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Preface

elcome to the second Europe, Middle East and Africa Edition of An Intro-
duction to Management Science by Anderson, Sweeney, Williams and
Wisniewski.

The first edition of this text was based on the best-selling US version and
deliberately set out to adapt and tailor the US version for a non-US university
audience. The content was adapted to better suit university teaching of quantitative
management science in the UK, across Europe, Africa and the Middle East; the
focus was given a more global and international feel and cases and examples were
internationalized.

The first edition has been extremely successful in its target markets and this
edition has further tailored and adapted the content to give broad international
appeal.

A quick tour of the text

An Introduction to Management Science continues to be very much applications
oriented and to use the problem-scenario approach that has proved to be very
popular and successful. This approach means that we describe a typical business
scenario or problem faced by many organizations and managers. This might relate to
allocating staff to tasks or projects; determining production over the next planning
period; deciding on the best use of a limited budget; forecasting sales over the
coming time period and so on. We explore and explain how particular management
science techniques and models can be used to help managers and decision makers
decide what to do in that particular scenario or situation. This approach means that
students not only develop a good technical understanding of a particular technique
or model but also understand how it contributes to the decision-making process.

In this new edition we have taken advantage of the Internet and world-wide web
to make some chapters available online. The chapters that remain in the textbook
itself cover the topics most commonly-covered on undergraduate and postgraduate
management science programmes. Chapters available online cover topics which,
although useful and important, are less frequently included.

Chapter 1 provides an overall introduction to the text; the origins and develop-
ments in management science are outlined; there are detailed examples of areas in
business and management where management science is frequently applied; there is
a detailed discussion of the wider management science methodology and a section
on the modelling process itself.

Chapters 2-6 cover the core topic of Linear Programming (LP). The technique is
introduced and graphical solution methods developed. This is followed by the
development of sensitivity analysis. The Simplex method is then introduced for large
scale problem solution and full coverage of simplex based sensitivity is covered.
There is a full chapter on applications of LP grouped around five main areas of
business application.

Chapter 7 extends the coverage of optimization to look at techniques related to
transshipment, assignment and transportation problems. Solution methods for each
class of problem are given. Chapter 8 introduces the network model and examines
the shortest route problem, the minimal spanning tree problem and the maximal flow

xiii
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problem. Chapter 9 introduces project scheduling and project management problems.
There is full coverage of PERT/CPM and a short section explaining the use of Gantt
charts in project management and expands the section on crashing a project. There
is also an appendix discussing activity on arrow networks in some detail.

Chapters 10 and 11 look at two common types of business model. Chapter 10
looks at inventory (or stock control) models whilst Chapter 11 looks at queuing
models. The relevance of both types of model to business decision making is
examined and solution techniques developed. Chapter 12 introduces simulation
modelling and shows how such models can be used alongside the other models
developed in the text.

Chapters 13 and 14 look at the area of decision analysis and decision making.
Chapter 13 looks at the principles of decision analysis and introduces decision trees,
expected value and utility. Chapter 14 looks at the topic of multicriteria decision
making with coverage of goal programming, scoring models and the analytic hier-
archy process (AHP) approach.

The textbook closes with discussion of management science in practice, consid-
ering some of the practical issues faced when implementing management science
techniques for real.

In addition there are four slightly more specialized chapters available on the
accompanying online platform. These take exactly the same format and structure as
chapters included in the text.

Chapter 15 introduces integral linear programming both as an extension to linear
programming and as a model in its own right. The chapter looks at the branch and
bound solution method in detail. Chapter 16 looks at business forecasting techniques
and models. Time series models are introduced as well as trend projection models
and there is coverage of regression modelling also. Chapter 17 looks at the topic of
dynamic programming with coverage of the shortest route problem and the knapsack
problem. Finally, Chapter 18 introduces Markov models which can be useful where
we wish to examine behaviour or performance over successive periods of time.

The online platform contains an array of additional resources to aid learning. See
the ‘Digital Resources’ page for further details.
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Key Features of th

By the end of this chapter you will be able to
Explain what management science is
Detail areas in business where management science is commonly used

Describe the management science approach or methodology

Build and use simple quantitative models.

are set out at the start of
each chapter and summarize what the reader should
have learned on completion of that chapter. They
also serve to highlight what the chapter covers and
help the reader review and check knowledge and
understanding.

Summary

‘This chapter has introduced a model commonly used in management science, that of linear
programming (LP). LP models are used in many different situations, for many different types of problem
and across many different types of business organization.

LP is an optimization model, where we seek to determine an optimal solution to some problem subject

10 a number of constraints.

LP problems can be formulated with an objective function which could be for maximization or

for minimization. Constraints in an LP problem place some restriction on what we are able

10 do in our search for an optimal solution and LP constraints can take one of three forms:

< zor=

Both the objective function and all constraints must take a linear form mathematically.

The simplest form of an LP problem involves two decision variables and can be solved graphically.

Atthe optimal solution some constraints will be binding and some non-binding. A binding constraint is
A I wi

orsurpl thit.

are given at the end of each
chapter to recap on key points.

NOTES AND COMMENTS

Remember that the goal of data envelopment output also consumes the least of every
analysis is to identify operating units that are input. Such cases are extremely rare in
relatively ineffcient. The method does ot practice.

necessarly identify the operating units that are I R T S A T T T D
relatively efficient. Just becavise the efficiency index problems involving a large group of operating
units, practitioners have found that roughly 50 per
cent of the operating units can be identiied as
inefficient. Comparing each relatively inefficient
unit to the units contributing to the composite unit
may be helpiul in understanding how the
operation of each relatively inefficient unit can be.

is E = 1, we cannot conclude that the unit being
analysed is relatively efficient. Indeed; any unit that
has the largest output on any one of the output
measures cannot be judged relatively inefficient
It is possible for DEA to show all but one unit
to be relatively inefficient. Such would be the
case if a unit producing the most of every improved,

provide extra context
and explanatory notes to help the reader’s
understanding.

e Text

MANAGEMENT SCIENCE |

ord Motor Company needed benchmark data in
order to set performance targets for future and
current model automobiles. A detailed proposal was
developed and sent to five suppliers. Three suppliers
were considered acceptable for the project
Because the ihree supplers had different capa-
bilties in terms of teardown analysis and testing,
Ford developed three project alternaives:

Alternative 1: Supplier C does the entire project
alone,

Alterative 2: Supplier A does the testing portion of
the project and works with Supplier B to complete

the remaining parts of the project.

Altemative 3: Supplier A does the testing portion of
the project and works with Supplier C to complete

the remaining parts of the project.

For routine projects, selecting the lowest cost alter-
native might be appropriate. However, because this
project involved many nonroutine tasks, Ford incor-
porated four criteria into the decision process.

The four criteria selected by Ford are as folows

nication; and past Ford experience. In total, 17 sub-
criteria were considered. A team-consensus weight-
ing process was used fo develop percentage
weights for the subciiteria. The weights assigned to
the skil-level subcriteria were 40 per cent for project
manager leadership; 20 per cent for team structure
organization; 20 per cent for team players' commu-
nication; and 20 per cent for past Ford experience.

Team mermbers visited all the suppliers and indi-
vidually rated them for each subcriterion using a
1-10 scale (1-worst, 10-best). Then, in a team
meeting, consensus ratings were developed. For
Alternative 1, the consensus ratings developed for
the skilllevel subcriteria were 8 for project manager
leadership; 8 for team structure organization; 7 for
team players’ communication; and 8 for past Ford
experience, Because the weights assigned 1o the
skil-level subcriteria are 40 per cent, 20 per cer
20 per cent, and 20 per cent, the rating for Alterna-
tive 1 corresponding to the skil-level criterion is

Rating = .4(8) + 2(8) + 2(7) + 2(8) = 7.8

case studies

show actual applications of the techniques and
models covered in each chapter.

& shall return to the Worked Example that we introduced in Chapter 5. Recollect that the Fresh Juice.
Company had identified the optimal solution in terms of quantities of s three grape juice products to
produce tomorrow. We had a formulation such that:
Max  1xi +1.2+20
st
11 + 2% < 150
11 + 26 < 150
2 +1x; < 80
2 + 3 + Ixp <225
<25
X1, %, X3 <0
The final simplex tableau was:
Basis X e x5 s s S5 sa S5
c 112 2 0 0 o 0 0
Unused kilos of o 0o o 1 0 2 0 -3 6
Grape A
Litres of Dry Grape 0 1 10 05 o 0 05 625
juice produced
Litres of Regular o 0o o o0 0 1 0 2 30
Grape juice
produced
Unused labour 0 0o 0 0 -05 -3 1 -45 225
hours
Lires of Sweet 10 o0 o0 0 o o -t 25
Grape juice
produced
z 112 2 0 1 12 0 24 186
G- o 0o o o -1 -12 0 -24
Let us see what other advice we can provide the company’s management team. If we carry out sensitivity
analysis on the objective function coefficients we obtain the following results:

are shown at the end of
each chapter walking you through a detailed
problem step-by-step, showing how a solution
to the problem can be obtained using the
techniques and models in that chapter.
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Problems

1 The RMC Corporation blends three raw materials to produce two products: a fuel additive
and a solvent base. Each ton of fuel additive is a mixture of 0.4 ton of material 1 and 0.6 ton
of material 3. A ton of solvent base is a mixture of 0.5 ton of material 1, 0.2 ton of material 2,
and 0.3 ton of material 3. RMC's production is constrained by a limited avalability of the
three raw materials. For the current production period, RMC has the following quantities of
each raw material: material 1, 20 tons; material 2, 5 tons; material 3, 21 tons. Management
wants to achieve the following Py priority level goals.

Problems given at the end of each chapter
provide an opportunity to test your knowledge
and understanding of that chapter. Some
problems test you ability to develop and solve a
particular model. Others are more complex
requiring you to interpret and explain results in a
business context.

KEY FEATURES OF THE TEXT

The Management Scientist Software

Developments in computer technology play a major role in making managemen|
science techniques available to decision makers. A software package called Th
Management Scientist Version 6.0 is available for Windows 95 through to Win
ems. This software can be used to solve problems in th
nall-scale problems encountered in practice. Using The Manage|
ment Scientist will provide an understanding and appreciation of the role of th
computer in applying management science to decision problems.
The Management Scientist contains 12 modules, or programs, that will enabl
you 0 solve problems in the following arcas:

Chapters 2-6  Linear programming
Chapter 7 Transportation and a
Chapter 8 Integer linear programming

Chapter 9 Shortest route and minimal spanning tree
Chapter 10 PERT/CPM

The Management Scientist Software
Version 6.0 accompanies this text. The software
allows you to formulate and solve many of the
models introduced in the text.

Figure 12.11 Excel Worksheet for the HKSB with One ATM

SELF 6 Consider the following project network and activity times (in weeks).
test

EXCEL file [8

[
1
3
:
Actvity | A 8 c ) £ £ G H =
Tme | 5 3 7 6 7 3 10 8 s
E ]

a. Identify the critical path.

b. How much time will be needed to complete this project?

c. Can activity D be delayed without delaying the entire project? If so, by how many
weeks?

d. Can activity C be delayed without delaying the entire project? If so, by how many
weeks?

e. What is the schedule for activity E?

Self test problems are linked to specific parts of
each chapter and allow you to check your
knowledge and understanding of that chapter on an

Excel, and other spreadsheets, have a key role to play in
management science. Output from Excel is used frequently
incremental basis. Problems marked with the self throughout the text to illustrate solutions. Appendices to
test icon are located in Appendix D at the back of the chapters provide a step-by-step explanation of how to
book. solve particular models using Excel.

Multicriteria analysis

We then have a chapter that introduces a variety of multicriteria methods. Such
methods are used where we are making a decision where we must somehow take a
variety of criteria into account when deciding what best to do. For example, you may be
considering buying a new laptop. In trying to decide which make and model to buy
you'll take a variety of conflicting criteria into account: price, reputation, reliability and
S0 on. Goal programming is one technique for solving multicriteria decision problems,
C. Coleman distributes a varity of food products that are sold through grocery store and supermarket usually within the framework of linear programming. Analytic Hierarchy Process is
outlets. The company receives orders directly from the individual outlets, with a typical order requesting the. another multicriteria decision-making technique which permits the inclusion of sub-
delivery of several cases of anywhere from 20 to 50 different prodicts. Under the company's current warehouse jective factors in arriving at a recommended decision.
operation, personnelto and have the goods moved to the NB. The following four chapters are located on the associated premium online
warehouse shipping area. Because of the high abour costs and reatvly low productivty of hand order-picking, platform that is autopackaged with the text. For more information on access, see the
has decided by install P “About the Digital Resources’ page.
system, akong wih a conveyor sysem for moing goods fom strage o the warehouse shipping area.

R.C. Coleman's director of material management has been named the project manager in charge of the
automated warehouse system. After consulting with members of the engineering staff and warehouse
management personnel, the director compiled a list of activiies associated with the project. The optimistic,
most probable and pessimistic times (in weeks) have also been provided for each activty

CASE PROBLEM R.C. Coleman

Integer Linear Programming

Integer linear programming s an approach used for problems that can be set up as

the additional requirement that some or all of the decision

ables take mlu;u values. For example, a car manufacturer may be looking to

npumhc the number of dealer outlets to supply to, where, clearly, the number of
outlets must sensibly be an integer value,

Case Problems are given at the end of most chapters.
These are more complex problems relating to the
techniques and models introduced in that chapter. A
management report is typically required to be written.
The Case Problems are well suited for group work.

Online Supplements This edition comes with an
array of additional online materials. See the ‘Digital
Resources’ page for more details and information on
how to access them.
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DIGITAL RESOURCES

Dedicated Instructor Resources

To discover the dedicated instructor online
support resources accompanying this textbook,
instructors should register here for access:
http://login.cengage.com

Resources include:

® Solutions Manual
o Testbank
® PowerPoint slides

Instructor access

Instructors can access the online student platform by registering
at http://login.cengage.com or by speaking to their local
Cengage Learning EMEA representative.

Instructor resources

Instructors can use the integrated Engagement Tracker to track students’
preparation and engagement. The tracking tool can be used to monitor progress
of the class as a whole, or for individual students.

Student access
Log In & Learn In 4 Easy Steps

1. To register a product using the access code printed on the inside front-cover of the book
please go to: http://login.cengagebrain.com

2. Register as a new user or log in as an existing user if you already have an account with
Cengage Learning or CengageBrain.com

3. Follow the online prompts

4. If your instructor has provided you with a course key, you will be prompted to enter this after
opening your digital purchase from your CengageBrain account homepage

Student resources

The platform offers a range of interactive learning tools tailored to the second edition of
An Introduction to Management Science including:

® Four additional online chapters

© More problems, exercises, and answer section

o Datasets referred to throughout the text

® Interactive eBook

® The Management Scientist 6.0 software package
o Glossary, flashcards, crossword puzzles and more

Look out for this symbol throughout the text to denote accompanying digital
resources.
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Introduction

1.1 Introduction to Management Science
1.2 Where Did MS Come From?

1.3 Management Science Applications
Assignment
Data Mining
Financial Decision Making
Forecasting
Logistics
Marketing
Networks
Optimization
Project Planning and Management
Queuing
Simulation
Transportation

1.4 The MS Approach
Problem Recognition
Problem Structuring and Definition
Modelling and Analysis
Solutions and Recommendations
Implementation

1.5
1.6

1.7
1.8

Models

Models of Cost, Revenue, and Profit
Cost and Volume Models

Revenue and Volume Models

Profit and Volume Models

Breakeven Analysis

The Modelling Process

Management Science Models and Techniques
Linear Programming
Transportation and Assignment
Integer Linear Programming
Network Models

Project Management

Inventory Models

Queuing Models

Simulation

Decision Analysis

Multicriteria Analysis
Forecasting

Dynamic Programming

Learning objectives By the end of this chapter you will be able to:

Explain what management science is

o Detail areas in business where management science is commonly used

e Describe the management science approach or methodology

e Build and use simple quantitative models
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2 CHAPTER 1 INTRODUCTION

Introduction to Management Science

Air New Zealand; Amazon; American Airlines; AT&T; Boeing; BMW; British Airways;
Citibank; Dell; Delta Airlines; Eastman Kodak; Federal Express; Ford; GE Capital;
Hanshin Expressway, Japan; an Indian tea producer; IBM; Kellogg; NASA; National
Car Rental; Nokia; Procter & Gamble; Renault; UPS; Vancouver Airport.

At first sight it’s not obvious what connects these organizations together. They’re
from different countries; some are private sector, some public sector; some operate
internationally, some domestically; they’re in different industrial and commercial
sectors; they’re of different sizes. However, they do have one thing in common — they
all successfully use management science to help run their organization.

Management science (MS) has been defined as helping people make better deci-
sions. Clearly, decision-making is at the heart of a manager’s role in any organiza-
tion. Some of these decisions will be strategic and long-term: which new products
and services to develop; which markets to expand into and which to withdraw from.
Some will be short-term and operational: how many checkouts to open at the
supermarket over the weekend; which members of staff to allocate to a new project.
Get the decisions right and the organization continues to succeed. Get the decisions
wrong and the organization may fail and disappear. Managers in just about any
organization round the world will almost certainly tell you that life has never been
tougher. There’s increasingly fierce competition — in the public sector as well as
private sector; customers require more and more but want to pay less; technological
changes continue to gather speed; financial pressures mean that costs and produc-
tivity are constantly under scrutiny. Organizations are under pressure to do things
better, do them faster and do them for less in terms of costs. Making the right
decisions under such pressures isn’t easy and it’s no surprise that many organizations
have turned to management science to help.

In today’s harsh business environment organizations and managers are looking
for structured, logical and evidence-based ways of making decisions rather than
relying solely on intuition, personal experience and gut-feel. Management Science
(also known as Operational Research) applies advanced analytical methods to busi-
ness decision problems. Management emphasizes that we’re interested in helping
manage the organization better — that MS is very much focussed on the practical,
real world. Science means that we’re interested in rigorous, analytical and systematic
ways of managing the organization better.

