiE

Home Insert Page Layout Formulas Data Review View

fF I EB0NE B8 8 Wmf]
Insert | AutoSum Recently Financial Logical Text Date& Lookup & WMDFE
Function - Used ~ - - - Time = Reference = _Tng ~  Functions =

(You can also access these statistical
]nﬁertFunchun

C T i 2k

functions by clicking More Functions.

A §e.arch fFor a FL-II'!EtIEII'l: . . B . -
1 |= Type a brief description of what wou want ko do and then click
|Go

2 - ;
3 | O select a cakegory: | Statiskical hd

i : Mosk Recently Used e
4 Select a function: al |
g | AVEDEY Financiall _I |

| | AVERAGE Dake & Time :"_'|
= | AVERAGER Math & Trig | S s
7 | | ANERAGEIF (Skatistical | =

| | AVERAGEIFS LDl:IkLID & Reference
8 \BETA.DIST Database |

' |BETA.INY Text i | |»)

AVEDE¥(number1,n i mation

10 | Returns the averade {Engineering | brn their mean,
11 Argurnents can be numbers or nagfes, arrays, or references that contain

{ nurnbers,
. Click to see the drop-down menu and then select Statistical.
13 | Scroll down the list to see all the functions.
14 | Help on this Function i oK i L Cancel J
15

Summary Information

Other statistical procedures are available in the Analysis ToolPak, which is an add-in that comes
with Excel. Analysis ToolPak quickly provides summary descriptive statistics and performs
other statistical procedures such as regression, as discussed in Chapter 4. See Appendix F at the
end of the book for details on activating this add-in.
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3.1 Introduction

Decision theory is an analytic
and systematic way to tackle
problems.

A good decision is based on logic.

To a great extent, the successes or failures that a person experiences in life depend on the deci-
sions that he or she makes. The person who managed the ill-fated space shuttle Challenger is no
longer working for NASA. The person who designed the top-selling Mustang became president
of Ford. Why and how did these people make their respective decisions? In general, what is in-
volved in making good decisions? One decision may make the difference between a successful
career and an unsuccessful one. Decision theory is an analytic and systematic approach to the
study of decision making. In this chapter, we present the mathematical models useful in helping
managers make the best possible decisions.

What makes the difference between good and bad decisions? A good decision is one that is
based on logic, considers all available data and possible alternatives, and applies the quantitative
approach we are about to describe. Occasionally, a good decision results in an unexpected or un-
favorable outcome. But if it is made properly, it is still a good decision. A bad decision is one
that is not based on logic, does not use all available information, does not consider all alterna-
tives, and does not employ appropriate quantitative techniques. If you make a bad decision but
are lucky and a favorable outcome occurs, you have still made a bad decision. Although occa-
sionally good decisions yield bad results, in the long run, using decision theory will result in
successful outcomes.

3.2 The Six Steps in Decision Making

The first step is to define the
problem.

The second step is to list
alternatives.

Whether you are deciding about getting a haircut today, building a multimillion-dollar plant, or
buying a new camera, the steps in making a good decision are basically the same:

Six Steps in Decision Making

. Clearly define the problem at hand.

. List the possible alternatives.

. Identify the possible outcomes or states of nature.

. List the payoff (typically profit) of each combination of alternatives and outcomes.
. Select one of the mathematical decision theory models.

. Apply the model and make your decision.

AN AW

We use the Thompson Lumber Company case as an example to illustrate these decision the-
ory steps. John Thompson is the founder and president of Thompson Lumber Company, a prof-
itable firm located in Portland, Oregon.

Step 1. The problem that John Thompson identifies is whether to expand his product line by
manufacturing and marketing a new product, backyard storage sheds.

Thompson’s second step is to generate the alternatives that are available to him. In decision the-
ory, an alternative is defined as a course of action or a strategy that the decision maker can choose.

Step 2. John decides that his alternatives are to construct (1) a large new plant to manufacture
the storage sheds, (2) a small plant, or (3) no plant at all (i.e., he has the option of not developing
the new product line).

One of the biggest mistakes that decision makers make is to leave out some important alter-
natives. Although a particular alternative may seem to be inappropriate or of little value, it might
turn out to be the best choice.

The next step involves identifying the possible outcomes of the various alternatives. A com-
mon mistake is to forget about some of the possible outcomes. Optimistic decision makers tend
to ignore bad outcomes, whereas pessimistic managers may discount a favorable outcome. If
you don’t consider all possibilities, you will not be making a logical decision, and the results
may be undesirable. If you do not think the worst can happen, you may design another Edsel
automobile. In decision theory, those outcomes over which the decision maker has little or no
control are called states of nature.



TABLE 3.1

Decision Table with
Conditional Values for
Thompson Lumber

The third step is to identify
possible outcomes.

The fourth step is to list payoffs.

During the fourth step, the
decision maker can construct
decision or payoff tables.

The last two steps are to select
and apply the decision theory
model.
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STATE OF NATURE
FAVORABLE MARKET UNFAVORABLE MARKET

ALTERNATIVE %) ®

Construct a large 200,000 —180,000

plant

Construct a small 100,000 -20,000

plant

Do nothing 0 0

Note: It is important to include all alternatives, including “do nothing.”

Step 3. Thompson determines that there are only two possible outcomes: the market for the
storage sheds could be favorable, meaning that there is a high demand for the product, or it could
be unfavorable, meaning that there is a low demand for the sheds.

Once the alternatives and states of nature have been identified, the next step is to express
the payoff resulting from each possible combination of alternatives and outcomes. In decision
theory, we call such payoffs or profits conditional values. Not every decision, of course, can be
based on money alone—any appropriate means of measuring benefit is acceptable.

Step 4. Because Thompson wants to maximize his profits, he can use profit to evaluate each
consequence.

John Thompson has already evaluated the potential profits associated with the various out-
comes. With a favorable market, he thinks a large facility would result in a net profit of $200,000
to his firm. This $200,000 is a conditional value because Thompson’s receiving the money is
conditional upon both his building a large factory and having a good market. The conditional
value if the market is unfavorable would be a $180,000 net loss. A small plant would result in a
net profit of $100,000 in a favorable market, but a net loss of $20,000 would occur if the market
was unfavorable. Finally, doing nothing would result in $0 profit in either market. The easiest
way to present these values is by constructing a decision table, sometimes called a payoff table.
A decision table for Thompson’s conditional values is shown in Table 3.1. All of the alternatives
are listed down the left side of the table, and all of the possible outcomes or states of nature are
listed across the top. The body of the table contains the actual payoffs.

Steps 5 and 6. The last two steps are to select a decision theory model and apply it to the data to
help make the decision. Selecting the model depends on the environment in which you’re
operating and the amount of risk and uncertainty involved.

3.3 Types of Decision-Making Environments

The types of decisions people make depend on how much knowledge or information they have
about the situation. There are three decision-making environments:

o Decision making under certainty
e Decision making under uncertainty
o Decision making under risk

TYPE 1: DECISION MAKING UNDER CERTAINTY In the environment of decision making under
certainty, decision makers know with certainty the consequence of every alternative or decision
choice. Naturally, they will choose the alternative that will maximize their well-being or will
result in the best outcome. For example, let’s say that you have $1,000 to invest for a 1-year
period. One alternative is to open a savings account paying 6% interest and another is to invest
in a government Treasury bond paying 10% interest. If both investments are secure and guaran-
teed, there is a certainty that the Treasury bond will pay a higher return. The return after one
year will be $100 in interest.
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Probabilities are not known.

Probabilities are known.

TYPE 2: DECISION MAKING UNDER UNCERTAINTY In decision making under uncertainty, there
are several possible outcomes for each alternative, and the decision maker does not know the
probabilities of the various outcomes. As an example, the probability that a Democrat will be
president of the United States 25 years from now is not known. Sometimes it is impossible to
assess the probability of success of a new undertaking or product. The criteria for decision
making under uncertainty are explained in Section 3.4.

TYPE 3: DECISION MAKING UNDER RISK In decision making under risk, there are several pos-
sible outcomes for each alternative, and the decision maker knows the probability of occurrence
of each outcome. We know, for example, that when playing cards using a standard deck, the
probability of being dealt a club is 0.25. The probability of rolling a 5 on a die is 1/6. In decision
making under risk, the decision maker usually attempts to maximize his or her expected well-
being. Decision theory models for business problems in this environment typically employ two
equivalent criteria: maximization of expected monetary value and minimization of expected
opportunity loss.

Let’s see how decision making under certainty (the type 1 environment) could affect John
Thompson. Here we assume that John knows exactly what will happen in the future. If it turns
out that he knows with certainty that the market for storage sheds will be favorable, what should
he do? Look again at Thompson Lumber’s conditional values in Table 3.1. Because the market
is favorable, he should build the large plant, which has the highest profit, $200,000.

Few managers would be fortunate enough to have complete information and knowledge
about the states of nature under consideration. Decision making under uncertainty, discussed
next, is a more difficult situation. We may find that two different people with different perspec-
tives may appropriately choose two different alternatives.

3.4 Decision Making Under Uncertainty

Probability data are not
available.

Maximax is an optimistic
approach.

When several states of nature exist and a manager cannot assess the outcome probability with
confidence or when virtually no probability data are available, the environment is called deci-
sion making under uncertainty. Several criteria exist for making decisions under these condi-
tions. The ones that we cover in this section are as follows:

1. Optimistic (maximax)

2. Pessimistic (maximin)

3. Criterion of realism (Hurwicz)
4. Equally likely (Laplace)

5. Minimax regret

The first four criteria can be computed directly from the decision (payoff) table, whereas the
minimax regret criterion requires use of the opportunity loss table.

The presentation of the criteria for decision making under uncertainty (and also for decision
making under risk) is based on the assumption that the payoff is something in which larger val-
ues are better and high values are desirable. For payoffs such as profit, total sales, total return on
investment, and interest earned, the best decision would be one that resulted in some type of
maximum payoff. However, there are situations in which lower payoff values (e.g., cost) are bet-
ter, and these payoffs would be minimized rather than maximized. The statement of the decision
criteria would be modified slightly for such minimization problems. Let’s take a look at each of
the five models and apply them to the Thompson Lumber example.

Optimistic

In using the optimistic criterion, the best (maximum) payoff for each alternative is considered
and the alternative with the best (maximum) of these is selected. Hence, the optimistic criterion
is sometimes called the maximax criterion. In Table 3.2 we see that Thompson’s optimistic
choice is the first alternative, “construct a large plant.” By using this criterion, the highest of all
possible payoffs ($200,000 in this example) may be achieved, while if any other alternative were
selected it would be impossible to achieve a payoff this high.



TABLE 3.2

Thompson’s Maximax
Decision

Maximin is a pessimistic
approach.

Criterion of realism uses the
weighted average approach.

TABLE 3.3

Thompson’s Maximin
Decision
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STATE OF NATURE
FAVORABLE UNFAVORABLE
MARKET MARKET MAXIMUM IN A
ALTERNATIVE ) (6) ROW ($)
Construct a large 200,000 -180,000 200,000 j
plant Maximax
Construct a small 100,000 -20,000 100,000
plant
Do nothing 0 0 0

In using the optimistic criterion for minimization problems in which lower payoffs (e.g.,
cost) are better, you would look at the best (minimum) payoff for each alternative and choose
the alternative with the best (minimum) of these.