Does it Work?
Well, lots of organizations — like those above — think so. And there’s plenty of
evidence to show that MS really makes a difference. Some examples:

e The UK telecoms company BT used MS in the way it planned the work of
its repair engineers, saving around £125 million a year.

o British Airways used MS to review its spare parts policies for its aircraft
fleet and identified £21 million of savings.

e Motorola applied MS to its procurement strategy. During the first 18 months of
implementation, Motorola saved US$600 million, or approximately 4 per cent,
on US$16 billion of parts purchases

o Ford used MS to optimize the way it designs and tests new vehicle prototypes,
saving over £150 million

o A leading UK bank, LloydsTSB, used MS to design the seating configuration
in its call centres eliminating the need to build, and pay for, additional capacity
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INTRODUCTION TO MANAGEMENT SCIENCE

MANAGEMENT SCIENCE IN ACTION

ne of the great success stories in management

science involves the work done by the opera-
tions research (OR) group at American Airlines. In
1982, Thomas M. Cook joined a group of 12 opera-
tions research analysts at American Airlines. Under
Cook’s guidance, the OR group quickly grew to a staff
of 75 professionals who developed models and con-
ducted studies to support senior management deci-
sion making. Today the OR group is called Sabre and
employs 10000 professionals worldwide. One of the
most significant applications developed by the OR
group came about because of the deregulation of
the airline industry in the late 1970s. As a result of
deregulation, a number of low-cost airlines were able
to move into the market by selling seats at a fraction of
the price charged by established carriers such as
American Airlines. Facing the question of how to com-
pete, the OR group suggested offering different fare
classes (discount and full fare) and in the process
created a new area of management science referred

to as yield or revenue management. The OR group
used forecasting and optimization techniques to deter-
mine how many seats to sell at a discount and how
many seats to hold for full fare. Although the initial
implementation was relatively crude, the group contin-
ued to improve the forecasting and optimization mod-
els that drive the system and to obtain better data. Tom
Cook counts at least four basic generations of revenue
management during his tenure. Each produced in
excess of US$100 million in incremental profitability
over its predecessor. This revenue management sys-
tem at American Airlines generates nearly $1 billion
annually in incremental revenue. Today, virtually every
airline uses some sort of revenue management sys-
tem. The cruise, hotel and car rental industries also
now apply revenue management methods, a further
tribute to the pioneering efforts of the OR group at
American Airlines.

*Based on Peter Horner, ‘The Sabre Story’, OR/MS Today (June 2000).

Samsung used MS to cut the time taken to produce microchips, increasing
sales revenue by around £500 million.

A UK hospital used MS to develop a computerized appointments system that

cut patient waiting times by 50 per cent.

Peugeot applied MS to its production line in its car body shops where
bottlenecks were occurring. MS improved production with minimal capital
investment and no compromise in quality contributing US$130 million to

revenue in one year alone.

Air New Zealand wanted to improve the way it scheduled staff allocation and
rostering. Applying MS methods enabled the company to save NZ$15 million
per year as well as implement staff rosters that built in staff preferences

Procter and Gamble, the consumer products multinational, used MS to review
its approach to buying billions of US$ of supplies. Over a two year period this
generated financial savings of over US$300 million.

Source: Operational Research Society and the Institute for Operations Research and the
Management Sciences (INFORMS)

And to achieve these results organizations need people who understand the
subject — management scientists — and this is why this textbook has been written.
The aim of this text is to provide you with a number of the technical skills that a
management scientist needs and also to provide you with a conceptual understand-
ing as to where and how management science can successfully be used. To help with
this, and to reinforce the practice of management science, we will be using Manage-
ment Science in Action case studies throughout the text. Each case outlines a real
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CHAPTER 1 INTRODUCTION

application of management science in practice. The first of these, Revenue Manage-
ment at American Airlines, describes one of the most significant applications of
management science in the airline industry.

Patrick Blackett
(1897-1974) — later
Baron Blackett — was one
of the leading figures in
the UK in the early years
of operational research
during Word War Il and
after. With a background
in physics (for which he
was awarded the Nobel
Prize), his declared aim
was to find numbers on
which to base decisions,
not emotion.

In 1948 the Operational
Research Club of Great
Britain was established
as a way of bringing
together those with an
interest in seeing OR
introduced into industry,
commerce and
government. The Club
became the OR Society
in 1953.

The first Masters and
Ph.D academic
programmes in OR were
established in 1951 at
the Case Institute of
Technology, Cleveland
Ohio.

Where Did MS Come From?

At this stage you may be wondering; where did MS come from, how did it develop? It
is generally accepted that management science as a recognized subject has its origins
in the United Kingdom around the time of the Second World War (1939-1945). The
UK’s very survival was threatened by its military enemies and the UK government
established a number of multidisciplinary groups to apply scientific methods to its
military planning and activities. Such groups consisted of scientists from a variety of
backgrounds: mathematics, statistics, engineering, physics, electronics, psychology as
well as military personnel and were tasked with researching into more effective
military operational activities (hence the name operational research). These groups
made significant contributions to the UK’s war efforts including: improvements in the
early-warning radar system which was critical to victory in the Battle of Britain; the
organization of antisubmarine warfare; determination of optimum naval convoy sizes;
the accuracy of bombing; the organization of civilian defence systems. The fact that
these teams were multidisciplinary but also scientifically trained contributed signifi-
cantly to their success. Their scientific training and thinking meant they were used to
challenging existing ideas, they were used to querying assumptions made by others,
they saw experimentation as a routine part of their analysis, they applied logic to
problem solving and decision making, they collected and analyzed data to support
their thinking and their conclusions. The fact that members of the team had different
backgrounds, expertise and experience meant that not only could they challenge each
other’s thinking but they could also combine different approaches and thinking
together for the first time. With the entry of the USA into the Second World War
following Pearl Harbor, and given the obvious success of operational research in the
UK, a number of similar groups were also established throughout the US military
(usually known as operations research groups).

After the war, operational research continued to develop in the military and in
defence-related industries on both sides of the Atlantic. In the US, there was
considerable academic development of management science partially financed by
the US military, particularly in the areas of mathematical techniques. In the UK,
however, operational research took on a new role contributing to the programme of
economic reconstruction and economic and social reform pursued by the new
Labour Government at the end of the war. The challenges faced by industry and
government in the UK at the time were major. There were issues relating to the
move back to a peacetime economy and the huge transition that this would require;
there were issues relating to the management and development of the newly nation-
alized industrial organizations in industries such as coal, steel, gas, electricity, trans-
port; there was the huge demobilization of workers moving away from supporting
the war effort and back into peacetime employment. Partly as a result, and partly
because of the perceived success of operational research in the military, a number of
large operational research groups were established in these industries and in govern-
ment. Around this time also, academic programmes in management science began
to be introduced and the first dedicated textbooks started to appear.

Since then management science teams and management science techniques
have spread into a wide variety of industrial and commercial companies, central
government, local government, health and social care, across many different
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MANAGEMENT SCIENCE APPLICATIONS 5

countries. This development was in part facilitated by the huge explosion in
computing facilities and computer power. In the twenty-first-century management
science techniques are now a standard part of popular computer software, such as
Excel, and management science techniques are routinely taught across university
business and management programmes. Many countries now have their own
professional society for management scientists with the International Federation
of Operational Research Societies (IFORS) acting as an umbrella organization
IFORS was founded in comprising the national management science societies of over forty five countries
1959 with a total combined membership of over 25000. Welcome to the club!

Management Science Applications

At this stage it will be worthwhile providing an overview of some of the decision
areas where MS is applied. Later on in the chapter, we shall examine the more
common management science techniques that are applied across these application
areas and that we shall be developing in detail through the text.

Assignment

Assignment problems arise in business where someone has to assign resources or
assets (like people, vehicles, acroplanes) to specific tasks and where we want to do this
to minimize the costs involved or to maximize the return or profit we earn. A simple
example of this situation arises when an ambulance depot has a given number of
emergency ambulances available throughout the day. Based on past experience it
expects a number of emergency calls throughout the day to which it has to respond
swiftly. Each of its ambulances has a dedicated crew but the crews have differing
expertise and experience. The depot has to decide which individual ambulance to
assign to each emergency call. It may try to do this to minimize the time taken to
reach the location or to minimize the travel distance covered, or to send the ‘best’
crew to each type of emergency call. Whilst assignment problems often look simple,
in real life they can be extremely complex and difficult to get right. Examples of
assignment problems include: assigning referees to World Cup soccer matches;
assigning students to classes; assigning airline crews to aircraft; assigning surgical
teams to patients; assigning construction equipment to different construction proj-
ects. Management science has developed special techniques to help formulate and
solve such assignment problems.

Data Mining

Largely because of the technology now available, many organizations are collecting
large volumes of data about sales, customers, spending patterns, lifestyles and the
like. Think about what happens when you use your credit card to buy groceries at
the supermarket. The supermarket knows what you’ve bought (and can track trends
in your purchases over time); the supermarket’s suppliers know which products are
selling and which are not; your bank knows your spending profile across the year.
Used smartly, this data can allow organizations to understand better what is happen-
ing and to tailor and adapt their strategies, products and services accordingly. The
supermarket can send you details of special offers on the items you normally buy (or
perhaps on the ones that you don’t buy); your bank knows when you might need a
loan. Data mining is concerned with sifting through large amounts of data and
identifying and analyzing relevant information. Historically, its use has been con-
centrated on business intelligence and in the financial sector, although its use is
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rapidly expanding across other business sectors. Data mining goes beyond routine
descriptive or quantitative analysis through the application of sophisticated techni-
ques and algorithms.

Financial Decision Making

MS plays a considerable role in financial decision making and the finance sector is a
major user of MS techniques. Think about your credit card again. Someone at your
bank or finance company had to decide what credit limit to give you when you took
out the card. Too little and you might use a card from another bank. Too much and
you may get into debt and be unable to pay them back the money they’ve effectively
let you spend. Areas where MS is routinely used include credit scoring — where an
individual’s or an organization’s ability to repay credit or loans is assessed quantita-
tively so that the lender can assess the risks involved in the loan; capital and invest-
ment budgeting — where an organization must decide on the appropriate capital or
investment projects it will fund; portfolio management — where a suitable mix of
investments must be determined.

Forecasting

It seems self evident that business organizations need to undertake effective fore-
casting of key business variables. Forecasting future sales for a retail organization;
forecasting air traffic volumes for a busy airport; forecasting demand for medical
care at a new hospital. Getting such forecasts right typically involves analyzing the
situation both quantitatively and qualitatively and a number of MS techniques are
usefully applied in forecasting situations.

Logistics

Logistics management is typically concerned with managing an organization’s supply
chain efficiently and effectively. All organization’s need to manage the supply of
resources that they need to produce goods and services — all the way from having a
new factory built, to the supply of machinery to run the factory, to the power needed
to run the machinery, to the paper clips that will be used in the factory office. In an
increasingly global and competitive economy, good logistics management can make
the difference between business success and failure. MS is routinely used to help
organizations make logistical decisions.

Marketing

The area of marketing is another that makes extensive use of MS. Managers frequently
have to make decisions regarding their organization’s marketing strategy — the
mixture of different marketing media that will be used to promote goods or services.
The decision problem is that different media will incur different costs and will reach
different audiences with varying degrees of effectiveness. The problem for the manager
is deciding what a suitable marketing strategy looks like.

Networks

A network is typically defined as an interconnected group or system of things. The
things might be roads or railways in terms of a transportation network; or computers
in a computer network; or telephones in a telecoms network. Planning and manag-
ing such networks is a critical task if the network is to function effectively — we’ve
probably all been stuck in a traffic jam at some time where the road network
couldn’t handle the traffic volumes or we've called through to a call centre to be
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put on hold because the phone network couldn’t cope with demand. MS techniques
are applied to examine network flows — how quickly and efficiently things flow, or
move, through the network.

Optimization

Organizations are frequently looking for the best, or optimal, solution to a
decision problem they have. How do we maximize profit from our sales? How
do we minimize production costs? What is the optimum size for our workforce?
In the search for such an optimum solution, organizations will not have a totally
free hand in deciding what to do. Typically they will face certain restrictions or
constraints on what they are able to do. An organization seeking to maximize
profit from sales may face constraints in terms of its production capacity, or the
finite demand for its products. A company seeking to minimize production costs
may be locked into long-term supply contracts with some of its customers and is
constrained to meet these contract requirements. An organization looking to
determine the optimum size of its workforce may have certain health and safety
requirements to meet. MS has developed a number of different techniques for
dealing with such optimization problems.

Project Planning and Management

All organizations need to be able to plan and manage projects effectively. The
project may be relatively small involving few resources and capable of being com-
pleted fairly quickly — organizing the move of a team from one part of the office to
another — or it may be large and complex with a large budget and requiring
considerable time and effort — planning the 2016 Rio de Janeiro Olympics. Once
again, MS has developed techniques to allow for the efficient and effective planning
and management of projects.

Queuing

We’ve all been in one at some time — a queue. It may have been a queue at a
supermarket while we’re waiting at the checkout; or a queue of cars at a traffic
signal; or a queue of print jobs at the network printer. Queues are frustrating for
those affected but are also difficult to manage cost-effectively. Putting extra staff on
the supermarket checkout may well reduce the time customers spend queuing but
this will also increase the supermarket’s operating costs, so some compromise will be
needed. MS uses queuing theory to examine the impact of management decisions on
queues.

Simulation

It’s not usual in business and management to be able to experiment before making a
major decision. For example, we may be considering a major alteration to our
production lines to boost productivity. We may be thinking about altering an air-
line’s global flight timetable to increase competitiveness and market share. We may
be thinking about redeploying police patrol vehicles to help tackle crime. It’s
unlikely that we would in practice be able to experiment and try different solutions
to see what happened, although most managers would like to be able to do so, to
assess the likely consequences of alternative decisions. However, whilst we can’t
experiment in the real world we can experiment using computer modelling known as
simulation. Computer simulation involves running virtual experiments so that the
consequences of alternative decisions can be analyzed.
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MANAGEMENT SCIENCE IN ACTION

Workforce Scheduling For British Telecommunications PLC

B ritish Telecommunications (BT) are leading pro-
viders of telecommunications services in the
UK. BT employs over 50000 field engineers to main-
tain telecoms networks, repair faults and provide a
variety of services to customers. Managing the work-
force effectively is critical to efficiency, profitability,
customer service, service quality and to staff morale
and motivation. Workforce scheduling is essentially
about making sure the right field engineer goes to
the right customer at the right time with the right
equipment. However, BT faced a very complex task.
The skills and experience of engineers varied con-
siderably; their geographical location was effectively
fixed; scheduling had to incorporate individual
engineer constraints such as breaks and holidays;

the difficulty of predicting in advance how much
time some jobs would take. The Operational
Research department at BT developed Work Man-
ager, an information system that automates work
management and field communications. Rolled
out in 1997 and reaching 20 000 engineers in 1998,
this was saving BT US$150 million a year on opera-
tional costs by 2000. When deployed over the tar-
geted workforce of 40000 people, the system
was projected to save an estimated US$250 million
a year.

Based on David Lesaint, Christos Voudoris, Noder Azarmi ‘Dynamic
Workforce Scheduling for British Telecommunications plc’, Interfaces
30, no. 1 (Jan/Feb 2000): 45-56

Transportation

Transportation problems involve, predictably enough, situations where items have to
be transported in an efficient and effective way. This might involve transporting
manufactured products, such as smartphones, from where they’re made to where
they’'re sold. It might involve transporting medical supplies, such as blood and
plasma, from where they’re collected to where they’re needed. It might involve
transporting food and emergency supplies from donor countries to the site of a
natural disaster such as an earthquake or cyclone. MS has developed techniques to
help managers make appropriate decisions about transportation problems.

We've tried to show in this section that MS isn’t just a collection of specialized
techniques only of interest to the MS specialist but rather that MS has a role to play
in many organizations where managers face such decisions. Throughout the text,
we’ll deliberately be introducing MS techniques in a business and management
context. That is we’ll be looking at a typical business decision problem and then
seeing how MS can help managers make better decisions.

The MS Approach

Not surprisingly, given the emphasis on a scientific approach to management,
management scientists try to follow a logical, systematic and analytical method when
looking at a decision problem. This approach (or methodology) is summarized in
Figure 1.1 and follows a sequence of: Problem Recognition; Problem Structuring and
Definition; Modelling and Analysis; Solution and Recommendations; Implementation.
(Note: different management scientists have their own versions of this methodology.
However, most of these are similar in content.)

We shall use a simple scenario to show how the methodology is applied. The President
of the College where you are studying has heard that you're studying management
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Figure 1.1 The MS approach

Problem
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‘scientifically’ and has asked for your help. The President has become increasingly
concerned about traffic congestion on campus and in the nearby community that
neighbours the College. There seem to be an increasing number of cars using the
campus, parking is becoming increasingly difficult especially at peak periods, there has
been a spill-over effect on the local community with more cars parked off-campus making
it difficult for local residents to go about their business or to park themselves. The
President has asked for your help in terms of what to do about the problem.

Problem Recognition

The first step is clearly to realize that a problem exists that requires a decision. This
may seem obvious — and the College President has already done this — but in a wider
management context it implies that an organization has systems in place for under-
taking monitoring and observation so that problem situations are identified at an
early a stage as possible. This implies that an organization has robust performance
monitoring and measurement systems in place at both the operational, day-to-day
level and at the strategic, long-term level. It is also worth noting that such observa-
tions will typically be undertaken by the manager in an organization — like the
College President — rather than the management scientist.

We have used the word ‘problem’ here which is standard MS terminology. Whilst
MS is typically focussed on helping solve problems — as in the case of the College
traffic levels — it is also extensively used in situations to help evaluate opportunities.
The College may be thinking, for example, of introducing a specialist MS degree
programme and wants to know which type of publicity and marketing to use — the
Internet? TV and radio? Social media? Business press?