Pessimistic

In using the pessimistic criterion, the worst (minimum) payoff for each alternative is considered
and the alternative with the best (maximum) of these is selected. Hence, the pessimistic criterion
is sometimes called the maximin criterion. This criterion guarantees the payoff will be at least
the maximin value (the best of the worst values). Choosing any other alternative may allow a
worse (lower) payoff to occur.

Thompson’s maximin choice, “do nothing,” is shown in Table 3.3. This decision is associ-
ated with the maximum of the minimum number within each row or alternative.

In using the pessimistic criterion for minimization problems in which lower payoffs (e.g.,
cost) are better, you would look at the worst (maximum) payoff for each alternative and choose
the alternative with the best (minimum) of these.

Both the maximax and maximin criteria consider only one extreme payoff for each alterna-
tive, while all other payoffs are ignored. The next criterion considers both of these extremes.

Criterion of Realism (Hurwicz Criterion)

Often called the weighted average, the criterion of realism (the Hurwicz criterion) is a com-
promise between an optimistic and a pessimistic decision. To begin with, a coefficient of realism,
o, is selected; this measures the degree of optimism of the decision maker. This coefficient is
between 0 and 1. When « is 1, the decision maker is 100% optimistic about the future. When o
is 0, the decision maker is 100% pessimistic about the future. The advantage of this approach is
that it allows the decision maker to build in personal feelings about relative optimism and pes-
simism. The weighted average is computed as follows:

Weighted average = a(bestinrow) + (1 — a)(worstinrow)

For a maximization problem, the best payoff for an alternative is the highest value, and the worst
payoff is the lowest value. Note that when o« = 1, this is the same as the optimistic criterion, and

STATE OF NATURE
FAVORABLE UNFAVORABLE

MARKET MARKET MINIMUM IN A
ALTERNATIVE (&) (6] ROW ($)
Construct a large 200,000 —180,000 —-180,000
plant
Construct a small 100,000 -20,000 -20,000
plant
Do nothing 0 0 ©) ‘:I

Maximin
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TABLE 3.4

Thompson’s Criterion
of Realism Decision

Equally likely criterion uses the
average outcome.

Minimax regret criterion is based
on opportunity loss.

IN ACTION

STATE OF NATURE
FAVORABLE UNFAVORABLE CRITERION OF REALISM
MARKET MARKET OR WEIGHTED AVERAGE

ALTERNATIVE ) ) (x=0.8)%
Construct a large 200,000 -180,000 124,000
plant Realism
Construct a small 100,000 -20,000 76,000
plant
Do nothing 0 0 0

when oo = 0 this is the same as the pessimistic criterion. This value is computed for each alter-
native, and the alternative with the highest weighted average is then chosen.

If we assume that John Thompson sets his coefficient of realism, «, to be 0.80, the best
decision would be to construct a large plant. As seen in Table 3.4, this alternative has the highest
weighted average: $124,000 = (0.80) ($200,000) + (0.20) (-$180,000).

In using the criterion of realism for minimization problems, the best payoff for an alterna-
tive would be the lowest payoff in the row and the worst would be the highest payoff in the row.
The alternative with the lowest weighted average is then chosen.

Because there are only two states of nature in the Thompson Lumber example, only two
payoffs for each alternative are present and both are considered. However, if there are more than
two states of nature, this criterion will ignore all payoffs except the best and the worst. The next
criterion will consider all possible payoffs for each decision.

Equally Likely (Laplace)
One criterion that uses all the payoffs for each alternative is the equally likely, also called
Laplace, decision criterion. This involves finding the average payoff for each alternative, and
selecting the alternative with the best or highest average. The equally likely approach assumes
that all probabilities of occurrence for the states of nature are equal, and thus each state of
nature is equally likely.

The equally likely choice for Thompson Lumber is the second alternative, “construct a
small plant.” This strategy, shown in Table 3.5, is the one with the maximum average payoff.

In using the equally likely criterion for minimization problems, the calculations are exactly
the same, but the best alternative is the one with the lowest average payoff.

Minimax Regret

The next decision criterion that we discuss is based on opportunity loss or regret. Opportunity
loss refers to the difference between the optimal profit or payoff for a given state of nature and
the actual payoff received for a particular decision. In other words, it’s the amount lost by not
picking the best alternative in a given state of nature.

Ford Uses Decision Theory to Choose ~
Parts Suppliers

about their suppliers (part costs, distances, lead times, supplier

Ford Motor Company manufactures about 5 million cars and
trucks annually and employs more than 200,000 people at about
100 facilities around the globe. Such a large company often
needs to make large supplier decisions under tight deadlines.
This was the situation when researchers at MIT teamed up
with Ford management and developed a data-driven supplier
selection tool. This computer program aids in decision making
by applying some of the decision-making criteria presented in
this chapter. Decision makers at Ford are asked to input data

reliability, etc.) as well as the type of decision criterion they
want to use. Once these are entered, the model outputs the
best set of suppliers to meet the specified needs. The result is a
system that is now saving Ford Motor Company over $40 mil-
lion annually.

Source: Based on E. Klampfl, Y. Fradkin, C. McDaniel, and M. Wolcott. “Ford
Uses OR to Make Urgent Sourcing Decisions in a Distressed Supplier Environ-
ment,” Interfaces 39, 5 (2009): 428-442.
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TABLE 3.5

Thompson’s Equally —_———————
Li kely Decision FAVORABLE UNFAVORABLE
MARKET MARKET ROW AVERAGE

STATE OF NATURE

ALTERNATIVE ® ©® %

Construct a large 200,000 —180,000 10,000
plant

Construct a small 100,000 -20,000 40,000 j
plant Equally likely

Do nothing 0 0 0

The first step is to create the opportunity loss table by determining the opportunity loss for
not choosing the best alternative for each state of nature. Opportunity loss for any state of na-
ture, or any column, is calculated by subtracting each payoff in the column from the best payoff
in the same column. For a favorable market, the best payoff is $200,000 as a result of the first
alternative, “construct a large plant.” If the second alternative is selected, a profit of $100,000
would be realized in a favorable market, and this is compared to the best payoff of $200,000.
Thus, the opportunity loss is 200,000 — 100,000 = 100,000. Similarly, if “do nothing” is
selected, the opportunity loss would be 200,000 — 0 = 200,000.

For an unfavorable market, the best payoff is $0 as a result of the third alternative, “do noth-
ing,” so this has 0 opportunity loss. The opportunity losses for the other alternatives are found
by subtracting the payoffs from this best payoff ($0) in this state of nature as shown in Table 3.6.
Thompson’s opportunity loss table is shown as Table 3.7.

Using the opportunity loss (regret) table, the minimax regret criterion finds the alternative
that minimizes the maximum opportunity loss within each alternative. You first find the maxi-
mum (worst) opportunity loss for each alternative. Next, looking at these maximum values, pick
that alternative with the minimum (or best) number. By doing this, the opportunity loss actually
realized is guaranteed to be no more than this minimax value. In Table 3.8, we can see that the
minimax regret choice is the second alternative, “construct a small plant.” Doing so minimizes
the maximum opportunity loss.

In calculating the opportunity loss for minimization problems such as those involving costs,
the best (lowest) payoff or cost in a column is subtracted from each payoff in that column. Once
the opportunity loss table has been constructed, the minimax regret criterion is applied in ex-
actly the same way as just described. The maximum opportunity loss for each alternative is
found, and the alternative with the minimum of these maximums is selected. As with maximiza-
tion problems, the opportunity loss can never be negative.

We have considered several decision-making criteria to be used when probabilities of the
states of nature are not known and cannot be estimated. Now we will see what to do if the prob-
abilities are available.

TABLE 3.6 TABLE 3.7

Determining Opportunity Losses Opportunity Loss Table for Thompson Lumber
for Thompson Lumber

STATE OF NATURE
STATE OF NATURE
FAVORABLE UNFAVORABLE

FAVORABLE UNFAVORABLE ALTERNATIVE MARKET ($) MARKET ($)
MARKET ($) MARKET ($)

Construct a large 0 180,000
200,000 — 200,000 0 — (-180,000) plant
200,000 — 100,000 0 —(=20,000) Construct a small 100,000 20,000

plant

200,000 - 0 0-0
Do nothing 200,000 0
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TABLE 3.8

Thompson’s Minimax
Decision Using
Opportunity Loss

STATE OF NATURE
FAVORABLE UNFAVORABLE
MARKET MARKET MAXIMUM IN A

ALTERNATIVE (6)) (6)) ROW($)
Construct a large 0 180,000 180,000
plant

Construct a small 100,000 20,000 100,000 :I
plant Minimax

Do nothing 200,000 0 200,000

3.5 Decision Making Under Risk

EMV is the weighted sum of
possible payoffs for each
alternative.

Decision making under risk is a decision situation in which several possible states of nature may
occur, and the probabilities of these states of nature are known. In this section we consider one
of the most popular methods of making decisions under risk: selecting the alternative with the
highest expected monetary value (or simply expected value). We also use the probabilities with
the opportunity loss table to minimize the expected opportunity loss.

Expected Monetary Value

Given a decision table with conditional values (payoffs) that are monetary values, and probabil-
ity assessments for all states of nature, it is possible to determine the expected monetary value
(EMV) for each alternative. The expected value, or the mean value, is the long-run average value
of that decision. The EMV for an alternative is just the sum of possible payoffs of the alterna-
tive, each weighted by the probability of that payoff occurring.

This could also be expressed simply as the expected value of X, or E(X), which was dis-
cussed in Section 2.9 of Chapter 2.

EMV (alternative) = 2 X;P(X;) 3-1
where

X; = payoff for the alternative in state of nature i
P(X;) = probability of achieving payoff X; (i.e., probability of state of nature i)
> = summation symbol

If this were expanded, it would become

EMV (alternative)
= (payoff in first state of nature) X (probability of first state of nature)
+ (payoff in second state of nature) X (probability of second state of nature)
+ --- + (payoff in last state of nature) X (probability of last state of nature)
The alternative with the maximum EMV is then chosen.

Suppose that John Thompson now believes that the probability of a favorable market is
exactly the same as the probability of an unfavorable market; that is, each state of nature has
a 0.50 probability. Which alternative would give the greatest expected monetary value?
To determine this, John has expanded the decision table, as shown in Table 3.9. His calcula-
tions follow:

EMV (large plant) = ($200,000)(0.50) + (—$180,000)(0.50) = $10,000

EMV (small plant) = ($100,000)(0.50) + (—$20,000)(0.50) = $40,000

EMYV (do nothing) = ($0)(0.50) + ($0)(0.50) = $0
The largest expected value ($40,000) results from the second alternative, “construct a
small plant.” Thus, Thompson should proceed with the project and put up a small plant to



TABLE 3.9

Decision Table with
Probabilities and EMVs
for Thompson Lumber

EVPI places an upper bound on
what to pay for information.