Problem Structuring and Definition

The next stage of the MS approach is to structure the problem. This is about
ensuring that the problem is properly understood, it is placed in context and that
a clear definition of the problem to be investigated is agreed. This stage is critically
important to effective MS. Improper, or inappropriate, structuring and definition of
the problem may result in inappropriate analysis and inappropriate solutions being
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identified and in the real world this problem structuring phase can be difficult,
complex and time-consuming. In our College example we would need first to put
the problem into a wider context. How long has this problem been going on?
When does it happen — during the day, at weekends, during semester? Is this
just the President’s opinion or is there general acceptance that the problem is
real? We might at this stage want to collect some preliminary data to help scope
the problem or we may want to use some qualitative MS tools (that we discuss
later) to help shape our thinking on exactly what the problem is. It is then
important to define the problem to be investigated and agree the overall purpose
and specific aims of any analysis that we might undertake. In the College
example we may set out the following:

How serious is the traffic problem on campus?
What is causing/contributing to the problem?
What could be done about the problem?

It is critical that the client — the College President — is involved in this process.
Even though they may have no expertise in MS, they are the client for the project
and it is important that they are involved in this stage to agree the problem so that
MS can then go on to solve the right problem.

Modelling and Analysis

Once we have an understanding of the wider problem context and the specific
aims of the project we can begin our analysis of the problem. Such analysis is
likely to be a combination of two types: quantitative analysis and qualitative
analysis. These are sometimes referred to as hard MS and soft MS respectively
and a good management scientist will need to develop skills in both. Soft MS
relies on a range of primarily qualitative approaches to decision making and
focuses on the people making a decision rather than on the decision problem
itself. The role of the management scientist in such a situation is primarily in
facilitating a critical, but open, discussion of differing viewpoints and perceptions
of the decision problem. Soft MS relies on verbal problem descriptions and makes
extensive use of diagrams and pictorial presentations. Such soft methods help the
decision makers to develop a shared understanding of the problem they face and
to agree on a consensus course of action to which they are committed. Hard MS,
on the other hand, tends to focus primarily on the decision problem and applies
mathematical and statistical techniques to finding a solution to the problem. In
this text we are concerned primarily with quantitative analysis, hard MS, and
through the text we shall be introducing a variety of techniques that are commonly
used — typically referred to as models. A manager can increase their decision-making
effectiveness by learning more about quantitative methodology and models and by
better understanding their contribution to the decision-making process. A manager
who is knowledgeable in quantitative decision-making models is in a much better
position to compare and evaluate both the qualitative and quantitative sources of
recommendations and ultimately to combine the two sources in order to make the best
possible decision. The skills of the quantitative approach can be learned only by studying
the assumptions and methods of management science. In the case of the College traffic
problem we may end up analyzing the situation in a number of different ways:

o Undertaking a quantitative analysis of past and current traffic flows on campus.
e Producing quantitative forecasts of likely future traffic flows.
e Determining the optimum amount of traffic that the campus can handle.

Analyzing the effect of alternative traffic schemes on campus.
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Solutions and Recommendations

Once the problem analysis is complete through the use of an appropriate MS model,
we should be in a position to offer a solution — or sometimes alternative solutions — for
the problem. However, it is important to realize that such solutions must be placed in
the wider problem context. MS is rarely able to offer a definitive solution to a manager
in the form: this is what you should do. Rather the application of MS generates addi-
tional information about the problem — and often this information is available only
through the application of MS — which the manager must evaluate alongside other
information they will have about the problem. In the case of the College, through
appropriate application of MS we may be able to offer potential solutions to the
President for consideration. However, these solutions will need to be placed in the
wider problem context — what budget is available for any changes to road layouts, for
example; what would staff and student reaction be to such changes? And so on.

Implementation

Finally, we come to implementation of the solution. Again, this is likely to be a
managerial action rather than that of the management scientist. However, the man-
agement scientist has an important role to play here. Successful implementation of
results is of critical importance to the management scientist as well as the manager. If
the results of the analysis and solution process are not correctly implemented, the
entire effort may be of no value. It doesn’t take too many unsuccessful implementa-
tions before the management scientist is out of work. Because implementation often
requires people to do things differently, it often meets with resistance. People want to
know, ‘What'’s wrong with the way weve been doing it?’ and so on. One of the most
effective ways to ensure successful implementation is to include users throughout the
modelling process. A user who feels a part of identifying the problem and developing
the solution is much more likely to enthusiastically implement the results. The success
rate for implementing the results of a management science project is much greater for
those projects characterized by extensive user involvement.

And of course that brings us back full circle in Figure 1.1 to Problem Recognition! It
will be necessary to set up some observation system so that the solution that has
been implemented is monitored and evaluated so that we will know whether the
problem has been resolved or whether further analysis and work is needed.

It is also worth commenting that in practice the management science methodology
outlined, will not be as neat, logical or as easy as it appears in Figure 1.1. In practice
many management science problems are messy and will require an iterative approach
where we move back and forth across the different stages of the methodology. We may
develop an agreed problem structure and definition but when we move on to the
Modelling and Analysis stage we realize our problem definition was inappropriate
and needs revisiting. We may develop what we believe to be an appropriate model and
make recommendations only to find that the recommendations cannot realistically be
implemented because of factors our model did not take into account. Figure 1.2 is a
more realistic picture of the methodology we’re likely to have to follow in real life
indicating that we may have to jump around the approach a lot, go back to earlier
stages, redefine the problem and so on. It looks a mess, doesn’t it? And that’s deliberate
because a lot of MS in the real world is messy (ask any management scientist). We start
by recognizing that there’s some problem. We do some problem structuring and then
some modelling and analysis. It may be at that stage we realize we haven’t actually
structured and defined the problem properly so have to go back a step. Eventually
when we’ve got the analysis right we present recommendations to the client who tells us
they are not realistic or practical so may have to go back to the drawing board again.
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Figure 1.2 Revised MS approach
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Management science makes considerable use of models. Models are representations of
real objects or situations and can be presented in various forms. For example, Airbus
may make a scale model of an aeroplane that they’re thinking of producing. VW may
make a model of a new vehicle prototype. The model aeroplane and vehicle are
examples of models that are physical replicas of real objects. In modelling terminology,
physical replicas are referred to as iconic models. Another classification of models — the
type we will primarily be studying — includes representations of a problem by a system
of symbols and quantitative relationships or expressions. Such models are referred to as
mathematical models and are a critical part of any quantitative approach to decision
making. For example, the total profit from the sale of a product can be determined by
multiplying the profit per unit by the quantity sold. If we let x represent the number of
units sold and P the total profit, then, with a profit of €10 per unit, the following
mathematical model defines the total profit earned by selling x units:

P =10x (1.1)

The symbols P and x are known as variables — their exact numerical value can vary,
it is not predetermined or fixed. The variable P, profit, is known as a dependent
variable since its value depends on x, the number of units sold. x is referred to as an
independent variable since its value in this equation is not dependent on another
variable. The whole equation is referred to as a functional relationship. We are
relating profit, P, to the number of units sold, x, and we are saying that profit is a
function of sales. The value of €10 in equation (1.1) is known as a parameter.
Parameters are known, constant values. Unlike variables their value does not change.
The values for parameters in a model are usually obtained from observed data. In this
case the data is likely to be readily available and reliable and accurate, after all, we
know the price we’re selling the product for. In other cases, however, the value of a
parameter may have to be estimated using the best available data and may be less
reliable. Consider a different model, for example, where we are relating the number of
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errill Lynch, a brokerage and financial services

firm with more than 56000 employees in 45
countries, serves its client base through two busi-
ness units. The Merrill Lynch Corporate and Institu-
tional Client Group serves more than 7 000 corpora-
tions, institutions and governments. The Merrill
Lynch Private Client Group (MLPC) serves approxi-
mately four million households, as well as 225000
small to mid-sized businesses and regional financial
institutions, through more than 14 000 financial con-
sultants in 600-plus branch offices. The manage-
ment science group, established in 1986, has been
part of MLPC since 1991. The mission of this group
is to provide high-end quantitative analysis to
support strategic management decisions and to
enhance the financial consultant—client relationship.
The group has successfully implemented models
and developed systems for asset allocation, finan-
cial planning, marketing information technology,
database marketing and portfolio performance
measurement. Although technical expertise and
objectivity are clearly important factors in any ana-
lytical group, the group attributes much of its suc-
cess to communications skills, teamwork and con-
sulting skills. Each project begins with face-to-face
meetings with the client. A proposal is then pre-
pared to outline the background of the problem,
the objectives of the project, the approach, the
required resources, the time schedule and the
implementation issues. At this stage, analysts focus

on developing solutions that provide significant
value and are easily implemented. As the work
progresses, frequent meetings keep the clients
up-to-date. Because people with different skills,
perspectives and motivations must work together
for a common goal, teamwork is essential. The
group’s members take classes in team
approaches, facilitation and conflict resolution.
They possess a broad range of multifunctional
and multidisciplinary capabilities and are motivated
to provide solutions that focus on the goals of the
firm. This approach to problem solving and the
implementation of quantitative analysis has been a
hallmark of the group. The impact and success of
the group translates into hard dollars and repeat
business. The group recently received the annual
Edelman award given by the Institute for Operations
Research and the Management Sciences for effec-
tive use of management science for organizational
success. As Launny Stevens, Merrill Lynch Vice
Chairman commented, ‘Operational Research
allowed us to seize the initiative in the marketplace.
We have moved forward like a bullet train and it is
our competitors that are scrambling not to get
run over'.

*Based on Russ Labe, Raj Nigam, and Steve Spence, ‘Manage-
ment Science at Merrill Lynch Private Client Group’, Interfaces 29,
no. 2 (March/April 1999): 1-14. and The Guide to Operational
Research, http://www.theorsociety.com/Science_of_Better/htdocs/
prospect/or_executive_guide.pdf

items sold to the price charged. In this case we know that if we increase the price of
the product it will affect sales but we may not know for certain the exact numerical
effect — the exact value of the parameter. Here, we would have to estimate the parameter
value and recognize that this may affect the reliability of the model results — the model
can only be as accurate as the data used in its construction. Understandably this is why so
much effort goes into data collection in management science.

The purpose, or value, of any model is that it enables us to make inferences about
the real situation by studying and analyzing the model which in turn can help us make
decisions. For example, an aeroplane designer might test an iconic model of a new
aeroplane in a wind tunnel to learn about the potential flying characteristics of the full-
size aeroplane. Similarly, a mathematical model may be used to make inferences about
how much profit will be earned if a specified quantity of a particular product is sold.
According to the mathematical model of Equation (1.1), we would expect selling three
hundred units of the product (x = 300) would provide a profit of P = 10(300) = €3000.
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In general, experimenting with models requires less time and is less expensive than
experimenting with the real object or situation. A model aeroplane is certainly quicker
and less expensive to build and study than the full-size aeroplane. Similarly, the
mathematical model in Equation (1.1) allows a quick identification of profit expect-
ations without actually requiring the manager to produce and sell 300 units. Models
also have the advantage of reducing the risk associated with experimenting with the
real situation. In particular, bad designs or bad decisions that cause the model aero-
plane to crash or a mathematical model to project a €10 000 loss can be avoided in the
real situation. The value of model-based conclusions and decisions is dependent on
how well the model represents the real situation. The more closely the model
aeroplane represents the real aeroplane the more accurate the conclusions and
predictions will be. Similarly, the more closely the mathematical model represents
the company’s true profit-volume relationship, the more accurate the profit pro-
jections will be.

Obviously our model in equation (1.1) is quite simple and basic — it consists of
only one equation after all. To illustrate some additional aspects of MS models
we’ll expand the situation. Let us assume that management have agreed, during
the problem structuring and definition phase, that their problem is to maximize
the company’s profit, P. However, they have also identified certain factors that
must be taken into account when seeking to maximize profit. One critical
requirement relates to the fact that each unit of the item produced by the
company takes five hours of production time and that each day there are only
40 hours of production time available given the existing workforce. We can show
the company’s objective mathematically as:

Maximize P = 10x

And we refer to this as the objective function. We can also show the production
limitation as:

bx < 40

where 5x shows the amount of production time need to produce x units and 40 shows
the total available production time. The symbol shows that the amount of produc-
tion time needed must be less than, or equal to, the 40 hours maximum that is
available. We refer to this expression as a constraint. We also have a ‘common
sense’ requirement that:

x>0

that is, that production cannot be negative. Clearly, this makes sense from a business
perspective and whilst it may seem unnecessary to be this explicit it is important to specify
such requirements mathematically to ensure our model represents business reality
as closely as possible. We then have a complete model for the production situation:

Maximize P = 10x

Subject to:
5x <40
x>0

This model can now be used to help management. Clearly, the decision relates to the
value of x which will maximize profit, P, but also meets the specified constraint
requirements. x is often referred to as the decision variable — the variable about
which we need to take some decision typically in the context of what numerical value
it should take.
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MANAGEMENT SCIENCE IN ACTION

Models in Federal Express*

Today, Federal Express (FedEx), is an acknowl-
edged leader in delivery services worldwide
with an annual revenue of over $30 billion and
around '/, million employees and contractors. It
has the largest civil aviation fleet in the world. Its
founder and CEO, Frederick W. Smith acknowl-
edges the role that models and management sci-
ence have played in the company’s success.
Indeed, if it hadn't been for this FedEx might not
be here today! Smith started FedEx in 1973 offer-
ing an overnight package delivery service between
11 cities in the south and southeast of the US.
The innovative service operated on a hub-and-
spoke system (named after an old fashioned
wagon wheel, where the hub is the centre part
of the wheel and the spokes radiate out from the
centre to the edge of the wheel). Smith’s idea
was to use a fleet of aeroplanes to transport all
packages from their origin, to a central hub
facility (in Memphis). Then all the packages
would be sorted and flown back out across the
spokes to the city of destination. Many people
commented at the time that this was a crazy
idea and would never work. They were almost
right. FedEx had acquired a fleet of 22 executive
jets to use as cargo planes and the service

started in March 1973 between 11 cities. It was
hardly an auspicious start — only six packages
needed delivery and the next couple of days
proved no better. The company stopped its air
delivery service. Fortunately Smith brought in col-
leagues who had an analytical and modelling back-
ground. An initial model was developed looking at
improving the origin-destination network that had
originally been set up across 11 cities by taking a
more analytical approach looking at the types of
business in each city (FedEx’s potential customers),
competition, likely market share. As a result a new
26 city network was proposed and two months later,
in April 1973, FedEx reopened its air delivery service
to great success. Additional models were developed
not long after, helping the business grow and suc-
ceed: a flight scheduling and resourcing model and
a financial planning model allowing FedEx to assess
the financial implications of alternative routes and
flying schedules. Unsurprisingly, CEO Fred Smith
has become a strong supporter of management
science modelling.

*Source: FedEx website and on Absolutely, Positively Operations

Research: the Federal Express Story, R.0. Mason, J.L. McKenney,
W. Carlson and D. Copeland in Interfaces 27:2 March-April 1997

pp 17-36

Models of Cost, Revenue and Profit

Some of the most basic quantitative models arising in business and economic
applications are those involving the relationship between a volume variable —
such as production volume or sales volume — and cost, revenue and profit.
Through the use of these models, a manager can determine the projected cost,
revenue, and/or profit associated with an established production quantity or a
forecasted sales volume. Financial planning, production planning, sales quotas
and other areas of decision making can benefit from such cost, revenue and
profit models.

Cost and Volume Models

The cost of manufacturing or producing a product is a function of the volume
produced. This cost can usually be defined as a sum of two costs: fixed cost and
variable cost. Fixed cost is the portion of the total cost that does not depend on the
production volume: this cost remains the same no matter how much is produced.
Variable cost, on the other hand, is the portion of the total cost that is dependent
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on and varies with the production volume. To illustrate how cost and volume models
can be developed, we will consider a manufacturing problem faced by Nowlin Plastics
in Shanghai. Nowlin Plastics produces a variety of compact disc (CD) storage cases.
Nowlin’s bestselling product is the CD-50, a slim, plastic CD/DVD holder with a
specially designed lining that protects the optical surface of the disc. The holders are
sold in units of 50 cases. Several products are produced on the same manufacturing
line, and a setup cost is incurred each time a changeover is made for a new product.
Suppose that the setup cost for the CD-50 is €3000. This setup cost is a fixed cost
that is incurred regardless of the number of units eventually produced. In addition,
suppose that labour and material costs are €2 for each unit produced. The cost-volume
model for producing x units of the CD-50 can be written as:

C(x) = 3000 + 2x (1.2)

where
x = production volume in units
C(x) = total cost of producing x units

Once a production volume is determined, the model in Equation (1.2) can be
used to calculate the total production cost. For example, management have an order
for 1200 units (x = 1200) and using equation (1.2) we can see that this would result
in a total cost of C(1200) = 3000 + 2(1200) = €5400.

Marginal cost is defined as the rate of change of the total cost with respect to
production volume. That is, it is the cost increase associated with a one-unit increase
in the production volume. In the cost model of Equation (1.3), we see that the total
cost C(x) will increase by €2 for each unit increase in the production volume. Thus,
the marginal cost is €2. With more complex total cost models, marginal cost may
depend on the production volume. In such cases, we could have marginal cost
increasing or decreasing with the production volume x.