EVPI is the expected value with
perfect information minus the
maximum EMYV.
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STATE OF NATURE
FAVORABLE UNFAVORABLE
ALTERNATIVE MARKET ($) MARKET ($) EMYV ($)
Construct a large plant 200,000 —180,000 10,000
Construct a small plant 100,000 -20,000 40,000
Do nothing 0 0 0
Probabilities 0.50 0.50

manufacture storage sheds. The EMVs for the large plant and for doing nothing are $10,000
and $0, respectively.

When using the expected monetary value criterion with minimization problems, the calcu-
lations are the same, but the alternative with the smallest EMV is selected.

Expected Value of Perfect Information

John Thompson has been approached by Scientific Marketing, Inc., a firm that proposes to
help John make the decision about whether to build the plant to produce storage sheds. Sci-
entific Marketing claims that its technical analysis will tell John with certainty whether the
market is favorable for his proposed product. In other words, it will change his environment
from one of decision making under risk to one of decision making under certainty. This in-
formation could prevent John from making a very expensive mistake. Scientific Marketing
would charge Thompson $65,000 for the information. What would you recommend to John?
Should he hire the firm to make the marketing study? Even if the information from the study
is perfectly accurate, is it worth $65,000? What would it be worth? Although some of these
questions are difficult to answer, determining the value of such perfect information can be
very useful. It places an upper bound on what you should be willing to spend on information
such as that being sold by Scientific Marketing. In this section, two related terms are investi-
gated: the expected value of perfect information (EVPI) and the expected value with
perfect information (EVwWPI). These techniques can help John make his decision about hir-
ing the marketing firm.

The expected value with perfect information is the expected or average return, in the long
run, if we have perfect information before a decision has to be made. To calculate this value, we
choose the best alternative for each state of nature and multiply its payoff times the probability
of occurrence of that state of nature.

EVwPI = X (best payoff in state of nature i) (probability of state of nature i) 3-2)
If this were expanded, it would become

EVwPI
= (best payoff in first state of nature) X (probability of first state of nature)
+ (best payoff in second state of nature ) X (probability of second state of nature)

+ .-+ + (best payoff in last state of nature ) X (probability of last state of nature)

The expected value of perfect information, EVPI, is the expected value with perfect information
minus the expected value without perfect information (i.e., the best or maximum EMV). Thus,
the EVPI is the improvement in EMV that results from having perfect information.

EVPI = EVwWPI — BestEMV 3-3)

By referring to Table 3.9, Thompson can calculate the maximum that he would pay for
information, that is, the expected value of perfect information, or EVPI. He follows a three-stage
process. First, the best payoff in each state of nature is found. If the perfect information says
the market will be favorable, the large plant will be constructed, and the profit will be $200,000.
If the perfect information says the market will be unfavorable, the “do nothing™ alternative is
selected, and the profit will be 0. These values are shown in the “with perfect information” row
in Table 3.10. Second, the expected value with perfect information is computed. Then, using this
result, EVPI is calculated.



928 CHAPTER 3 e« DECISION ANALYSIS

TABLE 3.10

Decision Table with
Perfect Information

EOL is the cost of not picking
the best solution.

EOL will always result in the
same decision as the maximum
EMYV.

STATE OF NATURE
FAVORABLE UNFAVORABLE

ALTERNATIVE MARKET ($) MARKET ($) EMYV ($)
Construct a large plant 200,000 —180,000 10,000
Construct a small plant 100,000 -20,000 40,000
Do nothing 0 0 0
With perfect information 200,000 0 100,000 j

EVwPI
Probabilities 0.50 0.50

The expected value with perfect information is
EVwPI = ($200,000)(0.50) + ($0)(0.50) = $100,000

Thus, if we had perfect information, the payoff would average $100,000.
The maximum EMV without additional information is $40,000 (from Table 3.9). Therefore,
the increase in EMV is

EVPI = EVWPI — maximum EMV
= $100,000 — $40,000
= $60,000

Thus, the most Thompson would be willing to pay for perfect information is $60,000. This, of
course, is again based on the assumption that the probability of each state of nature is 0.50.

This EVPI also tells us that the most we would pay for any information (perfect or im-
perfect) is $60,000. In a later section we’ll see how to place a value on imperfect or sample
information.

In finding the EVPI for minimization problems, the approach is similar. The best payoff in
each state of nature is found, but this is the lowest payoff for that state of nature rather than the
highest. The EVWPI is calculated from these lowest payoffs, and this is compared to the best
(lowest) EMV without perfect information. The EVPI is the improvement that results, and this
is the best EMV — EVwPL.

Expected Opportunity Loss

An alternative approach to maximizing EMV is to minimize expected opportunity loss (EOL).
First, an opportunity loss table is constructed. Then the EOL is computed for each alternative by
multiplying the opportunity loss by the probability and adding these together. In Table 3.7 we
presented the opportunity loss table for the Thompson Lumber example. Using these opportu-
nity losses, we compute the EOL for each alternative by multiplying the probability of each state
of nature times the appropriate opportunity loss value and adding these together:

EOL(construct large plant) = (0.5)($0) + (0.5)($180,000)

= $90,000
EOL(construct small plant) = (0.5)($100,000) + (0.5)($20,000)
= $60,000
EOL(do nothing) = (0.5)($200,000) + (0.5)($0)
= $100,000

Table 3.11 gives these results. Using minimum EOL as the decision criterion, the best decision
would be the second alternative, “construct a small plant.”

It is important to note that minimum EOL will always result in the same decision as maxi-
mum EMYV, and that the EVPI will always equal the minimum EOL. Referring to the Thompson
case, we used the payoff table to compute the EVPI to be $60,000. Note that this is the mini-
mum EOL we just computed.
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TABLE 3.11 STATE OF NATURE
EOL Table for L
ALTERNATIVE MARKET ($) MARKET ($)
Construct a large plant 0 180,000 90,000
Construct a small plant 100,000 20,000 60,000
Do nothing 200,000 0 100,000
Probabilities 0.50 0.50
Sensitivity Analysis
In previous sections we determined that the best decision (with the probabilities known) for
Thompson Lumber was to construct the small plant, with an expected value of $40,000. This
conclusion depends on the values of the economic consequences and the two probability values
Sensitivity analysis investigates of a favorable and an unfavorable market. Sensitivity analysis investigates how our decision
how our decision might change might change given a change in the problem data. In this section, we investigate the impact that
with different input data. a change in the probability values would have on the decision facing Thompson Lumber. We first
define the following variable:
P = probability of a favorable market
Because there are only two states of nature, the probability of an unfavorable market must
bel — P.
We can now express the EMVs in terms of P, as shown in the following equations. A graph
of these EMV values is shown in Figure 3.1.
EMV (large plant) = $200,000P — $180,000(1 — P)
= $200,000P — $180,000 + 180,000P
= $380,000P — $180,000
EMV (small plant) = $100,000P — $20,000(1 — P)
= $100,000P — $20,000 + 20,000P
= $120,000P — $20,000
EMV (do nothing) = $0P + $0(1 — P) = $0
As you can see in Figure 3.1, the best decision is to do nothing as long as P is between 0
and the probability associated with point 1, where the EMV for doing nothing is equal to the
EMV for the small plant. When P is between the probabilities for points 1 and 2, the best deci-
sion is to build the small plant. Point 2 is where the EMV for the small plant is equal to the EMV
FIGURE 3.1
Sensitivity Analysis EMV Values
$300,000
$200,000 Point 2 EMV (large plant)
$100,000 EMV (small plant)
Point 1
0 f f EMV (do nothing)
167 .615 1
Values of P
—$100,000
—$200,000




100 CHAPTER 3 e« DECISION ANALYSIS

for the large plant. When P is greater than the probability for point 2, the best decision is to con-
struct the large plant. Of course, this is what you would expect as P increases. The value of P at
points 1 and 2 can be computed as follows:

Point 1: EMV (do nothing) = EMYV (small plant)

20,000

= $120,000P — $2 P=-—""—
0 = $120,000P — $20,000 120000

= 0.167

Point 2: EMV (small plant) = EMYV (large plant)
$120,000P — $20,000 = $380,000P — $180,000

160,000

260.000 619

260,000P = 160,000 P =

The results of this sensitivity analysis are displayed in the following table:

BEST RANGE OF
ALTERNATIVE P VALUES
Do nothing Less than 0.167
Construct a small plant 0.167-0.615
Construct a large plant Greater than 0.615

Using Excel QM to Solve Decision Theory Problems

Excel QM can be used to solve a variety of decision theory problems discussed in this chapter.
Programs 3.1A and 3.1B show the use of Excel QM to solve the Thompson Lumber case.
Program 3.1A provides the formulas needed to compute the EMV, maximin, maximax, and
other measures. Program 3.1B shows the results of these formulas.

PROGRAM 3.1A
Input Data for the Thompson Lumber Problem Using Excel QM

ﬁompute the EMV for each alternative
using the SUMPRODUCT function, the
worst case using the MIN function, and
Q\e best case using the MAX function.

[ E

A ] B
Thompson Lumber

E

Decision Tables

En!uIhcmnﬁhweﬂ:inhmﬁnbﬂﬂﬁﬁhdﬂahﬂmEﬂm’liihf!inlheﬁrdruui!youm
o e the e value.

EVPI, find the
best outcome
for each scenario.

Data Results /
Favorable Unfavorable
Profit Market Market EMV Mr!'nv% Maxdrnin Hurwicz
Probability 05 « 08
Large Plant =SUMPRODUCT(BSBCS8B9C9)  =MINIBSCS)  =MAXIBICY) | =$1$8°G3+(1-9138)F9
Small plant =SUMPRODUCT(BSE.CS8BI0CI0) =MNBIGCIO)  =MAX(BIOCIO) | =$1$8G 10+(1-8158)F 10
To calculate the Do nothing 0| [-SUMPRODUCT(BSSCS8B11.C11) =MINIBILLCI1)  =MAX[BIICI1)

F=MAX[ESE1)

Expected Value of Perfect Information
Colurnn best | =MAX[BSB11) =MAX(CSC11 =SUMPRODUCT(B$8.C$8 B15.C15)

“MAX[FI:F11) =MAX[GI:G11]

<-Expected value under certainty

I R e e e e R E

=E12 <-Best expected value

=EI5-E12 <-Expected value of perfect information
Regret

=87 =C7 Expected Maximum
=A8 =B8 =C8
=A9 =B15-B3 =C15-C3 =SUMPRODUCT(B$6:C$8 B22.C22) =MAaX(B22C22)
=A10 =B15-B10 =C15-CI0 | =SUMPRODUCT(B$8.C$8B23.C23) =MAXN(B23.C23)
=All =B15-B11 =C15-Cll | =SUMPRODUCT(B$8C$8.824:C24) =MAX(B24:C24)
b =MIN[E22:E24) =MIN[F22:F24)

Use SUMPRODUCT to compute the product of
the best outcomes by the probabilities and find
the difference between this and the best expected
value yielding the EVPI.

Find the best
outcome for

each measure
using the MAX
function.