Revenue and Volume Models

Management of Nowlin Plastics will also want information on the projected revenue
associated with selling a specified number of units — a model of the relationship
between revenue and volume is also needed. Each case of CD-50 units sells for €5.
The model for total revenue can now be written as:

R(x) = 5x (1.3)

where
X = sales volume in units
R(x) = total revenue from selling x units

Marginal revenue is defined as the rate of change of total revenue with respect to
sales volume. That is, it is the increase in total revenue resulting from a one-unit
increase in sales volume. In the model of Equation (1.3), we see that the marginal
revenue is €5. In this case, marginal revenue is constant and does not vary with the
sales volume. With more complex models, we may find that marginal revenue
increases or decreases as the sales volume x increases.
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Profit and Volume Models

One of the most important criteria for management decision making in the private
sector is profit. Managers need to be able to know the profit implications of their
decisions. If we assume that we will only produce what can be sold, the production
volume and sales volume will be equal. We can combine Equations (1.2) and (1.3) to
develop a profit-volume model that will determine the total profit associated with a
specified production-sales volume. Total profit, denoted P(x), is total revenue minus
total cost; therefore, the following model provides the total profit associated with
producing and selling x units:

P(x) = R(x) — C(x)
= 5x — (3000 + 2x) = —3000 + 3x (1.4)

Breakeven Analysis

Using Equation (1.4), we can now determine the total profit associated with any
production volume x. For example, suppose that a demand forecast indicates that
500 units of the product can be sold. The decision to produce and sell the 500 units
results in a projected profit of:

P(500) = —3000 + 3(500) = —1500

In other words, a loss of €1500 is predicted. If sales are expected to be 500 units,
the manager may decide against producing the product. However, a demand fore-
cast of 1800 units would show a projected profit of:

P(1800) = —3000 + 3(1800) = 2400

or €2400. This profit may be enough to justify proceeding with the production and
sale of the product. We see that a volume of 500 units will yield a loss, whereas a
volume of 1800 provides a profit. The volume that results in total revenue equalling
total cost (providing €0 profit) is called the breakeven point. If the breakeven point
is known, a manager can quickly infer that a volume above the breakeven point will
result in a profit, while a volume below the breakeven point will result in a loss.
Thus, the breakeven point for a product provides valuable information for a man-
ager who must make a yes/no decision concerning production of the product. Let us
now return to the Nowlin Plastics example and show how the total profit model in
Equation (1.4) can be used to compute the breakeven point. The breakeven point
can be found by setting the total profit expression equal to zero and solving for the
production volume.
Using equation (1.4), we have:

P(x) = —3000 + 3x

0 = —3000 + 3x
3000 = 3x
x = 1000

With this information, we know that production and sales of the product must be
greater than 1000 units before a profit can be expected. The graphs of the total cost
model, the total revenue model, and the location of the breakeven point are shown
in Figure 1.3.
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Figure 1.3 Graph of the Breakeven Analysis for Nowlin Plastics
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MANAGEMENT SCIENCE IN ACTION

A Spreadsheet Tool for Catholic Relief Services*

C atholic Relief Services (CRS) is a not-for-profit
organization that supports development activ-
ities and humanitarian relief efforts across the world
operating with around 4000 field staff in almost 100
different countries. Its work is both short-term —
responding with emergency programmes to natural
and man-made disasters — and longer-term — sup-
porting development programmes in agriculture,
education and health. Its annual budget is around
US$500 million with around half of this going on
emergency aid and support. Each year managers
in CRS have to decide how best to allocate the
available funding to different projects in different
countries. Some of these projects are already in
place and need continuing funding and support
and yet each year requests for new projects have
to be considered. Not only do managers have to
take into account the available funding but also try
to ensure this funding is being used to best effect in the
context of the CRS mission and objectives. At the

time there was little in the way of analysis that was
used to help managers and CRS decide that it needed
a simple-to-use tool that would help managers make
more effective budget allocation decisions. A budget
allocation model was developed with a spreadsheet
tool. The spreadsheet model allocates available
funds in order to have maximum impact but at the
same time to be consistent with CRS mission objec-
tives and priorities. Managers are able to influence
the allocation, for example by setting limits to what
each country could practically cope with. Manage-
ment have responded positively to the current
model and spreadsheet tool partly because it is
simple to use and partly because they were involved
in shaping the model so have an understanding as
to how the spreadsheet tool works and can have
trust and confidence in its results.

*Based on Investment Analysis and Budget Allocation at Catholic Relief
Services, |. Gamvros, R. Nidel and S. Raghavan, Interfaces Vol. 36,
No. 5, September-October 2006, pp 400-406

The Modelling Process

As we have discussed, one of the features that distinguishes management science
from other management disciplines is the extensive use of models — both qualitative
and quantitative. Throughout the text we shall be introducing a number of the more
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common quantitative models used in management science. However, it must be
appreciated that such models and the process of creating suitable models is part of
the wider management science methodology that we discussed in Section 1.4.
Management science models are not plug-and-play solutions to management problems
(although some organizations do see, and use, them this way.) That is, it is not simply a
situation of choosing a model, plugging it into the problem and finding a solution.
Rather, model building in management science is both a science and an art. The
science comes from knowing what models are available, how they are typically con-
structed and used and what their limitations are. The art relates to the process of adapting
the model to the business problem being examined — making the model fit the problem
situation as well as it can and also appreciating where some of this fit is less good. It must
be remembered that any model is a simplified version of reality — we are not trying to
capture the problem situation in all its complexity but rather simplify the problem down
to its key elements so that we can more easily make sense of it and better analyze it.

The modelling process typically consists of a number of iterative stages. Initial
model selection involves the management scientist identifying which model, or
models, seem best suited for the problem. This typically follows the Problem
Structuring stage of the overall methodology outlined earlier in Figure 1.2. Obvi-
ously, this assumes that the management scientist is aware of the different models
available. Clearly, this is one of the purposes of this text — to help you become aware
of the different quantitative models available. However, for the management science
practitioner, this stage is less obvious than it first appears. Management Science, like
all other academic disciplines, is constantly changing with new models and techni-
ques being developed. It is also worth realizing that in practice more than one model
may be used. For example, in order to build and use a revenue model we might first
need to build a forecasting model to forecast consumer reaction to price and volume
changes. Following initial model selection we then typically get involved in data
collection as the next stage. This will involve searching for and collecting the data needed
by the model we have decided to use. Different models have different data require-
ments and to some extent the availability of appropriate data may restrict the choice
of model. As we shall see, some models require a lot of accurate and reliable data —
they’re often referred to as data-hungry models. If this isn’t available, the management
scientist may have to choose another model which has fewer data requirements (or set
out to collect the data that the first-choice model needs if time and budget permit).
Assuming appropriate data is available, the next stage is model construction — building
an appropriate model for the problem. Once again, in practice, this is more difficult
than it seems. Any model is a simplified version of reality — in other words there are
certain aspects of the problem that we conveniently push to one side in order to build a
simpler picture of the problem situation we face. This often requires the modeller to
make certain assumptions and these assumptions can make all the difference between a
good model and a bad one. Sometimes these assumptions may be explicitly stated. In
other cases they may be implied. If we return to the Nowlin breakeven model that we
built in Section 1.5 there are no explicit assumptions stated. However, there are certain
assumptions implied in the model. These include:

o We assume that the data used — such as fixed cost and variable cost — is known
for certain, is accurate and is fixed and constant.

o We assume that customers will continue to buy the product at €5 no matter
how many we sell and no matter what our competitors might do.

Such assumptions may be necessary to allow us to build a suitable model but they
may not always be reliable assumptions — or rather they may be reliable only under
certain limited conditions. The assumptions made may affect the reliability and

Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has
deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



20 CHAPTER 1 INTRODUCTION

usefulness of the model. This is another reason why the client/decision-maker should
also be involved in the modelling process — they may know better than the manage-
ment scientist which assumptions are realistic and which less so. Model testing or
model validation is typically the next stage. This is where we use the model and the
data to analyze/solve the problem and try to assess whether the model is a reason-
able one for the problem situation. In part this is about assessing whether the output
we get from the model appears sensible given the problem context. Finally, if we are
satisfied the model has been validated then we can proceed to model use — starting
to use the model to assist the decision-maker. Again, it is worth emphasizing that in
practice the modelling process — like the rest of the management science method-
ology — is messy, iterative, time-consuming and typically frustrating with a lot of trial-
and-error often taking place before a satisfactory outcome has been realized.

Management Science Models and Techniques

In this section we give a brief overview of the MS techniques and models covered in this
text and on the complementary online platform. Don’t be put off by the fact that some
may seem very technical. We'll see later how these techniques work and how they can
be used effectively in decision-making.

Linear Programming

We start the text by looking in detail at one of the classic MS techniques — that of
linear programming (LP). LP is a problem-solving approach developed for situations
where we require to determine an optimum solution and where we face certain
limitations or constraints on what we are able to do. We may seek to maximize profit,
minimize costs, minimize travel time, maximize sales but subject to various constraints
imposed on the problem. The term programming refers not to the need for computer
programming but to the fact that technique comprises a set of logical steps to
determine the optimal solution to an LP problem. The term /inear indicates that the
problem can be set out using linear (straight-line) relationships between the variables.

Transportation and Assignment

We next look at a specialized group of techniques that are applied to transportation
and assignment problems. These are common application areas where items have to
be transported between locations or where resources have to be assigned to partic-
ular tasks. Because of their relatively specialized focus, a number of solution techni-
ques have been developed for these types of problem.

Network Models

Specialized solution procedures exist for problems involving some sort of network
(such as roads or routes) enabling us to quickly and effectively solve problems in
such areas as transportation system design, information system design and project
scheduling.

Project Management

In many situations, managers are responsible for planning, scheduling and control-
ling projects that consist of numerous separate jobs or tasks performed by a variety
of departments, individuals and so forth. The PERT (Programme Evaluation and
Review Technique) and CPM (Critical Path Method) techniques help managers
carry out their project scheduling responsibilities.
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Inventory Models

Having the right levels of inventory, or stock, is critical for many organizations. Too
much inventory makes costs escalate. Too little inventory and sales and production
may suffer. Inventory models are used by managers faced with the dual problems of
maintaining sufficient inventories, or stock, to meet demand for goods and, at the
same time, incurring the lowest possible inventory costs.

Queuing Models

Waiting-line or queuing models have been developed to help managers understand and
make better decisions concerning the operation of situations involving queues. Using
mathematical models we shall see how queuing situations can be analyzed to predict
factors such as the time a customer may have to wait in a queue before service, the likely
size of queues that may build up and the effect on queues of changing the service process.

Simulation

Simulation is a computer-based technique used to model the operation of a system
or process so that experimentation can be conducted to evaluate the consequences
of alternative decisions. This technique employs computer programs to model the
operation and perform simulation computations.

Decision Analysis

Decision analysis is a formal approach to decision making and can be used to
determine optimal strategies in situations where there are several decision alter-
natives and where the outcomes or consequences of these decisions are uncertain.

Multicriteria analysis

We then have a chapter that introduces a variety of multicriteria methods. Such
methods are used where we are making a decision where we must somehow take a
variety of criteria into account when deciding what best to do. For example, you may be
considering buying a new laptop. In trying to decide which make and model to buy
you’ll take a variety of conflicting criteria into account: price, reputation, reliability and
so on. Goal programming is one technique for solving multicriteria decision problems,
usually within the framework of linear programming. Analytic Hierarchy Process is
another multicriteria decision-making technique which permits the inclusion of sub-
jective factors in arriving at a recommended decision.

The following four chapters are located on the associated premium online platform
that is autopackaged with the text. For more information on access, see the ‘Digital
Resources’ page at the front of the book.

Integer Linear Programming

Integer linear programming is an approach used for problems that can be set up as
linear programmes with the additional requirement that some or all of the decision
variables take integer values. For example, a car manufacturer may be looking to
optimize the number of dealer outlets to supply to, where, clearly, the number of
outlets must sensibly be an integer value.

Forecasting

We then look at a variety of forecasting techniques that can be used to predict
future aspects of a business operation. We look at time series models which
analyze the movement of a business variable over time; we look at methods of
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where we forecast the future trend in some variable; we look at

which focuses on trying to quantitatively explain and predict

the movement in a variable; and we introduce a number of qualitative approaches
to forecasting.

In this next online chapter, we look at dynamic programming which is an approach
that allows us to break up a large problem in such a fashion that once all the smaller
problems have been solved, we are left with an optimal solution to the large
problem. As with linear programming, the programming term indicates a logical
series of stages in our solution method.

Finally, in this last online chapter we look at Markov process models, which are
useful in studying the evolution of processes of systems over repeated trials. For
example, Markov processes have been used to describe the probability that a
machine, functioning in one period, will break down in another period.

|
Summary

This text focuses on the quantitative techniques and models that are commonly used in management
science.

The primary purpose of such techniques and models is providing information that will help people
make better decisions than they otherwise could have done.

Management science is used successfully in many business organizations and makes a substantial
contribution to improved performance at both the operational and strategic levels.

One of the distinguishing features of management science is its extensive use of models — both
qualitative and quantitative — to help decision-making. Knowledge of the quantitative management
science models that are available and their appropriate use is critical to a successful management
scientist. Equally important is a knowledge of the modelling process and where this fits into the wider
methodology adopted by management scientists.

As we progress through the text, we shall be developing your knowledge and understanding of the
more common quantitative management science models; we shall help you understand where their
use is appropriate through examples, case studies and Management Science in Action examples; we
shall develop your skills in modelling and we will help you become a better management scientist!

t the end of each chapter we shall introduce a
detailed business problem and show how
the problem can be analyzed using MS techniques
introduced in that chapter. You should read the
example and then develop your own solution to the
problem before going on to read our suggestions.
In this chapter we introduced the scenario that
the President of your College had approached you
seeking help with the problem of increased traffic

congestion on campus. Some initial survey work
suggests that during semesters around 5000 cars
per weekday arrive on campus although most do not
stay all day. Following some initial consultation, one
option now under consideration relates to the con-
struction of an additional short-term car park on
some spare land next to the campus. Initial analysis
has concluded that the car park could be con-
structed for a one-off cost of €2 million. To pay for
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the construction the College is able to take a 20-year
loan from the local bank (run by one of the College’s
alumni). Under the terms of the loan, the College
would pay off the amount at a rate of €250 000 per
year for 20 years. It is estimated that the car park
would cost a further €150000 per year to operate
and maintain regardless of how many cars used it.
Students and staff using the car park during semes-
ter would be charged €1 for two hours parking.
Outside of semester, parking would be free. Initial
market research suggests that each car using the
car park would stay on average for five hours.
Semesters typically cover 25 weeks each year and
during semester the car park would be open from
7.00 am. until 10.00 p.m. To offset pollution and
carbon emissions, the College will contribute €0.25
for each car using the car park to a carbon offset
scheme which will use the money for additional tree
planting. You have been asked about how many cars
would need to use the car park for it to breakeven.

The President is also looking for any other advice
that you can offer.

Well, where to start?

It's a typical, messy management science prob-
lem. There’'s some data, we've been given a task
which is fairly specific (work out breakeven for the
car park) but we've also been given a fairly open-
ended remit in terms of any other advice we can
offer. Clearly, in terms of Figure 1.2 we're effectively
at the Modelling and Analysis stage so let's do
what we can. We've been asked to determine the
number of cars needed to use the proposed car
park for it to breakeven. Let’s collect together the
data we have and build a basic breakeven model.
The College will incur two fixed costs if it goes
ahead with the project. There’s the annual repay-
ment to the bank of €250000 and there's the
annual operating cost of €150000. Both these
costs remain constant, or fixed, no matter how
many cars use the car park. There’s also a variable
cost of €0.25 to the carbon offset scheme for each
car using the car park. On the revenue side the
College will get €1 for every two hours of parking
during semester time with cars on average staying
for five hours. This equates to a revenue per car
per stay of €2.50. If we let x be the number of cars
using the car park over a year (the decision varia-
ble) we then have:

MANAGEMENT SCIENCE MODELS AND TECHNIQUES

Cost = 400000 + 0.25x

Revenue = 2.50X

Breakeven occurs when cost = revenue so we
have:

400000 + 0.25x = 2.50x

And solving for x gives x = 177,777.8. For report-
ing purposes in practice we'd probably show this as
177800 or even 180000. So, with the information
given, 180000 cars a year would need to pay to
use the car park for the project to breakeven. How-
ever, we can also provide some additional informa-
tion that might help the President. Under the pro-
posal only cars using the car park during semester
would be charged. Semesters last 25 weeks so on
average, we'd need around 7200 cars per week
(180000 divided by 25) to breakeven. This also
equates to 1440 cars per day (assuming the College
operates five days per week). Clearly, at this stage
we'd need to go back to the President and ask
whether the 1440 cars per day looked a realistic
target. After all, we have no information on the size
of the College, the number of students attending per
day, how many students travel by car and so on. We
can also go one stage further and speculate about
the required size of the car park. With 1440 cars
required per day to breakeven, we know from the
information given that each car stays an average of
five hours. That gives a total of 7200 hours of parking
each day (1440 x 5). The car park is open 15 hours
each day (from 7.00 a.m. until 10.00 p.m.) so divid-
ing the total parking hours (7200) by the hours avail-
able (15) the car park would require a minimum of
480 parking places. This is based on the assumption
that parking would be evenly spread through the 15
hours the car park is open. This is an unrealistic
assumption but the only one we can make on the
information currently available. So, we'd need to
advise the President that it looks like the car park
will need to be able to accommodate around 500
cars for breakeven. To summarize we can now
inform the President that, based on the information
available:

The proposed car park will need around
180000 cars a year paying an average of
€2.50 per stay to break even.

This equates to around 1440 cars per day
during semester.
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The car park will need a minimum of 500
parking spaces.

We've had to make a number of assumptions to
get to this stage and, in practice, it would be worth-
while checking with the client that these were appro-
priate and realistic. Amongst the assumptions we've
had to make are:

The annual repayment amount of €250 000 is
fixed over the next 20 years.

The annual operating cost is €150 000 is also
fixed over the next 20 years.

The car park charges and the carbon offset
charge will remain the same over the next 20
years.

The carbon offset contribution of €0.25 only
applies to those cars paying for car parking
during semester.

Clearly, if the President felt that some, or all, of
these assumptions were unrealistic then we could
change the model accordingly. For example, we
could build year-on-year increases into the operating
costs figure and the car park charge to build in likely
inflation. In practice, we’'d probably want to build a
simple spreadsheet model so the President could
do some what-if analysis — analyzing the impact on

Problems

breakeven if some aspects of the problem are
assumed to change.