=MAX(19:111)

-



PROGRAM 3.1B

Output Results for the
Thompson Lumber
Problem Using Excel QM

3.6 Decision Trees
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[ 3 | |

1 Thompson Lumber

2

3 Decision Tables

4 |Er|terthe profits or costs in the main body of the data table. Enter probabilities in the I

5

6 |Data Results

Favorable Unfavorable

7 |Profit Market Market EMV Minimurm  Maxirnurn Hurwicz

8 |Probability 0.5 0.5 coefficient 0.8

9 |Large Plant 200000 -180000 10000 -180000 200000 124000

10 |Small plant 100000 -20000 40000 -20000 100000 76000

11 |Do nothing 0 0 0 0 0

| 12 | Maximum 40000 0 200000 124000

13

14 Expected Value of Perfect Information

15 |Column best 200000 0 100000 <-Expected value under certainty

16 40000 <-Best expected value

Lz 60000 <-Expected value of perfect information

18

19 |Regret

20 Favorable hUnfavorable Market  Expected Maximum

21 |Probability 0.5 0.5
| 22 |Large Plant 0 180000 90000 180000

23 |Small plant 100000 20000 60000 100000

24 Do nothing 200000 0 100000 200000 =
25 Minimum 60000 100000 -

Any problem that can be presented in a decision table can also be graphically illustrated in a
decision tree. All decision trees are similar in that they contain decision points or decision
nodes and state-of-nature points or state-of-nature nodes:

® A decision node from which one of several alternatives may be chosen
o A state-of-nature node out of which one state of nature will occur

In drawing the tree, we begin at the left and move to the right. Thus, the tree presents the deci-
sions and outcomes in sequential order. Lines or branches from the squares (decision nodes)
represent alternatives, and branches from the circles represent the states of nature. Figure 3.2
gives the basic decision tree for the Thompson Lumber example. First, John decides whether to
construct a large plant, a small plant, or no plant. Then, once that decision is made, the possible
states of nature or outcomes (favorable or unfavorable market) will occur. The next step is to put
the payoffs and probabilities on the tree and begin the analysis.

Analyzing problems with decision trees involves five steps:

Five Steps of Decision Tree Analysis

. Define the problem.

. Structure or draw the decision tree.

. Assign probabilities to the states of nature.

. Estimate payoffs for each possible combination of alternatives and states of nature.

. Solve the problem by computing expected monetary values (EMVs) for each state of
nature node. This is done by working backward, that is, starting at the right of the tree and
working back to decision nodes on the left. Also, at each decision node, the alternative
with the best EMV is selected.

[T OSSR

The final decision tree with the payoffs and probabilities for John Thompson’s decision
situation is shown in Figure 3.3. Note that the payoffs are placed at the right side of each of the
tree’s branches. The probabilities are shown in parentheses next to each state of nature. Begin-
ning with the payoffs on the right of the figure, the EM Vs for each state-of-nature node are then
calculated and placed by their respective nodes. The EMV of the first node is $10,000. This
represents the branch from the decision node to construct a large plant. The EMV for node 2,
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FIGURE 3.2

Thompson’s Decision
Tree

All outcomes and alternatives
must be considered.

FIGURE 3.3
Completed and Solved
Decision Tree for
Thompson Lumber

A Decision Node A State-of-Nature Node
J Favorable Market
Unfavorable Market
o
xS

S Favorable Market

Small Plant
Unfavorable Market

OO
/VOfb/bg

to construct a small plant, is $40,000. Building no plant or doing nothing has, of course, a pay-
off of $0. The branch leaving the decision node leading to the state-of-nature node with the
highest EMV should be chosen. In Thompson’s case, a small plant should be built.

A MORE COMPLEX DECISION FOR THOMPSON LUMBER—SAMPLE INFORMATION When
sequential decisions need to be made, decision trees are much more powerful tools than deci-
sion tables. Let’s say that John Thompson has two decisions to make, with the second decision
dependent on the outcome of the first. Before deciding about building a new plant, John has the
option of conducting his own marketing research survey, at a cost of $10,000. The information
from his survey could help him decide whether to construct a large plant, a small plant, or not to
build at all. John recognizes that such a market survey will not provide him with perfect infor-
mation, but it may help quite a bit nevertheless.

John’s new decision tree is represented in Figure 3.4. Let’s take a careful look at this more
complex tree. Note that all possible outcomes and alternatives are included in their logical
sequence. This is one of the strengths of using decision trees in making decisions. The user is
forced to examine all possible outcomes, including unfavorable ones. He or she is also forced to
make decisions in a logical, sequential manner.

Examining the tree, we see that Thompson’s first decision point is whether to conduct the
$10,000 market survey. If he chooses not to do the study (the lower part of the tree), he can
either construct a large plant, a small plant, or no plant. This is John’s second decision point.
The market will either be favorable (0.50 probability) or unfavorable (also 0.50 probability) if
he builds. The payoffs for each of the possible consequences are listed along the right side. As a
matter of fact, the lower portion of John’s tree is identical to the simpler decision tree shown in
Figure 3.3. Why is this so?

EMV for Node 1 = (0.5)($200,000) + (0.5)( —$180,000)

=$10,000
Payoffs
Alternative with best Fravorable Maket (0.5) $200,000
EMV is selected
Unfavorable Market (0.5) $180,000
o Favorable Market (0.5) $100,000

. Construct Small Plant °<
Unf ble Market (0.5
0 nfavorable Market (0.5) —$20.000

(o}
%’/”}’9 EMfo Node 2
orNode 2 _ (0 .5)($100,000) + (0.5)( —$20,000
= $40,000 S S )

$0
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Larger Decision Tree with Payoffs and Probabilities for Thompson Lumber

First Decision

Point

Most of the probabilities are

conditional probabilities.

The cost of the survey had to be
subtracted from the original

payoffs.

Second Decision Payoffs
Point

Favorable Market (0.78)

|

|

: $190,000

| Unf ble Market (0.22

| nfavorable Market (0.22) ~$190,000

| Favorable Market (0.78) $90,000
Unfavorable Market (0.22) ~$30,000
No Plant $10,000
Favorable Market (0.27) $190,000
Unfavorable Market (0.73) ~$190,000
Favorable Market (0.27) $90,000
Unfavorable Market (0.73) ~$30,000
No Plant $10,000
Favorable Market (0.50) $200,000
Unfavorable Market (0.50) —$180,000
Favorable Market (0.50) $100,000
Unfavorable Market (0.50)

! —$20,000

|

| No Plant

| $0

|

The upper part of Figure 3.4 reflects the decision to conduct the market survey. State-of-
nature node 1 has two branches. There is a 45% chance that the survey results will indicate a
favorable market for storage sheds. We also note that the probability is 0.55 that the survey
results will be negative. The derivation of this probability will be discussed in the next section.

The rest of the probabilities shown in parentheses in Figure 3.4 are all conditional proba-
bilities or posterior probabilities (these probabilities will also be discussed in the next section).
For example, 0.78 is the probability of a favorable market for the sheds given a favorable result
from the market survey. Of course, you would expect to find a high probability of a favorable
market given that the research indicated that the market was good. Don’t forget, though, there is
a chance that John’s $10,000 market survey didn’t result in perfect or even reliable information.
Any market research study is subject to error. In this case, there is a 22% chance that the market
for sheds will be unfavorable given that the survey results are positive.

We note that there is a 27% chance that the market for sheds will be favorable given that
John’s survey results are negative. The probability is much higher, 0.73, that the market will
actually be unfavorable given that the survey was negative.

Finally, when we look to the payoff column in Figure 3.4, we see that $10,000, the cost of
the marketing study, had to be subtracted from each of the top 10 tree branches. Thus, a large
plant with a favorable market would normally net a $200,000 profit. But because the market
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We start by computing the EMV
of each branch.

EMYV calculations for favorable
survey results are made first.

EMYV calculations for
unfavorable survey results are
done next.

We continue working backward
to the origin, computing EMV
values.

study was conducted, this figure is reduced by $10,000 to $190,000. In the unfavorable case, the
loss of $180,000 would increase to a greater loss of $190,000. Similarly, conducting the survey
and building no plant now results in a —$10,000 payoff.

With all probabilities and payoffs specified, we can start calculating the EMV at each state-
of-nature node. We begin at the end, or right side of the decision tree and work back toward the
origin. When we finish, the best decision will be known.

1. Given favorable survey results,

EMV (node 2) = EMV (large plant | positive survey)

= (0.78)($190,000) + (0.22)(—$190,000) = $106,400
EMV (node 3) = EMV (small plant | positive survey)

= (0.78)($90,000) + (0.22)(—$30,000) = $63,600

The EMV of no plant in this case is —$10,000. Thus, if the survey results are favorable, a
large plant should be built. Note that we bring the expected value of this decision
($106,400) to the decision node to indicate that, if the survey results are positive, our
expected value will be $106,400. This is shown in Figure 3.5.

2. Given negative survey results,

EMV (node 4) = EMV (large plant | negative survey)

= (0.27)($190,000) + (0.73)(—$190,000) = —$87,400
EMV(node 5) = EMV(small plant | negative survey)

= (0.27)($90,000) + (0.73)(—$30,000) = $2,400

The EMV of no plant is again —$10,000 for this branch. Thus, given a negative survey
result, John should build a small plant with an expected value of $2,400, and this figure is
indicated at the decision node.

3. Continuing on the upper part of the tree and moving backward, we compute the expected
value of conducting the market survey:
EMV(node 1) = EMV((conduct survey)
= (0.45)($106,400) + (0.55)($2,400)
= $47,880 + $1,320 = $49,200

4. If the market survey is not conducted,

EMV (node 6) = EMV((large plant)
— (0.50)($200,000) + (0.50)(—$180,000)
= $10,000

EMV (node 7) = EMV (small plant)
= (0.50)($100,000) + (0.50)(—$20,000)
= $40,000

The EMV of no plant is $0.
Thus, building a small plant is the best choice, given that the marketing research is not
performed, as we saw earlier.

5. We move back to the first decision node and choose the best alternative. The expected
monetary value of conducting the survey is $49,200, versus an EMV of $40,000 for not
conducting the study, so the best choice is to seek marketing information. If the survey re-
sults are favorable, John should construct a large plant; but if the research is negative, John
should construct a small plant.

In Figure 3.5, these expected values are placed on the decision tree. Notice on the tree that a
pair of slash lines / / through a decision branch indicates that a particular alternative is dropped
from further consideration. This is because its EMV is lower than the EMV for the best alterna-
tive. After you have solved several decision tree problems, you may find it easier to do all of
your computations on the tree diagram.
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Thompson’s Decision Tree with EMVs Shown

First Decision Second Decision Payoffs
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EVSI measures the value of
sample information.

EXPECTED VALUE OF SAMPLE INFORMATION With the market survey he intends to conduct, John
Thompson knows that his best decision will be to build a large plant if the survey is favorable or a
small plant if the survey results are negative. But John also realizes that conducting the market re-
search is not free. He would like to know what the actual value of doing a survey is. One way of
measuring the value of market information is to compute the expected value of sample information
(EVSI) which is the increase in expected value resulting from the sample information.

The expected value with sample information (EV with SI) is found from the decision tree,
and the cost of the sample information is added to this since this was subtracted from all the pay-
offs before the EV with SI was calculated. The expected value without sample information (EV
without SI) is then subtracted from this to find the value of the sample information.