And recollecting that we've been asked to get
involved in this project at the Modelling and Analysis
stage, we might suggest to the President that it may
be worth going back a stage and spending some
time structuring and defining the problem. After all,
we're starting from a position that it's already been
decided that a new car park is the solution to the
problem. Well, maybe it is and maybe it isn’'t. Have
other factors been considered? Have other possible
options been considered and evaluated? For exam-
ple, are we sure the problem is one of too many
cars? Or is too few people in most cars? Then
perhaps promoting a car-sharing scheme might be
more cost-effective? Is it poor public transport links
to the College? If so, discussions with local transport
companies might prove productive. And if it is a
problem with too many cars, maybe we should look
for other solution options. How about reducing the
need for students to be on campus so often perhaps
making library material available online could cut
down on traffic volume. Perhaps for some classes
running them as virtual classes through the Internet
rather than face-to-face classes may also cut down
on traffic and may even increase student numbers!
That's good MS!

List and discuss the different stages of the management science approach.

Discuss the different roles played by the qualitative and quantitative approaches to

test managerial decision making. Why is it important for a manager or decision maker to have a
good understanding of both of these approaches to decision making?

A firm has just completed a new plant that will produce more than 500 different

products, using more than 50 different production lines and machines. The production
scheduling decisions are critical in that sales will be lost if customer demands are not met
on time. If no individual in the firm has experience with this production operation, and if new
production schedules must be generated each week, why should the firm consider a
quantitative approach to the production scheduling problem? Why will qualitative analysis
also be necessary?

What are the advantages of analyzing and experimenting with a model as opposed to a
test real object or situation?

Suppose that a manager has a choice between the following two mathematical models
of a given situation: (a) a relatively simple model that is a reasonable approximation
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of the real situation, and (b) a thorough and complex model that is the most accurate
mathematical representation of the real situation possible. Why might the model
described in part (a) be preferred by the manager?

SELF 6 Suppose you are going on a weekend trip to a city that is d kilometres away. Develop

test a model that determines your round-trip fuel costs. What assumptions or
approximations are necessary? Are these assumptions or approximations acceptable
to you?

7 A food store in Glasgow specializes in selling organic produce to local restaurants. In
the summer it buys fresh raspberries (a Scottish delicacy) from two authorized
organic farms in Tayside — the McGregor Farm and the Campbell Farm. Raspberries
are supplied ready for sale in cartons containing 'z kilo. The McGregor Farm charges
the food store £0.20 per carton and can supply no more than 4000 cartons a week
during the short growing season. The Campbell Farm charges £0.25 per carton and
can supply no more than 3000 cartons a week. The food store anticipates being able
to sell cartons at £0.75.

Let x to represent the number of cartons each week shipped from the McGregor
Farm and y to represent the number of cartons each week shipped from the
Campbell Farm.

a. Write a mathematical expression to show the total number of cartons received each
week by the Glasgow food store.

b. Write a mathematical expression to show the total cost of cartons received each
week.

c. Write a mathematical expression to show the total profit made by the food store each
week from selling cartons to local restaurants.

d. The food store anticipates that local restaurants will buy no more than 5000 cartons a
week. Write this mathematically as a constraint.

e. Write mathematically the supply constraint for each farm.

f. Assuming the food store wants to maximize profit from selling raspberries, write out the
full mathematical model.

g. What key assumptions have you had to make for ?

SELF 8 For most products, higher prices result in a decreased demand, whereas lower prices
test result in an increased demand. Let:

d = annual demand for a product in units
p = price per unit

Assume that a firm accepts the following price-demand relationship as being
realistic:

d=800-10p
where p must be between €20 and €70.

a. How many units can the firm sell at the €20 per-unit price? At the €70 per-unit
price?

b. Show the mathematical model for the total revenue (TR), which is the annual demand
multiplied by the unit price.

c. Based on other considerations, the firm’s management will only consider price
alternatives of €30, €40 and €50. Use your model from part (b) to determine the price
alternative that will maximize the total revenue.

d. What are the expected annual demand and the total revenue corresponding to your
recommended price?
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SELF
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SELF
test
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11
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The O’Neill Shoe Manufacturing Company in Ireland will produce a special-style shoe if
the order size is large enough to provide a reasonable profit. For each special-style
order, the company incurs a fixed cost of €1000 for the production setup. The variable
cost is €30 per pair, and each pair sells for €40.

a. Letx indicate the number of pairs of shoes produced. Develop a mathematical model for
the total cost of producing x pairs of shoes.

b. Let P indicate the total profit. Develop a mathematical model for the total profit realized
from an order for x pairs of shoes.

c. How large must the shoe order be before O’'Neill will break even?

Micromedia is a small computer training company based in South Africa. The company
organizes training workshops for local employees who want to improve their skills in
word processing, spreadsheets and so on. Micromedia is currently planning a two-day
workshop on the use of Microsoft Excel in quantitative business modelling. The
company intends to charge a fee per participant of 3000 Rand. The company estimates
that it will cost around 48 000 Rand to run the workshop. This cost includes conference
room, tutor fees, marketing. In addition the company rents PCs for its workshops from
a local IT company at 300 Rand per day per PC.

a. Develop a model for the total cost to put on the seminar. Let x represent the number of
participants who enrol in the workshop.

b. Develop a model for the total profit if x participants enrol in the workshop.

c. Micromedia has forecasted an enrolment of 30 participants for the workshop. How
much profit will be earned if their forecast is accurate?

d. Calculate the breakeven point.

Naser Publishing Company is considering publishing a DVD on spreadsheet
applications for business. The fixed cost of preparation, design and production setup is
estimated to be €80000. Variable production and material costs are estimated to be
€3 per DVD. Demand over the life of the DVD is estimated to be 4000 copies. The
publisher plans to sell the DVD to college and university bookstores for €20 each.

a. What is the breakeven point?

b. What profit or loss can be anticipated with a demand of 4000 copies?

c. With a demand of 4000 copies, what is the minimum price per copy that the publisher
must charge to break even?

d. If the publisher believes that the price per DVD could be increased to €25.95 and not
affect the anticipated demand of 4000 DVDs, what action would you recommend? What
profit or loss can be anticipated?

Preliminary plans are under way for the construction of a new stadium for a football
team in ltaly. Officials have questioned the number and profitability of the luxury
corporate boxes planned for the upper deck of the stadium. Corporations and selected
individuals may buy the boxes for €100000 each. The fixed construction cost for the
upper-deck area is estimated to be €1500000, with a variable cost of €50 000 for each
box constructed.

a. What is the breakeven point for the number of luxury boxes in the new stadium?

b. Preliminary drawings for the stadium show that space is available for the
construction of up to 50 luxury boxes. Promoters indicate that buyers are
available and that all 50 could be sold if constructed. What is your
recommendation concerning the construction of luxury boxes? What profit is
anticipated?
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USING EXCEL FOR BREAKEVEN ANALYSIS

CASE PROBLEM Uhuru Craft Cooperative, Tanzania

he Uhuru Craft Cooperative in Tanzania was

established a few years ago by a number of aid
agencies in an attempt to help the local economy
diversify and increase income levels of the local com-
munity. The community itself is largely subsistence-
based, has very low income levels, low levels of
education, poor quality housing. The Cooperative
brings together local craftworkers — wood carvers,
potters, weavers and so on, to produce a variety of
craft products using traditional techniques. These
products are then sold on to FairTade retail compa-
nies across Europe for re-sale to consumers. The
local craftworkers are paid immediately by the Coop-
erative and do not have to worry about marketing,
sales, transportation of their products as all of this is
taken care of by the Cooperative. The Cooperative
operates on a commercial basis but any profit made
by the Cooperative is ploughed back into the project

scheme and is considering investing in an additional
workshop where local women will be able to produce
traditional children’s dolls. The initial investment will be
around €25000 for a new building and for sewing
equipment that the local women will use. It's estimated
that it will cost around €10 per item to produce, market
and ship the dolls to Europe. One FairTrade company
has already expressed an interest in buying the prod-
uct indicating it would be prepared to pay around €30
per item. A second option under consideration is to
buy second hand sewing equipment which will reduce
the initial investment to €17500. However, this will
push up the cost per item to €12.

Managerial Report

Prepare a report for the Cooperative Manager. Your
report should include:

or into the local community. The Cooperative also
organizes training for local young people so they
can develop their own craft skills. The project has
proved both popular and successful to such an
extent that expansion is now under consideration
and the Cooperative is looking for your help. The
Cooperative is keen to bring more women into the

1 Information about the breakeven sales volume if
new sewing equipment is purchased.

2 Information about the breakeven sales volume if
second hand sewing equipment is purchased.

3 Any other advice you can give that would help the
Cooperative decide what to do.

Using Excel for Breakeven Analysis

We introduced the Nowlin Plastics production example to illustrate how quantitative
models can be used to help a manager determine the projected cost, revenue and/or
profit associated with an established production quantity or a forecasted sales
volume. We now introduce spreadsheet applications by showing how to use Micro-
soft Excel to perform a quantitative analysis of the Nowlin Plastics example.

Refer to the worksheet shown in Figure 1.4. We begin by entering the problem
data into the top portion of the worksheet. The value of 3000 in cell B3 is the setup
cost, the value of 2 in cell BS is the variable labour and material costs per unit and
the value of 5 in cell B7 is the selling price per unit. In general, whenever we perform
a quantitative analysis using Excel, we will enter the problem data in the top portion
of the worksheet and reserve the bottom portion for model development. The label
‘Models’ in cell A10 helps to provide a visual reminder of this convention.

Cell B12 in the models portion of the worksheet contains the proposed produc-
tion volume in units. Because the values for total cost, total revenue and total profit
depend upon the value of this decision variable, we have placed a border around cell
B12 and screened the cell for emphasis. Based upon the value in cell B12, the cell
formulas in cells B14, B16 and B18 are used to compute values for total cost, total
revenue and total profit (loss), respectively. First, recall that the value of total cost is
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Figure 1.4 Formula Worksheet for the Nowlin Plastics Production Example

g1

I [Nowlin Plastics

Fixed Cost 3000

Variable Cost Per Unit |2

EXCEL file Selling Price Per Unit |5
NOWLIN
Models
12 Production Volume s 2000 |
| Total Cost =B3+B5°B12
Total Revenue =B7*B12
Total Profit (Loss) |=B16-B14

the sum of the fixed cost (cell B3) and the total variable cost. The total variable cost —
the product of the variable cost per unit (cell B5) and the production volume (cell
B12) — is given by B5*B12. So, to compute the value of total cost we entered the
formula = B3+B5*B12 in cell B14. Next, total revenue is the product of the selling
price per unit (cell B7) and the number of units produced (cell B12), which is entered
in cell B16 as the formula = B7*B12. Finally, the total profit (or loss) is the difference
between the total revenue (cell B16) and the total cost (cell B14). Thus, in cell B18 we
have entered the formula = B16—B14. The worksheet shown in Figure 1.4 shows the
formulas used to make these computations; we refer to it as a formula worksheet.

To examine the effect of selecting a particular value for the production volume,
we entered a value of 800 in cell B12. The worksheet shown in Figure 1.5 shows the
values obtained by the formulae; a production volume of 800 units results in a total
cost of €4600, a total revenue of €4000, and a loss of €600. To examine the effect of
other production volumes, we only need to enter a different value into cell B12. To
examine the effect of different costs and selling prices, we simply enter the appro-
priate values in the data portion of the worksheet; the results will be displayed in the
model section of the worksheet.

In Section 1.6 we illustrated breakeven analysis. Let us now see how Excel’s Goal
Seek tool can be used to determine the breakeven point for the Nowlin Plastics
production example.

Determining the Breakeven Point Using Excel’s Goal Seek Tool

The breakeven point is the production volume that results in total revenue equal to
total cost and hence a profit of €0. One way to determine the breakeven point is to
use a trial-and-error approach. For example, in Figure 1.5 we saw that a trial
production volume of 800 units resulted in a loss of €600. Because this trial solution
resulted in a loss, a production volume of 800 units cannot be the breakeven point.
We could continue to experiment with other production volumes by simply entering
different values into cell B12 and observing the resulting profit or loss in cell B18. A
better approach is to use Excel’s Goal Seek tool to determine the breakeven point.
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Figure 1.5 Solution Using a Production Volume of 800 Units for the Nowlin Plastics
Production Example

I [Nowlin Plastics

|

I Fixed Cost €3 000

I Variable Cost Per Unit €2

I Selling Price Per Unit | €5

=

L |Models

I : I Production Volume f

I : Total Cost €4 600

I : Total Revenue €4 000

i . Total Profit (Loss) | €600
i

Excel’s Goal Seek tool allows the user to determine the value for an input cell that will
cause the value of a related output cell to equal some specified value (called the goal).
In the case of breakeven analysis, the ‘goal’ is to set Total Profit to zero by ‘seeking’
an appropriate value for Production Volume. Goal Seek will allow us to find the value
of production volume that will set Nowlin Plastics’ total profit to zero. The following
steps describe how to use Goal Seek to find the breakeven point for Nowlin Plastics:

Step 1. Select the Tools menu
Step 2. Choose the Goal Seek option

Step 3. When the Goal Seek dialog box appears:
Enter B18 in the Set cell box
Enter 0 in the To value box
Enter B12 in the By changing cell box
Click OK

The completed Goal Seek dialogue box is shown in Figure 1.6, and the worksheet
obtained after selecting OK is shown in Figure 1.7. The Total Profit in cell B18 is
zero, and the Production Volume in cell B12 has been set to the breakeven point
of 1000.

Figure 1.6 Goal Seek Dialogue Box for the Nowlin Plastics Production Example
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Figure 1.7 Breakeven Point Found Using Excel's Goal Seek Tool for the Nowlin
Plastics Production Example

" [Nowlin Plastics

i |  Fixed Cost €3 000

I | Variable Cost Per Unit | €2

I | " Selling Price Per Unit €5

B

Lii|Models

I : I_ |Production Volume [ 1000]

I | Total Cost 5000

I : | Total Revenue | 5000

i : |  Total Profit (Loss) 0
14

The Management Scientist Software

Developments in computer technology play a major role in making management
science techniques available to decision makers. A software package called The
Management Scientist Version 6.0 for most Windows operating systems is provided
on the online plaform accompanying this text." This software can be used to solve
problems in the text as well as small-scale problems encountered in practice. Using
The Management Scientist will provide an understanding and appreciation of the
role of the computer in applying management science to decision problems.

The Management Scientist contains 12 modules, or programmes, that will enable
you to solve problems in the following areas:

Chapters 2-6  Linear programming

Chapter 7 Transportation and assignment

Chapter 8 Shortest route and minimal spanning tree
Chapter 9 PERT/CPM

Chapter 10 Inventory models

Chapter 11 Waiting line models

Chapter 13 Decision analysis

Chapter 15 Integer linear programming (online)
Chapter 16 Forecasting (online)

Chapter 18 Markov processes (online)

'Version 6.0 has been designed to run optimally on computers with screen resolutions of 1024 x768 or higher.
Computers with lower screen resolutions can still run Version 6.0. Scroll bars appear when necessary for
working with large problems. See the ‘Digital Resources’ page in the front of the book for details on accessing
the online platform.
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Figure 1.8 Module Selection Screen for the Management Scientist Version 6.0

I Select A Module

1. Linear Programming 7. PERT/CPM

2. Transportation ™ 8. Inventory

" 3. Assignment " 9. Waiting Lines

" 4, Integer Linear Frogramming ¢ 10. Decision Analysis
¢ 5. Shortest Route " 11. Forecasting

" 6. Minimal Spanning Tree " 12. Markov Processes

Use of The Management Scientist with the text is optional. Occasionally, we
insert a figure in the text that shows the output The Management Scientist
provides for a problem. However, familiarity with the use of the software is
not necessary to understand the figure and the text material. The remainder
of this appendix provides an overview of the features and the use of the
software.

Selecting a Module

After starting The Management Scientist, you will encounter the module selection
screen as shown in Figure 1.8. The choices provide access to the 12 modules. Simply
click the desired module and select OK to load the requested module into the
computer’s memory.

The File Menu

After a module is loaded, you will need to click the File menu to begin working with
a problem. The File menu provides the following options.

New Select this option to begin a new problem. Dialogue boxes and input templates
will guide you through the data input process.

Open Select this option to retrieve a problem that has been previously saved. When
the problem is selected it will be displayed on the screen for you to verify as the
problem you want to solve.

Save Once a new problem has been entered, you may want to save it for future use
or modification. The Save option will guide you through the naming and saving
process. If you create a folder named Problems, the Open and Save options will take
you automatically to the Problems folder.

Change Modules This option returns control to the screen in Figure 1.8 and
another module may be selected.

Exit This option will exit The Management Scientist.
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The Edit Menu

After a new problem has been solved, you may want to make one or more mod-
ifications to the problem before resolving. The Edit menu provides the option to
display the problem and then make revisions in the problem before solving or saving.
In the linear and integer programming modules, the Edit menu also includes options
to change the problem size by adding or deleting variables and adding or deleting
constraints. Similar options to change the problem size are provided in the Edit
menu of the transportation and assignment modules.

The Solution Menu

The Solution menu provides three options.

Solve This option solves the current problem and displays the solution on the
screen.

Print Once the solution is on the screen, the Print option sends the solution to a
printer.

Save As Text File Once the solution is on the screen, the Save As Text File option
enables the solution to be saved as a text file. The text file can be accessed later by a
word processor so that the solution output may be displayed as part of a solution
report.

Advice About Data Input

Any time a new problem is selected, the appropriate module will provide dialogue
boxes and forms for describing the features of the problem and for entering data.
When using The Management Scientist, you may find the following data input
suggestions helpful.

1 Do not enter commas (,) with your input data. For example, the value 104,000
should be entered with the six digits: 104000.

2 Do not enter the dollar sign ($) for profit or cost data. For example, a cost of
$20.00 should be entered as 20.

3 Do not enter the percent sign (%) if percentage is requested. For example,
25% should be entered as 25, not 25% or .25.

4 Occasionally, a model may be formulated with fractional values such as U, %,
%6, and so on. The data input for The Management Scientist must be in
decimal form. The fraction Y, can be entered as .25. However, fractions such as
%5 and %, have repeating decimal forms. In these cases, we recommend the
convention of rounding to five places such as .66667 and .83333.