EVSI = (EV with ST + cost) — (EV without SI) 3-4)
where

EVSI = expected value of sample information
EV with SI = expected value with sample information
EV without SI = expected value without sample information

In John’s case, his EMV would be $59,200 if he hadn’t already subtracted the $10,000 study
cost from each payoff. (Do you see why this is so? If not, add $10,000 back into each payoff,
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as in the original Thompson problem, and recompute the EMV of conducting the market study.)
From the lower branch of Figure 3.5, we see that the EMV of nor gathering the sample informa-
tion is $40,000. Thus,

EVSI = ($49,200 + $10,000) — $40,000 = $59,200 — $40,000 = $19,200

This means that John could have paid up to $19,200 for a market study and still come out ahead.
Since it costs only $10,000, the survey is indeed worthwhile.

Efficiency of Sample Information

There may be many types of sample information available to a decision maker. In developing a
new product, information could be obtained from a survey, from a focus group, from other mar-
ket research techniques, or from actually using a test market to see how sales will be. While
none of these sources of information are perfect, they can be evaluated by comparing the EVSI
with the EVPL. If the sample information was perfect, then the efficiency would be 100%. The
efficiency of sample information is

EVSI
Efficiency of sample information = ———100% 3-5)
EVPI
In the Thompson Lumber example,
Effici f sample information = 0 100% = 329
iciency of sample information = 60.000 o = o

Thus, the market survey is only 32% as efficient as perfect information.

Sensitivity Analysis
As with payoff tables, sensitivity analysis can be applied to decision trees as well. The overall
approach is the same. Consider the decision tree for the expanded Thompson Lumber problem
shown in Figure 3.5. How sensitive is our decision (to conduct the marketing survey) to the
probability of favorable survey results?

Let p be the probability of favorable survey results. Then (1 — p) is the probability of
negative survey results. Given this information, we can develop an expression for the EMV of
conducting the survey, which is node 1:

EMV (node 1) = ($106,400)p + ($2,400)(1 — p)
= $104,000p + $2.400

We are indifferent when the EMV of conducting the marketing survey, node 1, is the same
as the EMV of not conducting the survey, which is $40,000. We can find the indifference point
by equating EMV(node 1) to $40,000:

$104,000p + $2,400 = $40,000
$104,000p = $37,600

$37,600
p= =036

$104,000
As long as the probability of favorable survey results, p, is greater than 0.36, our decision will
stay the same. When p is less than 0.36, our decision will be not to conduct the survey.

We could also perform sensitivity analysis for other problem parameters. For example, we
could find how sensitive our decision is to the probability of a favorable market given favorable
survey results. At this time, this probability is 0.78. If this value goes up, the large plant becomes
more attractive. In this case, our decision would not change. What happens when this probabil-
ity goes down? The analysis becomes more complex. As the probability of a favorable market
given favorable survey results goes down, the small plant becomes more attractive. At some
point, the small plant will result in a higher EMV (given favorable survey results) than the large
plant. This, however, does not conclude our analysis. As the probability of a favorable market
given favorable survey results continues to fall, there will be a point where not conducting the
survey, with an EMV of $40,000, will be more attractive than conducting the marketing survey.
We leave the actual calculations to you. It is important to note that sensitivity analysis should
consider all possible consequences.
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3.7 How Probability Values are Estimated by Bayesian Analysis

Bayes’ theorem allows decision
makers to revise probability
values.

TABLE 3.12

Market Survey Reliability
in Predicting States
of Nature

There are many ways of getting probability data for a problem such as Thompson’s. The num-
bers (such as 0.78, 0.22, 0.27, 0.73 in Figure 3.4) can be assessed by a manager based on experi-
ence and intuition. They can be derived from historical data, or they can be computed from other
available data using Bayes’ theorem. The advantage of Bayes’ theorem is that it incorporates
both our initial estimates of the probabilities as well as information about the accuracy of the in-
formation source (e.g., market research survey).

The Bayes’ theorem approach recognizes that a decision maker does not know with certainty
what state of nature will occur. It allows the manager to revise his or her initial or prior probability
assessments based on new information. The revised probabilities are called posterior probabilities.
(Before continuing, you may wish to review Bayes’ theorem in Chapter 2.)

Calculating Revised Probabilities

In the Thompson Lumber case solved in Section 3.6, we made the assumption that the following
four conditional probabilities were known:

P(favorable market(FM) | survey results positive) = 0.78
P(unfavorable market(UM) | survey results positive) = 0.22
P(favorable market(FM) | survey results negative) = 0.27
P(unfavorable market(UM) | survey results negative) = 0.73

We now show how John Thompson was able to derive these values with Bayes’ theorem. From dis-
cussions with market research specialists at the local university, John knows that special surveys
such as his can either be positive (i.e., predict a favorable market) or be negative (i.e., predict an un-
favorable market). The experts have told John that, statistically, of all new products with a favorable
market (FM), market surveys were positive and predicted success correctly 70% of the time. Thirty
percent of the time the surveys falsely predicted negative results or an unfavorable market (UM).
On the other hand, when there was actually an unfavorable market for a new product, 80% of the
surveys correctly predicted negative results. The surveys incorrectly predicted positive results the
remaining 20% of the time. These conditional probabilities are summarized in Table 3.12. They are
an indication of the accuracy of the survey that John is thinking of undertaking.

Recall that without any market survey information, John’s best estimates of a favorable and
unfavorable market are

P(FM) = 0.50
P(UM) = 0.50
These are referred to as the prior probabilities.
We are now ready to compute Thompson’s revised or posterior probabilities. These desired
probabilities are the reverse of the probabilities in Table 3.12. We need the probability of a

favorable or unfavorable market given a positive or negative result from the market study. The
general form of Bayes’ theorem presented in Chapter 2 is

P(B|A)P(A)

P(A|B) (3-6)

N P(BIA)P(A) + P(B|A")P(A")

STATE OF NATURE
FAVORABLE MARKET UNFAVORABLE MARKET
RESULT OF SURVEY (FM) (UM)
Positive (predicts P(survey positive | FM) = 0.70 P(survey positive | UM) = 0.20
favorable market for
product)
Negative (predicts P(survey negative | FM) = 0.30 P(survey negative | UM) = 0.80

unfavorable market for
product)
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where

A, B = any two events
A" = complement of A

We can let A represent a favorable market and B represent a positive survey. Then, substi-
tuting the appropriate numbers into this equation, we obtain the conditional probabilities, given
that the market survey is positive:

P(survey positive|FM) P(FM)

P(survey positive|FM)P(FM) + P(survey positive|UM)P(UM)
3 (0.70)(0.50) 035
(0.70)(0.50) + (0.20)(0.50)  0.45

P(survey positive|UM)P(UM)
P(survey positive|UM)P(UM) + P(survey positive|[FM)P(FM)
3 (0.20)(0.50) _ 010
(0.20)(0.50) + (0.70)(0.50)  0.45
Note that the denominator (0.45) in these calculations is the probability of a positive survey.
An alternative method for these calculations is to use a probability table as shown in

Table 3.13.
The conditional probabilities, given that the market survey is negative, are

P(FM|survey positive) =

= 0.78

P(UM | survey positive) =

=0.22

P(survey negative|FM)P(FM)
P(survey negative|[FM)P(FM) + P(survey negative|UM)P(UM)
(0.30)(0.50) 015

= (030)(0.50) + (080)(050) _ 055 27

P(survey negative|UM)P(UM)
P(survey negative|[UM)P(UM) + P(survey negative|FM)P(FM)
(0.80)(0.50) 0.40
(0.80)(0.50) + (0.30)(0.50) T 055

P(FM |survey negative) =

P(UM |survey negative) =

= 0.73

Note that the denominator (0.55) in these calculations is the probability of a negative survey.
These computations given a negative survey could also have been performed in a table instead,
as in Table 3.14.

The calculations shown in Tables 3.13 and 3.14 can easily be performed in Excel spread-
sheets. Program 3.2A shows the formulas used in Excel, and Program 3.2B shows the final out-
put for this example.

The posterior probabilities now provide John Thompson with estimates for each state of

New probabilities provide nature if the survey results are positive or negative. As you know, John’s prior probability of suc-
valuable information. cess without a market survey was only 0.50. Now he is aware that the probability of successfully

TABLE 3.13 Probability Revisions Given a Positive Survey

POSTERIOR PROBABILITY
CONDITIONAL P(STATE OF
PROBABILITY NATURE |
P(SURVEY POSITIVE | PRIOR JOINT SURVEY
STATE OF NATURE STATE OF NATURE) PROBABILITY PROBABILITY POSITIVE)
FM 0.70 X0.50 =035 0.35/0.45 = 0.78
UM 0.20 X0.50 =0.10 0.10/0.45 = 0.22

P(survey results positive) = 0.45 1.00
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TABLE 3.14 Probability Revisions Given a Negative Survey

POSTERIOR PROBABILITY
CONDITIONAL P(STATE OF
PROBABILITY NATURE |
P(SURVEY NEGATIVE | PRIOR JOINT SURVEY
STATE OF NATURE STATE OF NATURE) PROBABILITY PROBABILITY NEGATIVE)
FM 0.30 X0.50 =0.15 0.15/0.55 = 0.27
UM 0.80 x0.50 =0.40 0.40/0.55 = 0.73
P(survey results negative) = 0.55 1.00
PROGRAM 3.2A 7 B _Al =] = Bayes Theorem for Thompsan Lumber Example

I B [ D =R 7

Formulas Used for Bayes’
Calculations in Excel

Bayes Theorem for Thompson Lumber Example

BFill in celts B7, 68, and CT. T T CEnter P(Favorable MarketD T

"5 | Probability Revisions Given a Positive Survey in cell C7.
| State of Posterior
| Mature P(Sur.Pos.|state of nature) Prior Prob.  Joint Prob. | Probability
7 |FM " 0.7 05 =B7°C7 =D7/50%9
8 UM Enter P(Survey posmve I 0.2 =1.C7 =B3"CH '=m059
Favorable Market) in cell B7. I/ \P(Surpos.)= =SUM(D7:D8) |
11 |Probability Revisions Given a Negative Survey | | [ |
- |State of Posterior
12 |Mature - 'P(Sur.Pos.|state of nature) Prior Prob.  Joint Prob. Probability
13/FM [ Enter P(Survey positive | =1-B7 =C7 =B13"C13 =D13/5D§15
14|UM \ Unfavorable Market) in cell B8. / =1-E8 =ce =B147C14 =D14/3D%15
P(Sur.neg.)= =SUM(D13:014)
PROGRAM 3.2B ' Al ~| =| Bayes Thearem for Thompson Lumber Example .

' | A I B } I | =0 5 O | [ 05
Results of Bayes | 1 Bayes Theorem for Thompson Lumber Example | | —
Calculations in Excel §23

| 3 _Fill in cells B7, B8, and C7.
[E18
| 5 Probability Revisions Given a Positive Survey | |

State of Posterior
| 6 |Nature P(Sur.Pos.|state of nature) Prior Prob.  Joint Prob. Probability
| 7 |FM 0.70 0.50 0.35 0.78
| 8 (UM 0.20 0.50 0.10 0.22
|9 | P(Sur.pos.)= 0.45
10
| 11 Probability Revisions Given a Negative Survey |

State of Posterior
| 12 Nature P(Sur.Pos.|state of nature) Prior Prob.  Joint Prob. Probability |
|13 [FM | 0.30 0.50 0.15 0.27
[ 14 (UM | 0.80 0.50 0.40 0.73
15 | \P(Sur.neg.)= 055

16

marketing storage sheds will be 0.78 if his survey shows positive results. His chances of success
drop to 27% if the survey report is negative. This is valuable management information, as we saw
in the earlier decision tree analysis.

Potential Problem in Using Survey Results

In many decision-making problems, survey results or pilot studies are done before an actual
decision (such as building a new plant or taking a particular course of action) is made. As dis-
cussed earlier in this section, Bayes’ analysis is used to help determine the correct conditional
probabilities that are needed to solve these types of decision theory problems. In computing
these conditional probabilities, we need to have data about the surveys and their accuracies. If a
decision to build a plant or to take another course of action is actually made, we can determine



110 CHAPTER 3 e« DECISION ANALYSIS

3.8 Utility Theory

the accuracy of our surveys. Unfortunately, we cannot always get data about those situations in
which the decision was not to build a plant or not to take some course of action. Thus, some-
times when we use survey results, we are basing our probabilities only on those cases in which a
decision to build a plant or take some course of action is actually made. This means that, in some
situations, conditional probability information may not be not quite as accurate as we would
like. Even so, calculating conditional probabilities helps to refine the decision-making process
and, in general, to make better decisions.

The overall value of the result
of a decision is called utility.

FIGURE 3.6

Your Decision Tree for
the Lottery Ticket

We have focused on the EMV criterion for making decisions under risk. However, there are
many occasions in which people make decisions that would appear to be inconsistent with the
EMV criterion. When people buy insurance, the amount of the premium is greater than the ex-
pected payout to them from the insurance company because the premium includes the expected
payout, the overhead cost, and the profit for the insurance company. A person involved in a law-
suit may choose to settle out of court rather than go to trial even if the expected value of going
to trial is greater than the proposed settlement. A person buys a lottery ticket even though the
expected return is negative. Casino games of all types have negative expected returns for the
player, and yet millions of people play these games. A businessperson may rule out one poten-
tial decision because it could bankrupt the firm if things go bad, even though the expected return
for this decision is better than that of all other alternatives.

Why do people make decisions that don’t maximize their EMV? They do this because
the monetary value is not always a true indicator of the overall value of the result of the deci-
sion. The overall worth of a particular outcome is called utility, and rational people make
decisions that maximize the expected utility. Although at times the monetary value is a good
indicator of utility, there are other times when it is not. This is particularly true when some
of the values involve an extremely large payoff or an extremely large loss. For example, sup-
pose that you are the lucky holder of a lottery ticket. Five minutes from now a fair coin could
be flipped, and if it comes up tails, you would win $5 million. If it comes up heads, you
would win nothing. Just a moment ago a wealthy person offered you $2 million for your
ticket. Let’s assume that you have no doubts about the validity of the offer. The person will
give you a certified check for the full amount, and you are absolutely sure the check would
be good.

A decision tree for this situation is shown in Figure 3.6. The EMV for rejecting the offer
indicates that you should hold on to your ticket, but what would you do? Just think, $2 million
for sure instead of a 50% chance at nothing. Suppose you were greedy enough to hold on to the
ticket, and then lost. How would you explain that to your friends? Wouldn’t $2 million be
enough to be comfortable for a while?

$2,000,000

.

EMV = $2,500,000 $5,000,000



EMYV is not always the best
approach.

Utility assessment assigns the
worst outcome a utility of 0 and
the best outcome a utility of 1.

When you are indifferent, the
expected utilities are equal.

Once utility values have been
determined, a utility curve can be
constructed.

FIGURE 3.7

Standard Gamble for
Utility Assessment
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Most people would choose to sell the ticket for $2 million. Most of us, in fact, would proba-
bly be willing to settle for a lot less. Just how low we would go is, of course, a matter of per-
sonal preference. People have different feelings about seeking or avoiding risk. Using the EMV
alone is not always a good way to make these types of decisions.

One way to incorporate your own attitudes toward risk is through utility theory. In the
next section we explore first how to measure utility and then how to use utility measures in
decision making.

Measuring Utility and Constructing a Utility Curve

The first step in using utility theory is to assign utility values to each monetary value in a given
situation. It is convenient to begin utility assessment by assigning the worst outcome a utility of
0 and the best outcome a utility of 1. Although any values may be used as long as the utility for
the best outcome is greater than the utility for the worst outcome, using 0 and 1 has some bene-
fits. Because we have chosen to use 0 and 1, all other outcomes will have a utility value between
0 and 1. In determining the utilities of all outcomes, other than the best or worst outcome, a
standard gamble is considered. This gamble is shown in Figure 3.7.

In Figure 3.7, p is the probability of obtaining the best outcome, and (1 — p) is the proba-
bility of obtaining the worst outcome. Assessing the utility of any other outcome involves deter-
mining the probability (p), which makes you indifferent between alternative 1, which is the
gamble between the best and worst outcomes, and alternative 2, which is obtaining the other out-
come for sure. When you are indifferent between alternatives 1 and 2, the expected utilities for
these two alternatives must be equal. This relationship is shown as

Expected utility of alternative 2 = Expected utility of alternative 1

Utility of other outcome = (p)(utility of best outcome, which is 1) 3-7)
+ (1 — p)(utility of the worst outcome, which is 0)

Utility of other outcome = (p)(1) + (1 — p)(0) = p

Now all you have to do is to determine the value of the probability (p) that makes you indif-
ferent between alternatives 1 and 2. In setting the probability, you should be aware that utility
assessment is completely subjective. It’s a value set by the decision maker that can’t be meas-
ured on an objective scale. Let’s take a look at an example.

Jane Dickson would like to construct a utility curve revealing her preference for money
between $0 and $10,000. A utility curve is a graph that plots utility value versus monetary
value. She can either invest her money in a bank savings account or she can invest the same
money in a real estate deal.

If the money is invested in the bank, in three years Jane would have $5,000. If she in-
vested in the real estate, after three years she could either have nothing or $10,000. Jane, how-
ever, is very conservative. Unless there is an 80% chance of getting $10,000 from the real
estate deal, Jane would prefer to have her money in the bank, where it is safe. What Jane has
done here is to assess her utility for $5,000. When there is an 80% chance (this means that
p is 0.8) of getting $10,000, Jane is indifferent between putting her money in real estate or
putting it in the bank. Jane’s utility for $5,000 is thus equal to 0.8, which is the same as the
value for p. This utility assessment is shown in Figure 3.8.

(p) Best Outcome
Utility = 1

Worst Outcome
Utility =0

Other Outcome
Utility = ?
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FIGURE 3.8
Utility of $5,000

FIGURE 3.9

Utility Curve for Jane

Dickson

p=0.80 $10,000
U ($10,000) = 1.0
(1-p) =0.20 $0
U ($0.00) = 0.0
$5,000

U ($5,000) = p = 0.80

Utility for $5,000 = U ($5,000) = pU ($10,000) + (1 — p) U ($0) = (0.8)(1) + (0.2)(0) = 0.8

Other utility values can be assessed in the same way. For example, what is Jane’s utility for
$7,000? What value of p would make Jane indifferent between $7,000 and the gamble that
would result in either $10,000 or $0? For Jane, there must be a 90% chance of getting the
$10,000. Otherwise, she would prefer the $7,000 for sure. Thus, her utility for $7,000 is 0.90.
Jane’s utility for $3,000 can be determined in the same way. If there were a 50% chance of
obtaining the $10,000, Jane would be indifferent between having $3,000 for sure and taking the
gamble of either winning the $10,000 or getting nothing. Thus, the utility of $3,000 for Jane is
0.5. Of course, this process can be continued until Jane has assessed her utility for as many mon-
etary values as she wants. These assessments, however, are enough to get an idea of Jane’s feel-
ings toward risk. In fact, we can plot these points in a utility curve, as is done in Figure 3.9. In
the figure, the assessed utility points of $3,000, $5,000, and $7,000 are shown by dots, and the
rest of the curve is inferred from these.

Jane’s utility curve is typical of a risk avoider. A risk avoider is a decision maker who
gets less utility or pleasure from a greater risk and tends to avoid situations in which high
losses might occur. As monetary value increases on her utility curve, the utility increases at a
slower rate.

U ($10,000) = 1.0

U ($7,000) = 0.90
0.9
U ($5,000) = 0.80
06 ($ )
0.7
0.6 —
Pl U , =0.
Z o5 ($3,000) = 0.50
-]
04—
0.3
0.2
01—~/ uo)=0
/ L | | L
$0 $1,000 $3,000 $5,000 $7,000 $10,000

Monetary Value



FIGURE 3.10
Preferences for Risk

The shape of a person’s utility
curve depends on many factors.

Utility values replace monetary
values.

FIGURE 3.11

Decision Facing Mark
Simkin
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Risk
Avoider

Utility

Risk
Seeker

Monetary Outcome

Figure 3.10 illustrates that a person who is a risk seeker has an opposite-shaped utility
curve. This decision maker gets more utility from a greater risk and higher potential payoff. As
monetary value increases on his or her utility curve, the utility increases at an increasing rate. A
person who is indifferent to risk has a utility curve that is a straight line. The shape of a person’s
utility curve depends on the specific decision being considered, the monetary values involved in
the situation, the person’s psychological frame of mind, and how the person feels about the fu-
ture. It may well be that you have one utility curve for some situations you face and completely
different curves for others.

Utility as a Decision-Making Criterion

After a utility curve has been determined, the utility values from the curve are used in making
decisions. Monetary outcomes or values are replaced with the appropriate utility values and then
decision analysis is performed as usual. The expected utility for each alternative is computed in-
stead of the EMV. Let’s take a look at an example in which a decision tree is used and expected
utility values are computed in selecting the best alternative.

Mark Simkin loves to gamble. He decides to play a game that involves tossing thumbtacks
in the air. If the point on the thumbtack is facing up after it lands, Mark wins $10,000. If the
point on the thumbtack is down, Mark loses $10,000. Should Mark play the game (alternative 1)
or should he not play the game (alternative 2)?

Alternatives 1 and 2 are displayed in the tree shown in Figure 3.11. As can be seen, alternative
1 is to play the game. Mark believes that there is a 45% chance of winning $10,000 and a 55%

Tack Lands
Point Up (0.45)
$10,000
Tack Lands
Point Down (0.55)
-$10,000

Mark Does Not Play the Game

$0



114 CHAPTER 3 e« DECISION ANALYSIS

FIGURE 3.12
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0.75 —

0.50 —

Utility

0.30
025 —

0.15
0.05
0 |
—$20,000 —$10,000 $0 $10,000 $20,000

Monetary Outcome

chance of suffering the $10,000 loss. Alternative 2 is not to gamble. What should Mark do? Of
course, this depends on Mark’s utility for money. As stated previously, he likes to gamble. Using
the procedure just outlined, Mark was able to construct a utility curve showing his preference for
money. Mark has a total of $20,000 to gamble, so he has constructed the utility curve based on a
best payoft of $20,000 and a worst payoff of a $20,000 loss. This curve appears in Figure 3.12.
Mark’s objective is to maximize We see that Mark’s utility for —=$10,000 is 0.05, his utility for not playing ($0) is 0.15, and
expected utility. his utility for $10,000 is 0.30. These values can now be used in the decision tree. Mark’s objec-

tive is to maximize his expected utility, which can be done as follows:

Step 1.