5 Finally, we recommend that in general you attempt to scale extremely large
input data so that smaller numbers may be input and operated on by the
computer. For example, costs such as $2 500 000 may be scaled to 2.5 with the
understanding that the data used in the problem reflect millions of dollars.
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A Maximization Problem
Problem Formulation
Mathematical Statement of the GulfGolf Problem

Graphical Solution Procedure

A Note on Graphing Lines

Summary of the Graphical Solution Procedure for
Maximization Problems

Slack Variables

Extreme Points and the Optimal Solution

Computer Solution of the GulfGolf Problem
Interpretation of Computer Output
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2.6

2.7

A Minimization Problem

Summary of the Graphical Solution Procedure for
Minimization Problems

Surplus Variables

Computer Solution of the M&D Chemicals
Problem

Special Cases

Alternative Optimal Solutions
Infeasibility

Unbounded Problems

General Linear Programming Notation

Learning objectives By the end of this chapter you will be able to:

e Formulate a linear programme

e Solve a two variable linear programming problem

e Interpret the computer solution to a linear programming problem
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CHAPTER 2 AN INTRODUCTION TO LINEAR PROGRAMMING

George B. Dantzig
(1914-2005) is the
American mathematician
generally credited with
suggesting linear
programming in 1947,
although it was
independently suggested
some years earlier by
Soviet economist and
mathematician Leonid
Kantorovich.

Linear programming was
initially referred to as
‘programming in a linear
structure’. In 1948
Tjalling Koopmans
suggested to George
Dantzig that the name
was much too long;
Koopmans suggested
shortening it to linear
programming. George
Dantzig agreed and the
field we now know as
linear programming was
named.

We saw in Chapter 1 that management science makes extensive use of mathemat-
ical models. One of the first types of model to be developed — and since used
extensively — is that of linear programming. In fact, linear programming (LP) is
sufficiently important to management science that we shall be spending the next
five chapters looking at LP and its developments. Linear programming is a manage-
ment science technique used in many countries and by many different types of
organization — manufacturing companies, service organizations, government agencies,
not-for-profit organizations. Delta Airlines facing a decision problem in deciding
which type of aircraft in its fleet should be allocated to different flight routes; health
care planners in Rome planning the home care service provided to patients with
AIDS; the Arabian Light Metals Company in Kuwait trying to decide on the mixture
of aluminium-based products to manufacture; London Underground trying to decide
on crew rostering for its services. Managers are often in a situation where they are
looking to make the best decision possible but where the options they face limit — or
constraint — what they are actually able to do. In such situations, LP can often prove a
very useful model to apply. To illustrate some of the properties that all LP problems
have in common, let us consider the following typical applications:

1 A manufacturer of mobile phones is looking at the production schedule for the
next few months and trying to decide how many of each phone model to
manufacture in order to meet demand forecasts for different sales regions.
Clearly, the production schedule will need to ensure that enough phones are
produced to meet projected demand in each sales region but at the same time
minimize production costs.

2 A financial analyst must select an investment portfolio for a high-value client
from a variety of investment alternatives. The analyst would like to establish
the portfolio that maximizes the return on investment. At the same time,
though, the analyst also has to satisfy certain client requirements in terms of
the mix of investments and the risk associated with each.

3 A marketing manager wants to determine how best to allocate a fixed advertising
budget among alternative advertising media such as Internet, television,
newspaper and magazine. The manager would like to determine the media mix
that maximizes advertising effectiveness but within the budget constraint faced.

4 A regional health centre collects and stores blood donations that are used in
the region’s hospitals. The transportation manger has to ensure that each
hospital receives the supply of blood it needs to treat patients and at the same
time minimize the time taken to transport blood supplies from the centre to
the various hospitals.

In this chapter we shall introduce the basic concepts of linear programming and see
how to formulate and solve linear programming problems. In subsequent chapters
we shall expand on the basic model.

These examples are only a few of the situations in which linear programming has
been used successfully, but they illustrate the diversity of linear programming
applications. A close scrutiny reveals one basic property they all have in common.
In each example, we were concerned with maximizing or minimizing some quantity.
In example 1, the manufacturer wanted to minimize costs; in example 2, the financial
analyst wanted to maximize return on investment; in example 3, the marketing
manager wanted to maximize advertising effectiveness; and in example 4, the com-
pany wanted to minimize total transportation time. In all linear programming prob-
lems, the maximization or minimization of some quantity is the objective.

All linear programming problems also have a second property: restrictions or con-
straints that limit the degree to which the objective can be pursued. In example 1, the
manufacturer is restricted by constraints requiring product demand to be satisfied and
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A MAXIMIZATION PROBLEM

MANAGEMENT SCIENCE IN ACTION

The Kellogg Company

he Kellogg Company is the world’s largest pro-

ducer of cereals and has an international brand
awareness. Like many companies Kellogg is faced
with a variety of routine, inter-connected decisions
about its cereal production. It produces hundreds of
different products, with new products frequently
introduced as consumer demand and preferences
change. lts products are produced at a number of
different production plants and the company has a
number of operational decisions to take to ensure
profitability. What quantities of each product should
be produced over the next planning period? How
much of each product should be produced at each
plant? Which plants should supply which customers
and sales outlets? How much should we produce for

1980s in-house planning systems which are struc-
tured around a large scale, multi-period linear
programming model (KPS). The model is used to
help with decision making at both the operational
and strategic levels. The operational version of the
KPS is used on a weekly basis to help management
take decisions on production, packaging, inventory
and distribution. The KPS is also used on a longer
term basis to help develop plans relating to plant
development, capacity expansion and plant location.
It is estimated that savings of around $4.5 million a
year have already been realized from using the
model and that when completed annual savings of
around $35-40 million will be achieved.

Based on Gerald Brown, Joseph Keegan, Brian Vigus and Kevin Wood,

stocks/inventory and how much for sales? The com-
pany has been developing and using since the late

‘The Kellogg Company Optimizes Production, Inventory and Distribu-
tion’, Interfaces 31 6 (Nov/Dec 2001): 1-15.

Dantzig’s contribution to
LP was recognized by
the Mathematical
Programming Society
through the Dantzig
Award, given every three
years since 1982 to one
or two people who have
made a significant
impact in the field of
mathematical
programming.

by the constraints limiting production capacity. The financial analyst’s portfolio prob-
lem is constrained by the total amount of investment funds available and the maximum
amounts that can be invested in each stock or bond. The marketing manager’s media
selection decision is constrained by a fixed advertising budget and the availability of the
various media. In the transportation problem, the minimum-time shipping schedule is
constrained by the supply of blood available and the demand from hospitals. Thus,
constraints are another general feature of every linear programming problem.

A Maximization Problem

GulfGolf is a small family-run company in the United Arab Emirates. It manufactures
golfing equipment aimed at the increasing demand, primarily from tourists coming for
golfing holidays in the Gulf region. The company has decided to manufacture two new
products: a medium-priced golf bag and a more up-market, expensive golf bag. The
company’s products are priced in US$ given its international customer base. The
company’s distributor is enthusiastic about the new product line and has agreed to buy
all the golf bags the company produces over the next three months.

After a thorough investigation of the steps involved in manufacturing a golf bag,
management determined that each golf bag produced will require the following four
operations:

1 Cutting and dyeing the material needed.

2 Sewing.

3 Finishing (inserting umbrella holder, club separators, etc.).
4 Inspection and packaging.
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Table 2.1 Production Requirements Per Golf Bag

Production Time (hours)

Department Standard Bag Deluxe Bag
Cutting and Dyeing "ho 1
Sewing 1 s
Finishing 1 2/
Inspection and Packaging o A

The director of manufacturing analyzed each of the operations and concluded that
if the company produces a medium-priced standard model, each bag will require "/;o
hours in the cutting and dyeing department, /> hour in the sewing department, one
hour in the finishing department, and '/io hour in the inspection and packaging
department. The more expensive deluxe model will require one hour for cutting
and dyeing, °/s hour for sewing, 2/ hour for finishing, and '/, hour for inspection
and packaging. This production information is summarized in Table 2.1.

Production is constrained by the limited number of hours available in each
department. After studying departmental workload projections, the director of
manufacturing estimates that 630 hours for cutting and dyeing, 600 hours for sewing,
708 hours for finishing and 135 hours for inspection and packaging will be available
for the production of golf bags during the next three months.

The accounting department analyzed the production data, assigned all relevant
variable costs and arrived at prices for both bags that will result in a profit contri-
bution' of $10 for every standard bag and $9 for every deluxe bag produced.

It is important to It is fairly clear what the decision problem is that the company faces: how many of
understand that we are the two types of golf bag should it manufacture in order to maximize profit con-
maximizing profit tribution? What is less clear is the answer to the problem. This is where LP can help
contribution, not profit. - and we will work through a number of stages. First, that of problem formulation,
S%’:’_rgsacdosgdn?ahgbe where we produce a mathematical statement of the LP problem. Then that of
deducted before arriving  Problem solution, where we find the answer to the decision problem we are looking
at a profit figure at. Finally, that of interpretation, where we consider what the company should do.

Problem Formulation

Problem formulation or modelling is the process of translating the verbal statement
of a problem into a mathematical statement. Formulating models is an art that can
only be mastered with practise and experience. But even though every problem has
some unique features, most problems also have common features. As a result, some
general guidelines for model formulation can be helpful, especially for beginners.
We will illustrate these general guidelines by developing a mathematical model for
the GulfGolf problem.

Understand the Problem Thoroughly We selected the GulfGolf problem to
introduce linear programming because it is easy to understand. However, more
complex problems will require much more thinking in order to identify the items that
need to be included in the model. In such cases, read the problem description quickly to
get a feel for what is involved. Taking notes will help you focus on the key issues and facts.

"From an accounting perspective, profit contribution is more correctly described as the contribution margin per
bag; for example, overhead and other shared costs have not been allocated.
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The units of
measurement on the
left-hand side of the
constraint must match
the units of measurement
on the right-hand side.

A MAXIMIZATION PROBLEM

Describe the Objective The objective here is to maximize the total contribution to
profit.

Describe Each Constraint Four constraints relate to the number of hours of
manufacturing time available; they restrict the number of standard bags and the
number of deluxe bags that can be produced.

Constraint 1 Number of hours of cutting and dyeing time used must be less
than or equal to the number of hours of cutting and dyeing time available.

Constraint 2 Number of hours of sewing time used must be less than or equal to
the number of hours of sewing time available.

Constraint 3 Number of hours of finishing time used must be less than or equal
to the number of hours of finishing time available.

Constraint 4 Number of hours of inspection and packaging time used must be less
than or equal to the number of hours of inspection and packaging time available.

Define the Decision Variables A decision variable is one where management can
control its value and therefore decide what value the variable should take. The
controllable values for GulfGolf are (1) the number of standard bags produced, and
(2) the number of deluxe bags produced. Let:

S = number of standard bags
D = number of deluxe bags

In linear programming terminology, S and D are referred to as the decision variables.

Write the Objective in Terms of the Decision Variables The company’s profit
contribution comes from two sources: (1) the profit contribution made by producing
S standard bags, and (2) the profit contribution made by producing D deluxe bags.
If the company makes $10 for every standard bag, the company will make $10S if
S standard bags are produced. Also, if the company makes $9 for every deluxe bag,
the company will make $9D if D deluxe bags are produced. So, we have:

Total Profit Contribution = 10S + 9D

Because the objective — maximize total profit contribution — is a function of the
decision variables § and D, we refer to 10S + 9D as the objective function. Using
‘Max’ as an abbreviation for maximize, we write GulfGolf’s objective as follows:

Max 10S + 9D

Write the Constraints in Terms of the Decision Variables
Constraint 1:

Hours of cutting and - Hours of cutting and
dyeing time used — \ dyeing time available

Every standard bag GulfGolf produces will use ’/;o hour cutting and dyeing time;
therefore, the total number of hours of cutting and dyeing time used in the manu-
facture of S standard bags is /10S. In addition, because every deluxe bag produced
uses one hour of cutting and dyeing time, the production of D deluxe bags will use
1D hours of cutting and dyeing time. So, the total cutting and dyeing time required
for the production of § standard bags and D deluxe bags is given by:

Total hours of cutting and dyeing time used = 7/10 S+1D

The director of manufacturing stated that GulfGolf has at most 630 hours of cutting
and dyeing time available. Therefore, the production combination we select must
satisfy the requirement:

37
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Constraint 2:

Hours of sewing Hours of sewing
. < ; X
time used — \_ time available

From Table 2.1 we see that every standard bag manufactured will require /> hour
for sewing, and every deluxe bag will require °/s hour for sewing. Because 600 hours
of sewing time are available, it follows that:

Constraint 3:

Hours of finishing Hours of finishing
: < . .
time used - time available

Every standard bag manufactured will require one hour for finishing, and every
deluxe bag will require 2/3 hour for finishing. With 708 hours of finishing time
available, it follows that:

Constraint 4:

Hours of inspection and - Hours of inspection and
packaging time used — \ packaging time available

Every standard bag manufactured will require '/jo hour for inspection and pack-
aging, and every deluxe bag will require '/; hour for inspection and packaging.
Because 135 hours of inspection and packaging time are available, it follows that:

We have now specified the mathematical relationships for the constraints associated
with the four departments. Have we forgotten any other constraints? Can the company
produce a negative number of standard or deluxe bags? Clearly, the answer is no. So, to
prevent the decision variables S and D from having negative values, two constraints,

must be added. These constraints ensure that the solution to the problem will
contain nonnegative values for the decision variables and are referred to as the
nonnegativity constraints. Nonnegativity constraints are a general feature of all
linear programming problems and may be written in the abbreviated form:

S,D>0
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Try Problem 13 to test
your ability to formulate a
mathematical model for a
maximization linear
programming problem
with less-than-or-equal-
to constraints.

Try Problem 1 to test
your ability to recognize
the types of
mathematical
relationships that can be
found in a linear
programme.

A MAXIMIZATION PROBLEM

Mathematical Statement of the GulfGolf Problem

The mathematical statement or mathematical formulation of the GulfGolf problem

is now complete. We succeeded in translating the objective and constraints of the

problem into a set of mathematical relationships referred to as a mathematical

model. The complete mathematical model for the problem is then:

Max 10S +9D
subject to (s.t.)

"0S 4+ 1D < 630

%S + %D < 600

1S + %D < 708

oS + YaD < 135

S,D>0

Cutting and dyeing
Sewing

Finishing

Inspection and packaging

However, because we shall be carrying out a variety of mathematical operations
using these data it will be useful to show the formulation in decimal notation rather
than fractional, giving:

Max 10S + 9D

s.t.
0.7S+ 1D < 630
0.5S + 0.8333D < 600
1S  +0.6667D < 708
0.1S+0.25D <135

S,D>0 (2.6)

Our job now is to find the product mix (i.e., the combination of S and D) that
satisfies all the constraints and, at the same time, yields the maximum possible value
for the objective function. Once these values are calculated, we will have found the
optimal solution to the problem.

This mathematical model of the problem is a linear programming model, or
linear programme. The problem has the objective and constraints that, as we said
earlier, are common properties of all linear programmes. But what is the special
feature of this mathematical model that makes it a linear programme? The special
feature that makes it a linear programme is that the objective function and all
constraint functions (the left-hand sides of the constraint inequalities) are linear
functions of the decision variables.

Mathematical functions in which each variable appears in a separate term and
is raised to the first power are called linear functions. The objective function
(108 + 9D) is linear because each decision variable appears in a separate term
and has an exponent of 1. The amount of production time required in the
cutting and dyeing department (0.7S + 1D) is also a linear function of the
decision variables for the same reason. Similarly, the functions on the left-hand
side of all the constraint inequalities (the constraint functions) are linear func-
tions. Thus, the mathematical formulation of this problem is referred to as a
linear programme.

Linear programming has nothing to do with computer programming. The use of
the word programming here means ‘choosing a course of action’. Linear program-
ming involves choosing a course of action when the mathematical model of the
problem contains only linear functions.
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40 CHAPTER 2 AN INTRODUCTION TO LINEAR PROGRAMMING

NOTES AND COMMENTS

1 The three key assumptions necessary for a linear nonnegativity constraints mean that decision
programming model to be appropriate are variables can take on any value greater than or
proportionality, additivity and divisibility. equal to zero.

Proportionality means that the contribution to the 2 Management scientists formulate and solve a
objective function and the amount of resources variety of mathematical models that contain an
used in each constraint are proportional to the objective function and a set of constraints.
value of each decision variable. Additivity means Models of this type are referred to as

that the value of the objective function and the mathematical programming models. Linear
total resources used can be found by summing programming models are one type of

the objective function contribution and the mathematical programming model in that the
resources used for all decision variables. objective function and all constraint functions
Divisibility means that the decision variables are are linear.

continuous. The divisibility assumption plus the

Graphical Solution Procedure

Kellogg's KPS LP model A linear programming problem involving only two decision variables can be solved

has around 100 000 using a graphical solution procedure. Clearly, in the real world LP problems will
constraints and 700 000 ‘s . . .

variables. have many more decision variables (and constraints) and cannot be solved graphi-

cally (we will see how bigger problems are solved in later chapters). However, the

graphical solution introduces some important principles of LP solution that we

need to understand. Let us begin the graphical solution procedure by developing a

graph that displays the possible solutions (S and D values) for the GulfGolf problem.

The graph (Figure 2.1) will have values of S on the horizontal axis and values of D on the

vertical axis (it wouldn’t matter if we put these the other way around). Any point on the

graph can be identified by the S and D values, which indicate the position of the point

along the horizontal and vertical axes, respectively. Because every point (S, D) corre-

sponds to a possible solution, every point on the graph is called a solution point. The

solution point where S = 0 and D = 0 is referred to as the origin. Because S and D must

be nonnegative, the graph in Figure 2.1 only displays solutions where S > 0 and D > 0.

Earlier, we saw that the inequality representing the cutting and dyeing constraint is:

0.7S +1D < 630

To show all solution points that satisfy this relationship, we start by graphing the
solution points satisfying the constraint as an equality. That is, the points where
0.7S + 1D = 630. Because the graph of this equation is a line, it can be obtained by
identifying any two points that satisfy the equation and then drawing a line through
those points. Setting § = 0 and solving for D, we see that the point (S = 0, D = 630)
satisfies the equation. To find a second point satisfying this equation, we set D = 0
and solve for S. By doing so, we obtain 0.75 + 1(0) = 630, or S = 900. Thus, a
second point satisfying the equation is (S = 900, D = 0). Given these two points,
we can now graph the line corresponding to the equation. This line, which will be
called the cutting and dyeing constraint line, is shown in Figure 2.2. We label this
line ‘C & D’ to indicate that it represents the cutting and dyeing constraint line.
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GRAPHICAL SOLUTION PROCEDURE

Solution Points for the Two-Variable GulfGolf Problem
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42 CHAPTER 2 AN INTRODUCTION TO LINEAR PROGRAMMING

Recall that the inequality representing the cutting and dyeing constraint is:
0.7S +1D <630

Can you identify all of the solution points that satisfy this constraint? Because all
points on the line satisty 0.7 + 1D = 630, we know any point on this line must
satisfy the constraint. But where are the solution points satistying 0.7S + 1D < 630?
Consider two solution points: (S = 200, D = 200) and (S = 600, D = 500). You can
see from Figure 2.2 that the first solution point is below the constraint line and the
second is above the constraint line. Which of these solutions will satisfy the cutting
and dyeing constraint? For the point (S = 200, D = 200), we see that:

0.7S + 1D = 0.7(200) + 1(200) = 340

Because the 340 hours is less than the 630 hours available, the (S = 200, D = 200)
production combination, or solution point, satisfies the constraint. For the point
(S = 600, D = 500), we have:

0.7S + 1D = 0.7(600) + 1(500) = 920

The 920 hours is greater than the 630 hours available, so the (S = 600, D = 500)
solution point does not satisfy the constraint and is thus not feasible.

Clearly, given that (S = 600, D = 500) is not feasible then all other solution points on
the same side of the line will not be feasible either. Equally, since (S = 200, D = 200) is
feasible then all other solution points on this side of the line are also feasible. So, we have
a simple way of identifying all feasible solutions for a constraint, as shown with the
shaded area in Figure 2.3.

Figure 2.3 Feasible Solutions for the Cutting and Dyeing Constraint, Represented by
the Shaded Region
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Feasible Solutions for the Sewing, Finishing, and Inspection and Packaging Constraints,
Represented by the Shaded Regions
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We can do the same for each of the other three constraints. The solutions that are
feasible for each of these constraints are shown in Figure 2.4. We would normally
draw all the constraints on a single graph but here we have drawn them separately to
help you understand the principles more easily.

Four separate graphs now show the feasible solution points for each of the four
constraints. In a linear programming problem, we need to identify the solution
points that satisfy all the constraints simultaneously. To find these solution points,
we can draw all four constraints on one graph and observe the region containing the
points that satisfy all the constraints simultaneously.

The graphs in Figures 2.3 and 2.4 can be superimposed to obtain one graph with
all four constraints. This combined-constraint graph is shown in Figure 2.5. The
shaded region in this figure includes every solution point that satisfies all the
constraints simultaneously. Solutions that satisfy all the constraints are termed
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Figure 2.5 Combined-Constraint Graph Showing the Feasible Region for the
GulfGolf Problem
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feasible solutions, and the shaded region is called the feasible solution region, or
simply the feasible region. Any solution point on the boundary of the feasible region
or within the feasible region is a feasible solution point.

Let us just stop a moment and consider what we have done. We started with
GulfGolf’s problem and had little idea what the solution to that problem was in
terms of the quantities of the two products to manufacture. While we still do not
have the solution we have narrowed down the possibilities considerably by identify-
ing the feasible region (shown by itself in Figure 2.6). We now know that the optimal
solution must be somewhere within this feasible region. But exactly where?

One approach to finding the optimal solution would be to calculate the objective
function for each feasible solution; the optimal solution would then be the one with
the largest value. The difficulty with this approach is that there are a huge number of
feasible solutions so this trial-and-error procedure cannot be used to identify the
optimal solution.

So, rather than trying to calculate the profit contribution for every feasible

" solution, we select one arbitrary value for profit contribution and identify all the

s often useful to . . . . .

choose an arbitrary vale  1€asible solutions (S, D) that yield this selected value. For example, what feasible
which is a multiple of the  solutions provide a profit contribution of $1800? (Note that the value of $1800 is an
two objective function arbitrary one. We could just as easily have chosen $100, $5000 or $2348.97. How-
coefficients (here . . . .

10 x 9). This makes ever, when we choose an arbitrary value it helps to have one that is convenient for
some of the subsequent  the arithmetic calculations we will be carrying out.) These solutions are given by the
calculations easier. values of S and D in the feasible region that will make the objective function:

10S + 9D = 1800
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Figure 2.6 Feasible Region for the GulfGolf Problem
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This expression is simply the equation of a line. So, all feasible solution points
(S, D) yielding a profit contribution of $1800 must be on this line. We learned earlier
in this section how to graph a constraint line. The procedure for graphing the profit
or objective function line is the same. Letting S = 0, we see that D must be 200; so,
the solution point (§ = 0, D = 200) is on the line. Similarly, by letting D = 0, we see
that the solution point (S = 180, D = 0) is also on the line. Drawing the line through
these two points identifies all the solutions that have a profit contribution of $1800.
A graph of this profit line is presented in Figure 2.7.
However, as we know, the $1800 profit contribution was an arbitrary choice.
Remember also, that as we have a maximization LP problem we are seeking the
maximum possible profit. So let us also consider profit contributions of $3600 and
$5400. Repeating what we did for $1800 we can draw these profit lines on the graph
also, as shown in Figure 2.8.
Ga you oraph the Look.at.Figure 2.8, and see what general pbservations you can make about
proft line for a linear the profit lines already drawn. Note the following: (1) the profit lines are parallel
programme? Try to each other, and (2) higher profit lines are obtained as we move farther from
Problem 5. the origin.
Because the profit lines are parallel and higher profit lines are farther from the
origin, we can obtain solutions that give increasingly larger values for the objective
function by continuing to move the profit line farther from the origin in such a
fashion that it remains parallel to the other profit lines. However, at some point we
will find that any further outward movement will place the profit line completely
outside the feasible region. Because solutions outside the feasible region are unac-
ceptable, the point in the feasible region that lies on the highest profit line is the
optimal solution to the linear programme.
You should now be able to identify the optimal solution point for this problem.
Use a ruler or the edge of a piece of paper, and move the profit line as far from the
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$1800 Profit Line for the GulfGolf Problem
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Selected Profit Lines for the GulfGolf Problem
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origin as you can. What is the last point in the feasible region that you reach? This
point, which is the optimal solution, is shown graphically in Figure 2.9.
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Optimal Solution for the GulfGolf Problem
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The optimal values of the decision variables are the S and D values at the optimal
solution. Depending on the accuracy of the graph, you may or may not be able to
determine the exact S and D values. Referring to the graph in Figure 2.9, the best we
can do is conclude that the optimal production combination consists of approxi-
mately 550 standard bags ($) and approximately 250 deluxe bags (D).

A closer inspection of Figures 2.5 and 2.8 shows that the optimal solution point is
at the intersection of the cutting and dyeing and the finishing constraint lines. That
is, the optimal solution point is on both the cutting and dyeing constraint line:

0.7S+ 1D = 630 (2.7)
and the finishing constraint line:
1S +0.6667D = 708 (2.8)

Thus, the optimal values of the decision variables S and D must satisfy both
Equations (2.7) and (2.8) simultaneously. Using Equation (2.7) and solving for S
gives:

0.7S =630 - 1D

or

S =900 — 1.4286D (2.9)
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Although the optimal
solution to the GulfGolf
problem consists of
integer values for the
decision variables, this
result will not always be
the case

Try Problem 7 to test
your ability to use the
graphical solution
procedure to identify the
optimal solution and find
the exact values of the
decision variables at the
optimal solution.

Substituting this expression for S into Equation (2.8) and solving for D provides the
following:

1(900 — 1.4286D) + 0.6667D = 708
900 — 1.4286D + 0.6667D = 708
—.7619D = —192
192

= Ze19 2?2

Using D = 252 in Equation (2.10) and solving for S, we obtain:

S =900 — 1.4286(252)
=900 — 360 = 540

The exact location of the optimal solution point is § = 540 and D = 252. Hence, the
optimal production quantities are 540 standard bags and 252 deluxe bags, with a
resulting profit contribution of 10(540) + 9(252) = $7668. Consider what we have
done. We can now advise management that the maximum possible profit contribution
that can be achieved is $7668 and that this is achieved by producing 540 standard golf
bags and 252 deluxe bags. This is a major finding of considerable importance to the
company and one that would have been very difficult to obtain any other way.

For a linear programming problem with two decision variables, the exact values of the
decision variables can be determined by first using the graphical solution procedure to
identify the optimal solution point and then solving the simultaneous constraint equa-
tions associated with it. In fact, the two constraints we have used to confirm the optimal
solution are referred to as binding constraints. Effectively at the optimal solution it is
these two constraints that bind the solution — they prevent a higher value for the
objective function. It is easy to see why. For the cutting and dyeing constraint we had:

0.7S + 1D = 630

That is, at the optimal solution point of § = 540 and D = 252 and in order to
produce this quantity of the two products, all of the 630 hours of cutting and dyeing
time available is required. Further production of S and D is not possible as we have
used all the available cutting and dyeing time. Similarly for the Finishing constraint
this is also binding, hence we need all the available finishing time to be able to
produce the optimal quantities of S and D. However, our other two constraints, for
Sewing and for Inspection and Packaging are non-binding. Non-binding constraints
do not directly affect the optimal solution. We shall see later that important manage-
ment information can be obtained through understanding binding and non-binding
constraints for an LP solution.

A Note on Graphing Lines

An important aspect of the graphical method is the ability to graph lines showing the
constraints and the objective function of the linear programme. The procedure we used
for graphing the equation of a line is to find any two points satisfying the equation and
then draw the line through the two points. For the GulfGolf constraints, the two points
were easily found by first setting S = 0 and solving the constraint equation for D. Then
we set D = 0 and solved for S. For the cutting and dyeing constraint line:

0.7S +1D =630

this procedure identified the two points (S = 0, D = 630) and (S = 900, D = 0).
The cutting and dyeing constraint line was then graphed by drawing a line through
these two points.

All constraints and objective function lines in two-variable linear programmes can
be graphed if two points on the line can be identified. However, finding the two points
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on the line is not always as easy as shown in the GulfGolf problem. For example,
suppose a company manufactures two models of a small handheld computer: the
Assistant (4) and the Professional (P). Management needs 50 units of the Professio-
nal model for its own salesforce, and expects sales of the Professional to be at most
one-half of the sales of the Assistant. A constraint enforcing this requirement is:

P —50 <0.5A
or

2P -100 <A
or

2P —A <100

Using the equality form and setting P = 0, we find the point (P = 0, A = —100)
is on the constraint line. Setting A = 0, we find a second point (P = 50, A = 0)
on the constraint line. If we have drawn only the nonnegative (P > 0, A > 0)
portion of the graph, the first point (P =0, A = —100) cannot be plotted
because A = —100 is not on the graph. Whenever we have two points on the
line, but one or both of the points cannot be plotted in the nonnegative portion
of the graph, the simplest approach is to enlarge the graph. In this example, the
point (P =0, A = —100) can be plotted by extending the graph to include the
negative 4 axis. Once both points satisfying the constraint equation have been
located, the line can be drawn. The constraint line and the feasible solutions for
the constraint 2P — A < 100 are shown in Figure 2.10.

Figure 2.10 Feasible Solutions for the Constraint 2P — A < 700
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Can you graph a
constraint line when the
origin is on the constraint
line? Try Problem 4.

For additional practise in
using the graphical
solution procedure, try
Problem 13 a-d.
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Figure 2.11 Feasible Solutions for the Constraint R — T > 0
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As another example, consider a problem involving two decision variables, R and
T. Suppose that the number of units of R produced had to be at least equal to the
number of units of 7 produced. A constraint enforcing this requirement is:

R>T
or
R—-T>0

To find all solutions satisfying the constraint as an equality, we first set R = 0 and
solve for T. This result shows that the origin (7' = 0, R = 0) is on the constraint line.
Setting 7' = 0 and solving for R provides the same point. However, we can obtain a
second point on the line by setting 7" equal to any value other than zero and then
solving for R. For instance, setting 7 = 100 and solving for R, we find that the point
(T =100, R = 100) is on the line. With the two points (R =0, 7= 0) and (R
= 100, T = 100), the constraint line R — 7 = 0 and the feasible solutions for R —
T > 0 can be plotted as shown in Figure 2.11.

Summary of the Graphical Solution Procedure for Maximization
Problems

As we have seen, the graphical solution procedure is a method for solving two-
variable linear programming problems such as the GulfGolf problem. The steps of
the graphical solution procedure for a maximization problem are summarized
here:

1 Draw a graph of the feasible solutions for all of the constraints.

2 Determine the feasible region by identifying the solutions that satisfy all the
constraints simultaneously.

3 Choose an arbitrary (but convenient) value for the objective function.
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4 Draw a line on the graph showing the values of the decision variables that will
give this value for the objective function.

5 Using a ruler or straightedge, move the objective function line as far from the
origin as possible until any further movement would take the line out of the
feasible region altogether.

6 The feasible solution on this objective function line is the optimal solution.
7 Confirm the solution point mathematically using simultaneous equations.

One of the convenient things about LP is that we literally have a programme of
steps to follow that are the same for every maximization problem.

Slack Variables

In addition to the optimal solution and its associated profit contribution, GulfGolf
management will want information about the production time requirements for each
production operation. How many hours do we actually need to produce the optimal
solution quantities? We can determine this information by substituting the optimal
solution values (S = 540, D = 252) into the constraints of the linear programme.

Hours Required for S = 540 Hours Unused
Constraint and D = 252 Available Hours
Cutting and /10(540) + 1(252) = 630 630 0
dyeing
Sewing 1/,(540) + 5/5(252) = 480 600 120
Finishing 1(540) + 2/3(252) = 708 708 0
Inspection and 1/10(540) + 1/4(252) = 117 135 18
packaging

The complete solution tells management that the production of 540 standard bags

and 252 deluxe bags will require all available cutting and dyeing time (630 hours)

and all available finishing time (708 hours), while 600 — 480 = 120 hours of sewing

time and 135 — 117 = 18 hours of inspection and packaging time will remain
Gan you ideniiy the unused. The.: 120. hours of unused sewing time and 18 hours of unused inspe.ction
aack associated win o and packaging time are referred to as slack for the two departments. In linear
constraint? Try Problem programming terminology, any unused capacity for a < constraint is referred to as
13(e) the slack associated with the constraint.

Earlier, we introduced the distinction between binding and non-binding con-
straints. By definition, for constraints taking the form <, a binding constraint will
have a slack value of zero at the optimal solution point since by definition for a
binding constraint, both sides of the constraint will be equal. For a non-binding
constraint taking the form <, however, the slack value will be positive since, again,
by definition, for a non-binding constraint the left-hand side of the constraint will
be less than the right-hand side. Looking at the slack values (unused hours) in the
table above we can confirm directly that cutting and dyeing is a binding constraint
as is finishing whilst the other two constraints are non-binding.

Often variables, called slack variables, are added to the formulation of a linear
programming problem to represent the slack, or idle capacity. Unused capacity
makes no contribution to profit; thus, slack variables have coefficients of zero in
the objective function. After the addition of four slack variables, denoted Sy, S», S3
and S, the mathematical model of the GulfGolf problem becomes:
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Max  10S + 9D + 0S; + 0S5 + 0S5 + 0S4
st.
oS + 1D + 1S, =630
S + %D +1S; =600
1S + 24D +18; =708
Y10S + V4D +1S, =135

S7 D7 817 825 837 S4 ZO

Whenever a linear programme is written in a form with all constraints expressed
as equalities, it is said to be written in standard form.

Referring to the standard form of the GulfGolf problem, we see that at the
optimal solution (S = 540 and D = 252), the values for the slack variables are:

Can you write a linear
programme in standard
form? Try Problem 11.

Constraint Value of Slack Variable
Cutting and dyeing Si=0

Sewing S, =120
Finishing S3=0
Inspection and packaging Sy — 18

Could we have used the graphical solution to provide some of this information? The
answer is yes. By finding the optimal solution point on Figure 2.5, we can see that the
cutting and dyeing and the finishing constraints restrict, or bind, the feasible region at this
point. Thus, this solution requires the use of all available time for these two operations. In
other words, the graph shows us that the cutting and dyeing and the finishing depart-
ments will have zero slack. On the other hand, the sewing and the inspection and
packaging constraints are not binding the feasible region at the optimal solution, which
means we can expect some unused time or slack for these two operations.

As a final comment on the graphical analysis of this problem, look at the sewing
capacity constraint as shown in Figure 2.5. Note, in particular, that this constraint did
not affect the feasible region. That is, the feasible region would be the same whether
the sewing capacity constraint were included or not, which tells us that there is enough
sewing time available to accommodate any production level that can be achieved by
the other three departments. The sewing constraint does not affect the feasible region
and thus cannot affect the optimal solution; it is called a redundant constraint.

NOTES AND COMMENTS
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1

In the standard-form representation of a linear
programming model, the objective function
coefficients for slack variables are zero. This zero
coefficient implies that slack variables, which
represent unused resources, do not affect the
value of the objective function. However, in some
applications, unused resources can be sold and
contribute to profit. In such cases, the
corresponding slack variables become decision

2

variables representing the amount of unused
resources to be sold. For each of these variables,
a nonzero coefficient in the objective function
would reflect the profit associated with selling a
unit of the corresponding resource.