When the Cold War between the United States and the USSR
ended, the two countries agreed to dismantle a large number of
nuclear weapons. The exact number of weapons is not known,
but the total number has been estimated to be over 40,000. The
plutonium recovered from the dismantled weapons presented
several concerns. The National Academy of Sciences characterized
the possibility that the plutonium could fall into the hands of ter-
rorists as a very real danger. Also, plutonium is very toxic to the
environment, so a safe and secure disposal process was critical.
Deciding what disposal process would be used was no easy task.

Due to the long relationship between the United States and
the USSR during the Cold War, it was necessary that the plutonium
disposal process for each country occur at approximately the same
time. Whichever method was selected by one country would have
to be approved by the other country. The U.S. Department of
Energy (DOE) formed the Office of Fissile Materials Disposition
(OFMD) to oversee the process of selecting the approach to use for
disposal of the plutonium. Recognizing that the decision could be
controversial, the OFMD used a team of operations research ana-
lysts associated with the Amarillo National Research Center. This OR
group used a multiattribute utility (MAU) model to combine several
performance measures into one single measure.

Multiattribute Utility Model Aids
IN ACTION in Disposal of Nuclear Weapons

U(—$10,000) = 0.05
U($0) = 0.15
U($10,000) = 0.30

A total of 37 performance measures were used in evaluating
13 different possible alternatives. The MAU model combined
these measures and helped to rank the alternatives as well as
identify the deficiencies of some alternatives. The OFMD recom-
mended 2 of the alternatives with the highest rankings, and
development was begun on both of them. This parallel develop-
ment permitted the United States to react quickly when the
USSR’s plan was developed. The USSR used an analysis based on
this same MAU approach. The United States and the USSR chose
to convert the plutonium from nuclear weapons into mixed oxide
fuel, which is used in nuclear reactors to make electricity. Once
the plutonium is converted to this form, it cannot be used in
nuclear weapons.

The MAU model helped the United States and the USSR deal
with a very sensitive and potentially hazardous issue in a way that
considered economic, nonproliferation, and ecology issues. The
framework is now being used by Russia to evaluate other policies
related to nuclear energy.

Source: Based on John C. Butler, et al. “The United States and Russia Evalu-
ate Plutonium Disposition Options with Multiattribute Utility Theory,”
Interfaces 35, 1 (January—February 2005): 88—101.
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Tack Lands Utility
Point Up (0.45)

0.30
Tack Lands
Point Down (0.55)

0.05
Don’t Play

0.15

Step 2. Replace monetary values with utility values. Refer to Figure 3.13. Here are the expected

utilities for alternatives 1 and 2:

E(alternative 1: play the game) = (0.45)(0.30) + (0.55)(0.05)

= 0.135 + 0.027 = 0.162

E(alternative 2: don’t play the game) = 0.15

Therefore, alternative 1 is the best strategy using utility as the decision criterion. If EMV had
been used, alternative 2 would have been the best strategy. The utility curve is a risk-seeker util-
ity curve, and the choice of playing the game certainly reflects this preference for risk.

Summary

Decision theory is an analytic and systematic approach to
studying decision making. Six steps are usually involved in
making decisions in three environments: decision making un-
der certainty, uncertainty, and risk. In decision making under
uncertainty, decision tables are constructed to compute such
criteria as maximax, maximin, criterion of realism, equally
likely, and minimax regret. Such methods as determining
expected monetary value (EMV), expected value of perfect
information (EVPI), expected opportunity loss (EOL), and sen-
sitivity analysis are used in decision making under risk.
Decision trees are another option, particularly for larger
decision problems, when one decision must be made before

Glossary

other decisions can be made. For example, a decision to take
a sample or to perform market research is made before we
decide to construct a large plant, a small one, or no plant. In
this case we can also compute the expected value of sample
information (EVSI) to determine the value of the market
research. The efficiency of sample information compares the
EVSI to the EVPI. Bayesian analysis can be used to revise or
update probability values using both the prior probabilities
and other probabilities related to the accuracy of the infor-
mation source.

Alternative A course of action or a strategy that may be
chosen by a decision maker.

Coefficient of Realism (o¢) A number from O to 1. When the
coefficient is close to 1, the decision criterion is optimistic.
When the coefficient is close to zero, the decision criterion
is pessimistic.

Conditional Probability A posterior probability.

Conditional Value or Payoff A consequence, normally
expressed in a monetary value, that occurs as a result of a
particular alternative and state of nature.

Criterion of Realism A decision-making criterion that uses
a weighted average of the best and worst possible payoffs
for each alternative.

Decision Making under Certainty A decision-making envi-
ronment in which the future outcomes or states of nature
are known.

Decision Making under Risk A decision-making environ-
ment in which several outcomes or states of nature may
occur as a result of a decision or alternative. The probabili-
ties of the outcomes or states of nature are known.
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Decision Making under Uncertainty A decision-making
environment in which several outcomes or states of nature
may occur. The probabilities of these outcomes, however,
are not known.

Decision Node (Point) In a decision tree, this is a point
where the best of the available alternatives is chosen. The
branches represent the alternatives.

Decision Table A payoff table.

Decision Theory An analytic and systematic approach to
decision making.

Decision Tree A graphical representation of a decision mak-
ing situation.

Efficiency of Sample Information A measure of how good
the sample information is relative to perfect information.

Equally Likely. A decision criterion that places an equal
weight on all states of nature.

Expected Monetary Value (EMV) The average value
of a decision if it can be repeated many times. This is
determined by multiplying the monetary values by their
respective probabilities. The results are then added to
arrive at the EMV.

Expected Value of Perfect Information (EVPI) The aver-
age or expected value of information if it were completely
accurate. The increase in EMV that results from having
perfect information.

Expected Value of Sample Information (EVSI) The
increase in EMV that results from having sample or imper-
fect information.

Expected Value with Perfect Information (EVWPI) The
average or expected value of a decision if perfect
knowledge of the future is available.

Hurwicz Criterion The criterion of realism.

Laplace Criterion The equally likely criterion.

Maximax An optimistic decision-making criterion. This
selects the alternative with the highest possible return.

Maximin A pessimistic decision-making criterion. This
alternative maximizes the minimum payoff. It selects the
alternative with the best of the worst possible payoffs.

Minimax Regret A criterion that minimizes the maximum
opportunity loss.

Opportunity Loss The amount you would lose by not pick-
ing the best alternative. For any state of nature, this is the
difference between the consequences of any alternative and
the best possible alternative.

Key Equations

Optimistic Criterion The maximax criterion.

Payoff Table A table that lists the alternatives, states of
nature, and payoffs in a decision-making situation.

Posterior Probability A conditional probability of a state of
nature that has been adjusted based on sample information.
This is found using Bayes’ Theorem.

Prior Probability The initial probability of a state of nature
before sample information is used with Bayes’ theorem to
obtain the posterior probability.

Regret Opportunity loss.

Risk Seeker A person who seeks risk. On the utility curve,
as the monetary value increases, the utility increases at an
increasing rate. This decision maker gets more pleasure for
a greater risk and higher potential returns.

Risk Avoider A person who avoids risk. On the utility
curve, as the monetary value, the utility increases at a
decreasing rate. This decision maker gets less utility for a
greater risk and higher potential returns.

Sequential Decisions Decisions in which the outcome of
one decision influences other decisions.

Standard Gamble The process used to determine utility
values.

State of Nature An outcome or occurrence over which the
decision maker has little or no control.

State-of-Nature Node In a decision tree, a point where the
EMV is computed. The branches coming from this node
represent states of nature.

Utility The overall value or worth of a particular outcome.

Utility Assessment The process of determining the utility of
various outcomes. This is normally done using a standard
gamble between any outcome for sure and a gamble
between the worst and best outcomes.

Utility Curve A graph or curve that reveals the relationship
between utility and monetary values. When this curve has
been constructed, utility values from the curve can be used
in the decision-making process.

Utility Theory A theory that allows decision makers to
incorporate their risk preference and other factors into the
decision-making process.

Weighted Average Criterion Another name for the criterion
of realism.

(3-1) EMV(alternativei) = 2X,;P(X;)
An equation that computes expected monetary value.

(3-2) EVWPI = X (best payoff in state of nature 7 )
X (probability of state of nature i)
An equation that computes the expected value with per-
fect information.

(3-3) EVPI = EVWPI — (bestEMV)
An equation that computes the expected value of perfect
information.

(3-4) EVSI = (EV with SI + cost) — (EV without ST)
An equation that computes the expected value (EV) of
sample information (SI).

EVSI
(3-5) Efficiency of sample information = ———100%
EVPI

An equation that compares sample information to
perfect information.
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| P(B|A)P(A) (3-7) Utility of other outcome = (p)(1) + (1 — p)(0) = p

3-6) P(A|B) = . . .. . .

(3-6) P( ) P( B| A)P(A) + P( BlA’ )P(A) An equation that determines the utility of an intermedi
ate outcome.

Bayes’ theorem—the conditional probability of event A
given that event B has occurred.

Solved Problems

Solved Problem 3-1
Maria Rojas is considering the possibility of opening a small dress shop on Fairbanks Avenue, a few
blocks from the university. She has located a good mall that attracts students. Her options are to open a
small shop, a medium-sized shop, or no shop at all. The market for a dress shop can be good, average, or
bad. The probabilities for these three possibilities are 0.2 for a good market, 0.5 for an average market,
and 0.3 for a bad market. The net profit or loss for the medium-sized and small shops for the various mar-
ket conditions are given in the following table. Building no shop at all yields no loss and no gain.

a. What do you recommend?

b. Calculate the EVPI.

c. Develop the opportunity loss table for this situation. What decisions would be made using the
minimax regret criterion and the minimum EOL criterion?

AVERAGE

MARKET
ALTERNATIVE %)
Small shop 75,000 25,000 -40,000
Medium-sized shop 100,000 35,000 -60,000
No shop 0 0 0

Solution

a. Since the decision-making environment is risk (probabilities are known), it is appropriate to use
the EMV criterion. The problem can be solved by developing a payoff table that contains all alter-
natives, states of nature, and probability values. The EMV for each alternative is also computed,
as in the following table:

STATE OF NATURE

AVERAGE BAD

MARKET MARKET EMV
ALTERNATIVE (6] ® ®
Small shop 75,000 25,000 —-40,000 15,500
Medium-sized shop 100,000 35,000 —60,000 19,500
No shop 0 0 0 0
Probabilities 0.20 0.50 0.30

EMV (small shop) = (0.2)($75,000) + (0.5)($25,000) +(0.3)(—$40,000) = $15,500
EMV (medium shop) = (0.2)($100,000) + (0.5)($35,000) +(0.3)(—$60,000) = $19,500
EMV (no shop) = (0.2)($0) + (0.5)($0) + (0.3)($0) = $0
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As can be seen, the best decision is to build the medium-sized shop. The EMV for this alternative is
$19,500.

b. EVWPI = (0.2)$100,000 + (0.5)$35,000 + (0.3)$0 = $37,500
EVPI = $37,500 — $19,500 = $18,000

c. The opportunity loss table is shown here.

STATE OF NATURE

AVERAGE BAD

MARKET MARKET MAXIMUM
ALTERNATIVE ® ® ®
Small shop 25,000 10,000 40,000 40,000 22,000
Medium-sized shop 0 0 60,000 60,000 18,000
No shop 100,000 35,000 0 100,000 37,500
Probabilities 0.20 0.50 0.30

Solved Problem 3-2

The best payoff in a good market is 100,000, so the opportunity losses in the first column indicate how
much worse each payoff is than 100,000. The best payoff in an average market is 35,000, so the
opportunity losses in the second column indicate how much worse each payoff is than 35,000. The
best payoff in a bad market is 0, so the opportunity losses in the third column indicate how much
worse each payoff is than 0.

The minimax regret criterion considers the maximum regret for each decision, and the decision
corresponding to the minimum of these is selected. The decision would be to build a small shop since
the maximum regret for this is 40,000, while the maximum regret for each of the other two alterna-
tives is higher as shown in the opportunity loss table.

The decision based on the EOL criterion would be to build the medium shop. Note that the mini-
mum EOL ($18,000) is the same as the EVPI computed in part b. The calculations are

EOL(small) = (0.2)25,000 + (0.5)10,000 + (0.3)40,000 = 22,000
EOL(medium) = (0.2)0 + (0.5)0 + (0.3)60,000 = 18,000
EOL(no shop) = (0.2)100,000 + (0.5)35,000 + (0.3)0 = 37,500

Cal Bender and Becky Addison have known each other since high school. Two years ago they entered
the same university and today they are taking undergraduate courses in the business school. Both hope
to graduate with degrees in finance. In an attempt to make extra money and to use some of the knowl-
edge gained from their business courses, Cal and Becky have decided to look into the possibility of
starting a small company that would provide word processing services to students who needed term
papers or other reports prepared in a professional manner. Using a systems approach, Cal and Becky
have identified three strategies. Strategy 1 is to invest in a fairly expensive microcomputer system with
a high-quality laser printer. In a favorable market, they should be able to obtain a net profit of $10,000
over the next two years. If the market is unfavorable, they can lose $8,000. Strategy 2 is to purchase a
less expensive system. With a favorable market, they could get a return during the next two years of
$8,000. With an unfavorable market, they would incur a loss of $4,000. Their final strategy, strategy 3,
is to do nothing. Cal is basically a risk taker, whereas Becky tries to avoid risk.

a. What type of decision procedure should Cal use? What would Cal’s decision be?

b. What type of decision maker is Becky? What decision would Becky make?

If Cal and Becky were indifferent to risk, what type of decision approach should they use? What
would you recommend if this were the case?
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Solution
The problem is one of decision making under uncertainty. Before answering the specific questions, a
decision table should be developed showing the alternatives, states of nature, and related consequences.

Strategy 1 10,000 -8,000
Strategy 2 8,000 —4,000
Strategy 3 0 0

a. Since Cal is a risk taker, he should use the maximax decision criteria. This approach selects the
row that has the highest or maximum value. The $10,000 value, which is the maximum value from
the table, is in row 1. Thus, Cal’s decision is to select strategy 1, which is an optimistic decision
approach.

b. Becky should use the maximin decision criteria because she wants to avoid risk. The minimum or
worst outcome for each row, or strategy, is identified. These outcomes are —$8,000 for strategy 1,
—$4,000 for strategy 2, and $0 for strategy 3. The maximum of these values is selected. Thus,
Becky would select strategy 3, which reflects a pessimistic decision approach.

c. If Cal and Becky are indifferent to risk, they could use the equally likely approach. This approach
selects the alternative that maximizes the row averages. The row average for strategy 1 is
$1,000[$1,000 = ($10,000 — $8,000)/2]. The row average for strategy 2 is $2,000, and the
row average for strategy 3 is $0. Thus, using the equally likely approach, the decision is to select
strategy 2, which maximizes the row averages.

Solved Problem 3-3
Monica Britt has enjoyed sailing small boats since she was 7 years old, when her mother started sail-
ing with her. Today, Monica is considering the possibility of starting a company to produce small sail-
boats for the recreational market. Unlike other mass-produced sailboats, however, these boats will be
made specifically for children between the ages of 10 and 15. The boats will be of the highest quality
and extremely stable, and the sail size will be reduced to prevent problems of capsizing.

Her basic decision is whether to build a large manufacturing facility, a small manufacturing facil-
ity, or no facility at all. With a favorable market, Monica can expect to make $90,000 from the large
facility or $60,000 from the smaller facility. If the market is unfavorable, however, Monica estimates
that she would lose $30,000 with a large facility, and she would lose only $20,000 with the small
facility. Because of the expense involved in developing the initial molds and acquiring the necessary
equipment to produce fiberglass sailboats for young children, Monica has decided to conduct a pilot
study to make sure that the market for the sailboats will be adequate. She estimates that the pilot study
will cost her $10,000. Furthermore, the pilot study can be either favorable or unfavorable. Monica
estimates that the probability of a favorable market given a favorable pilot study is 0.8. The probabil-
ity of an unfavorable market given an unfavorable pilot study result is estimated to be 0.9. Monica
feels that there is a 0.65 chance that the pilot study will be favorable. Of course, Monica could bypass
the pilot study and simply make the decision as to whether to build a large plant, small plant, or no
facility at all. Without doing any testing in a pilot study, she estimates that the probability of a favor-
able market is 0.6. What do you recommend? Compute the EVSL.

Solution

Before Monica starts to solve this problem, she should develop a decision tree that shows all alterna-
tives, states of nature, probability values, and economic consequences. This decision tree is shown in
Figure 3.14.
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FIGURE 3.14
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The EMYV at each of the numbered nodes is calculated as follows:

EMV (node 2) = 60,000(0.6) + (—20,000)0.4 = 28,000
EMV (node 3) = 90,000(0.6) + (—30,000)0.4 = 42,000
EMV (node 4) = 50,000(0.8) + (—30,000)0.2 = 34,000
EMV (node 5) = 80,000(0.8) + (—40,000)0.2 = 56,000
(
(

—_— — — —

EMV (node 6) = 50,000(0.1) + (—30,000)0.9 = —22,000
EMV (node 7) = 80,000(0.1) + (—40,000)0.9 = —28,000
EMV (node 1) = 56,000(0.65) + (—10,000)0.35 = 32,900

At each of the square nodes with letters, the decisions would be:

Node B: Choose Large Facility since the EMV = $42,000.

Node C: Choose Large Facility since the EMV = $56,000.

Node D: Choose No Facility since the EMV = —$10,000.

Node A: Choose Do Not Conduct Study since the EMV ($42,000) for this
is higher than EMV (node 1), which is $32,900.

Based on the EMV criterion, Monica would select Do Not Conduct Study and then select Large Facil-
ity. The EMV of this decision is $42,000. Choosing to conduct the study would result in an EMV of
only $32,900. Thus, the expected value of sample information is
EVSI = $32,900 + $10,000 — $42,000
= $900
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Developing a small driving range for golfers of all abilities has long been a desire of John Jenkins.
John, however, believes that the chance of a successful driving range is only about 40%. A friend of
John’s has suggested that he conduct a survey in the community to get a better feeling of the demand
for such a facility. There is a 0.9 probability that the research will be favorable if the driving range
facility will be successful. Furthermore, it is estimated that there is a 0.8 probability that the marketing
research will be unfavorable if indeed the facility will be unsuccessful. John would like to determine
the chances of a successful driving range given a favorable result from the marketing survey.

Solution
This problem requires the use of Bayes’ theorem. Before we start to solve the problem, we will define
the following terms:

P(SF) = probability of successful driving range facility

P(UF) = probability of unsuccessful driving range facility
P(RF | SF) = probability that the research will be favorable given a successful driving range facility
P(RU | SF) = probability that the research will be unfavorable given a successful driving range facility
P(RU | UF) = probability that the research will be unfavorable given an unsuccessful driving range facility
P(RF | UF) = probability that the research will be favorable given an unsuccessful driving range facility

Now, we can summarize what we know:
P(SF) = 04
P(RF|SF) = 0.9
P(RU|UF) = 0.8
From this information we can compute three additional probabilities that we need to solve the problem:
P(UF) =1—- P(SF)=1—04 = 0.6
P(RU|SF) = 1 — P(RFISF) =1 — 0.9 = 0.1
P(RF|UF) = 1 — P(RU|UF) =1 - 0.8 =02
Now we can put these values into Bayes’ theorem to compute the desired probability:
P(RF|SF) X P(SF)
P(RF|SF) X P(SF) + P(RF|UF) x P(UF)
(0.9)(0.4)
(0.9)(0.4) + (0.2)(0.6)

036 036
(0.36 + 0.12) 048

P(SF|RF) =

= 0.75

In addition to using formulas to solve John’s problem, it is possible to perform all calculations in
a table:

Revised Probabilities Given a Favorable Research Result

Favorable market 0.9 X 0.4 = 0.36 0.36/0.48 =0.75
Unfavorable market 0.2 X 0.6 = 0.12 0.12/0.48 = 0.25
0.48

As you can see from the table, the results are the same. The probability of a successful driving range
given a favorable research result is 0.36/0.48, or 0.75.
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Self-Test

o Before taking the self-test, refer to the learning objectives at the beginning of the chapter, the notes in the margins, and the

glossary at the end of the chapter.

Use the key at the back of the book to correct your answers.

Restudy pages that correspond to any questions that you answered incorrectly or material you feel uncertain about.

In decision theory terminology, a course of action or a

strategy that may be chosen by a decision maker is called

a. a payoff.

b. an alternative.

c. a state of nature.

d. none of the above.

In decision theory, probabilities are associated with

a. payoffs.

b. alternatives.

c. states of nature.

d. none of the above.

If probabilities are available to the decision maker, then

the decision-making environment is called

a. certainty.

b. uncertainty.

c. risk.

d. none of the above.

Which of the following is a decision-making criterion

that is used for decision making under risk?

a. expected monetary value criterion

b. Hurwicz criterion (criterion of realism)

c. optimistic (maximax) criterion

d. equally likely criterion

The minimum expected opportunity loss

a. is equal to the highest expected payoff.

b. is greater than the expected value with perfect
information.

c. is equal to the expected value of perfect information.

d. is computed when finding the minimax regret decision.

In using the criterion of realism (Hurwicz criterion), the

coefficient of realism ()

a. is the probability of a good state of nature.

b. describes the degree of optimism of the decision maker.

c. describes the degree of pessimism of the decision maker.

d. is usually less than zero.

The most that a person should pay for perfect

information is

a. the EVPL

b. the maximum EMV minus the minimum EMV.

c. the maximum EOL.

d. the maximum EMV.

The minimum EOL criterion will always result in the

same decision as

a. the maximax criterion.

b. the minimax regret criterion.

c. the maximum EMYV criterion.

d. the equally likely criterion.

A decision tree is prefer