Redundant constraints do not affect the feasible
region; as a result, they can be removed from a linear
programming model without affecting the optimal
solution. However, if the linear programming model is
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to be re-solved later, changes in some of the data constraints in the linear programming model even
might make a previously redundant constraint a though at some point in time one or more of the
binding constraint. Thus, we recommend keeping all constraints may be redundant.

Extreme Points and the Optimal Solution

Suppose that the profit contribution for the company’s standard golf bag is reduced
from $10 to $5 per bag, while the profit contribution for the deluxe golf bag and all
the constraints remain unchanged. The complete linear programming model of this
new problem is identical to the mathematical model in Section 2.1, except for the
revised objective function:

Max 5S +9D

How does this change in the objective function affect the optimal solution to the
problem? Figure 2.12 shows the graphical solution of this new problem with the
revised objective function. Note that without any change in the constraints, the
feasible region does not change. However, the profit lines have been altered to
reflect the new objective function.

By moving the profit line in a parallel manner toward higher profit values, we find
the optimal solution as shown in Figure 2.12. The values of the decision variables at
this point are S = 300 and D = 420. The reduced profit contribution for the stand-
ard bag caused a change in the optimal solution. In fact, as you may have suspected,
we are cutting back the production of the lower-profit standard bags and increasing
the production of the higher-profit deluxe bags.

Figure 2.12 Optimal Solution for the GulfGolf Problem with an Objective Function
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Figure 2.13 The Five Extreme Points of the Feasible Region for the GulfGolf Problem
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What observations can you make about the location of the optimal solutions in the
two linear programming problems solved thus far? Look closely at the graphical
solutions in Figures 2.9 and 2.12. Notice that the optimal solutions occur at one of
the vertices or ‘corners’ of the feasible region. In linear programming terminology,
these vertices are referred to as the extreme points of the feasible region. The GulfGolf
feasible region has five vertices, or five extreme points (see Figure 2.13). We can now
formally state our observation about the location of optimal solutions as follows:

The optimal solution to a linear programme can be found at an extreme
point of the feasible region.”

For additional practise in -~ This property means that if you are looking for the optimal solution to a linear
identifying the exireme programme, you do not have to evaluate all feasible solution points. In fact, you have
feoélngf] Zaéhsefé?;?n'?ng to consider only the feasible solutions that occur at the extreme points of the feasible
the optimal solution by region. So, for the GulfGolf problem, instead of computing and comparing the profit
computing and contributions for all feasible solutions, we can find the optimal solution by evaluating
comparing the oblecive  the five extreme-point solutions and selecting the one that provides the largest profit
function value at each . . . . . .

extreme point, ry contribution. Actually, the graphical solution procedure is nothing more than a
Problem 9. convenient way of identifying an optimal extreme point for two-variable problems.

Computer Solution of the GulfGolf Problem

We have deliberately used a simple example to show the basics of LP. In the real
world, of course, LP problems are not this easy! LP problems may easily have several
hundred decision variables and thousands of constraints and clearly these cannot be

*We will discuss in Section 2.6 the two special cases (infeasibility and unboundedness) in linear programming
that have no optimal solution, and for which this statement does not apply.
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In January 1952 the first
successful computer
solution of a linear
programming problem
was performed on the
SEAC (Standards Eastern
Automatic Computer).
The SEAC, the first digital
computer built by the
National Bureau of
Standards under US Air
Force sponsorship, had a
512-word memory and
magnetic tape for
external storage.

In 2005, a survey reviewed
around 50 different LP
computer programs. OR/
MS Today, June 2013,
Linear Programming
Software Survey.

EXCEL file

GULFGOLF

COMPUTER SOLUTION OF THE GULFGOLF PROBLEM

solved graphically but have to be solved through an appropriate computer package.
Computer programs designed to solve linear programming problems are now widely
available. Most companies and universities have access to these. After a short period
of familiarization with the specific features of the package, users are able to solve
linear programming problems with few difficulties. Most large linear programmes
can be solved with just a few minutes of computer time; small linear programmes
usually require only a few seconds.

More recently, with the virtual explosion of software for personal computers, a
large number of user-friendly computer programs that can solve linear pro-
grammes became available. These programs, developed by academicians and small
software companies, are almost all easy to use. Most of these programs are
designed to solve smaller linear programmes (a few hundred variables). But, some
can be used to solve problems involving thousands of variables and constraints.
Linear programming solvers are now part of many spreadsheet packages. In
Appendixes 2.1 and 2.2 we show how to solve LP problems with Microsoft Excel
and with the Management Scientist software package developed by the authors of
this text.

Interpretation of Computer Output

Figure 2.14 shows the Excel Solver spreadsheet for the GulfGolf problem. The top
part of the spreadsheet (Rows 4 to 9) shows the problem information — the coefficients
and values for each constraint and the objective function. The bottom part of the
spreadsheet shows information about the optimal solution.

Figure 2.14 Excel Solution for the GulfGolf Problem

Production Time
. |Operation Standard Deluxe | Time Available
\ |Cutting and Dyeing 0.7 1 630
i [Sewing 0.5 0.83333 600
" |Finishing 1 0.66667 708
| & |Inspection and Packaging 0.1 0.25 135
Lo [Profit Per Bag 10 9

Decision Variables

o Bags Produced

Lic [Maximize Total Profit

Hours Available
RHS
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MANAGEMENT SCIENCE IN ACTION

Optimizing production planning at Jan de Wit Company, Brazil

You might be forgiven for thinking initially that
mathematical linear programming and the gen-
teel business of growing lily flowers in Brazil couldn’t
be further apart from each other. And you couldn’t be
more wrong! Johannes de Wit is owner and general
manager of the Jan de Wit company in Brazil. The
company is Brazil's largest producer of Oriental and
Asian lily flowers in a domestic market with an annual
value of over US$1 billion. Johannes credits the
introduction of linear programming into the business
with helping:

e increase company revenue by 26 per cent;

e reduce costs as a percentage of sales by around
3 percentage points;

e increase the return on owner’s equity by over 7
percentage points;

e increase the quality of lily production.

Try telling him that LP and lilies don’t mix.
Production planning in such a business is not a

trivial task. The bulbs from which the flowers grow

are imported from Holland, although a bulb will take

two years before it is sufficiently mature to produce
flowers. The company imports around 3.5 million
bulbs a year in over 50 different varieties. The com-
pany also faces very seasonal demand with peaks
at specific dates, such as Mother’s Day, Easter, Al
Soul's Day and Christmas and to complicate this
further the varieties and colours in demand vary for
each peak period. Depending on the variety, the
bulb size, and the time of planting the production
cycle can vary from six to 16 weeks. To succeed,
Jan de Wit Company must plant the right bulbs
during the right week. An LP optimization model
was developed to maximize total contribution mar-
gin. Considerable effort was taken to involve the
company's top management in the modelling proc-
ess and to ensure that the computer model used
was as user-friendly as possible for the non-MS
staff in the company.

Based on J. V. Caixeta-Filho, J. M. van Swaay-Neto and A. de
Pa’dua Wagemaker, ‘Optimization of the Production Planning and
Trade of Lily Flowers at Jan de Wit Company’, Interfaces 32
(Jan-Feb, 2002): 35-46.

First we note in Row 18 Maximize Total Profit at 7668, which is the value of the
objective function at the optimal solution. Just above, Row 16, we see Bags
Produced with 539.99842 for Standard bags and 252.00110 for Deluxe bags. After
rounding, this confirms our graphical solution of 540 and 252 bags respectively.
The last section, Constraints, shows the left-hand side (LHS) value for each con-
straint at the optimal solution against the RHS value in the initial problem for-
mulation. So, for the cutting and dyeing constraint, we see that initially we have
630 hours available (RHS) and at the optimal solution calculated we are using 630
hours (LHS). We know, therefore that this constraint is binding.

It is worth noting that Excel Solver produces additional output in the form of optional
reports. We shall see later how to use the information that these reports contain.

NOTES AND COMMENTS

inear programming solvers are now a standard
feature of most spreadsheet packages. Excel,
Lotus 1- 2-3 and Quattro Pro all come with built-in
solvers capable of solving optimization problems,
including linear programmes. The solver in each of

these spreadsheet packages was developed by
Frontline Systems and provides a similar user inter-
face. In Appendix 2.1 we show how spreadsheets
can be used to solve linear programmes by using
Excel to solve the GulfGolf problem.
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A Minimization Problem

So far, we have looked at problems where we want to maximize the objective
function. LP problems where we seek to minimize the objective function are just
as common. M&D Chemicals is based in Germany and manufactures a variety of
chemical products that are sold to other companies who produce bath soaps and
shower gels. Based on an analysis of current inventory levels and potential demand
for the coming week, M&D’s management specified that the combined production
for products A and B must total at least 350 litres. Separately, a major customer’s
order for 125 litres of product A must also be satisfied. Product A requires two
hours of processing time per litre and product B requires one hour of processing
time per litre. For the coming week, 600 hours of processing time are available.
M&D’s objective is to satisfy these requirements at a minimum total production
cost. Production costs are €2 per litre for product A and €3 per litre for product B.

To find the minimum-cost production schedule, we will formulate the M&D
Chemicals problem as a linear programme. Following a procedure similar to the
one used for the GulfGolf problem, we first define the decision variables and the
objective function for the problem. Let:

A = number of litres of product A
B = number of litres of product B

With production costs at €2 per litre for product A and €3 per litre for product B,
the objective function that corresponds to the minimization of the total production
cost can be written as:

Min 2A 4 3B

Next consider the constraints placed on the M&D Chemicals problem. To satisfy the
major customer’s demand for 125 litres of product A, we know A must be at least
125. Thus, we write the constraint:

1A > 125

For the combined production for both products, which must total at least 350 litres,
we can write the constraint:

1A+1B > 350

Finally, for the limitation of 600 hours on available processing time, we add the
constraint:

2A +1B <600

After adding the nonnegativity constraints (4, B > (), we arrive at the following
linear programme for the M&D Chemicals problem:

Min  2A 4+ 3B
s.t.
1A > 125 Demand for product A
1A+ 1B > 350 Total production
2A 4+ 1B <600 Processing time
A B>0

Because the linear programming model has only two decision variables, the graph-
ical solution procedure can be used to find the optimal production quantities. The
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Figure 2.15 The Feasible Region for the M&D Chemicals Problem
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graphical solution procedure for this problem, just as in the GulfGolf problem,
requires us to first graph the constraint lines to find the feasible region. By graphing
each constraint line separately and then checking points on either side of the
constraint line, the feasible solutions for each constraint can be identified. By
combining the feasible solutions for each constraint on the same graph, we obtain
the feasible region shown in Figure 2.15.

To find the minimum-cost solution, we now draw the objective function line
corresponding to a particular total cost value. For example, we might start by
drawing the line 24 + 3B = 1200. This line is shown in Figure 2.16. Clearly some
points in the feasible region would provide a total cost of €1200. To find the values
of A and B that provide smaller total cost values, we move the objective function line
in a lower left direction until, if we moved it any farther, it would be entirely outside
the feasible region. Note that the objective function line 24 + 3B = 800 intersects
the feasible region at the extreme point A = 250 and B = 100. This extreme point
provides the minimum-cost solution with an objective function value of 800. From
Figures 2.15 and 2.16, we can see that the total production constraint and the
processing time constraint are binding. Just as in every linear programming problem,
the optimal solution occurs at an extreme point of the feasible region.

Summary of the Graphical Solution Procedure for Minimization
Problems

Can you use the The steps of the graphical solution procedure for a minimization problem are

graphical solution . .
) - summarized here:
procedure to determine

the optimal solution for a
minimization problem? ) ]
Try problem 8 2 Determine the feasible region by identifying the solutions that satisfy all the

constraints simultaneously.

1 Prepare a graph of the feasible solutions for each of the constraints.
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Figure 2.16 Graphical Solution for the M&D Chemicals Problem
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3 Choose an arbitrary (but convenient) value for the objective function.

4 Draw a line on the graph showing the values of the decision variables that will
give this value for the objective function.

5 Using a ruler or straightedge, move the objective function line as close to the
origin as possible until any further movement would take the line out of the
feasible region altogether.

6 The feasible solution on this objective function line is the optimal solution.
7 Confirm the solution point mathematically using simultaneous equations.

You may have noticed that this is exactly the same procedure as for a maximization
problem except for the direction we push the objective function. For a maximization
problem we push the objective function as far away from the origin as possible. For a
minimization problem we push the objective function line as close to the origin as possible.

Surplus Variables

The optimal solution to the M&D Chemicals problem shows that the desired total
production of A + B = 350 litres has been achieved by using all available processing
time of 24 + 1B = 2(250) + 1(100) = 600 hours. In addition, note that the constraint
requiring that product A demand be met has been satisfied with 4 = 250 litres. In fact,
the production of product A exceeds its minimum level by 250 — 125 = 125 litres. This
excess production for product A is referred to as surplus. In linear programming termi-
nology, any excess quantity corresponding to a > constraint is referred to as surplus.
Recall that with a < constraint, a slack variable can be added to the left-hand side
of the inequality to convert the constraint to equality form. With a > constraint, a
surplus variable can be subtracted from the left-hand side of the inequality to

Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has
deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



60 CHAPTER 2 AN INTRODUCTION TO LINEAR PROGRAMMING

convert the constraint to equality form. Just as with slack variables, surplus variables
are given a coefficient of zero in the objective function because they have no effect
on its value. After including two surplus variables, S| and S5, for the > constraints
and one slack variable, S3, for the < constraint, the linear programming model of
the M&D Chemicals problem becomes:

Min  2A + 3B + 0S¢ + 0S» +083

s.t.
1A - 154 =125
1A+1B —-18; =350
2A+1B + 1S3 =600

Aa B7 S17 827 8320

Try Problem 20 to test All the constraints are now equalities. Hence, the preceding formulation is the stand-
gggr;ﬁg'fg;g;;%é':ig ard-form representation of the M&D Chemicals problem. At the optimal solution of
wiite a linear programme A = 250 and B = 100, the values of the surplus and slack variables are as follows:

in standard form.

Constraint Value of Surplus or Slack Variables
Demand for product A Si =125

Total production S>=0

Processing time S3=0

Refer to Figures 2.15 and 2.16. Note that the zero surplus and slack variables are
associated with the constraints that are binding at the optimal solution — that is, the
total production and processing time constraints. The surplus of 125 units is asso-
ciated with the nonbinding constraint on the demand for product A.

In the GulfGolf problem all the constraints were of the < type, and in the M&D
Chemicals problem the constraints were a mixture of > and < types. The number
and types of constraints encountered in a particular linear programming problem
depend on the specific conditions existing in the problem. Linear programming
problems may have some < constraints, some > constraints, and some = constraints.

Ty Problem 21 to For an equality constraint, feasible solutions must lie directly on the constraint line.

practice solving a linear

programme with all three An example of a linear programme with two decision variables, G and H, and all
constraint forms. three constraint forms is given here:
Min 2G +2H
s.t.
1G+3H <12
3G+ 1H > 13
1G—-1H=3
G, H>0

The standard-form representation of this problem is:

Min  2G + 2H + 0S4 4+ 0S»

s.t.
1G +3H + 154 =12
3G+ 1H —-15, =183
1G - 1H =3
Gu H ) 81 ) 82 > 0
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The standard form requires a slack variable for the < constraint and a surplus
variable for the > constraint. However, neither a slack nor a surplus variable is
required for the third constraint since it is already in equality form.

When solving linear programmes graphically, it is not necessary to write the
problem in its standard form. Nevertheless, you should be able to calculate the
values of the slack and surplus variables and understand what they mean,
because the values of slack and surplus variables are included in the computer
solution of linear programmes and have an important management use. In
Chapter 5 we will introduce an algebraic solution procedure, the simplex
method, which can be used to find optimal extreme-point solutions for linear
programming problems with as many as several thousand decision variables. The
mathematical steps of the simplex method involve solving simultaneous equa-
tions that represent the constraints of the linear programme. Thus, in setting up
a linear programme for solution by the simplex method, we must have one linear
equation for each constraint in the problem; therefore, the problem must be in
its standard form.

A final point: the standard form of the linear programming problem is equivalent
to the original formulation of the problem. That is, the optimal solution to any linear
programming problem is the same as the optimal solution to the standard form of
the problem. The standard form has not changed the basic problem; it has only
changed how we write the constraints for the problem.

Computer Solution of the M&D Chemicals Problem

The solution obtained using Excel Solver is presented in Figure 2.17. The computer
output shows that the minimum-cost solution yields an objective function value of
€800. The values of the decision variables show that 250 litres of product A and 100
litres of product B provide the minimum-cost solution.

From the Constraints section of the solution, we can sce that constraint 2 and 3
are binding whilst constraint 1 has a surplus of 125 units.

Figure 2.17 Excel solution for M&D Chemicals

Target Cell (Min)

Original
__________ Wewme ... @ _ctelwe il Vedue
. Minimize Cost Product A 0 800
EXCEL file
M&D
Adjustable Cells
Original
__________ W oo JJUELWE . Tine Telme
Litres produced Product A 0 250
Litres produced Product B 0 100
Constraints
__________ Name _________...... Cell Value  Status = Slack
Not
Demand for product A (LHS ) )
12 (LHS) 250 Binding 125
Total production (LHS) 350 Binding 0
Processing time (LHS) 600 Binding 0
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Special Cases

In this section we discuss three special situations that can arise when we attempt to
solve linear programming problems.

Alternative Optimal Solutions

From the discussion of the graphical solution procedure, we know that optimal
solutions are found at the extreme points of the feasible region. Now let us consider
the special case in which the optimal objective function line coincides with one of the
binding constraint lines on the boundary of the feasible region. We will see that this
situation can lead to the case of alternative optimal solutions; in such cases, more
than one solution provides the optimal value for the objective function.

To illustrate the case of alternative optimal solutions, we return to the GulfGolf
problem. However, let us assume that the profit for the standard golf bag (S) has
been decreased to $6.30. The revised objective function becomes 6.3S + 9D. The
graphical solution of this problem is shown in Figure 2.18. Note that the optimal
solution still occurs at an extreme point. In fact, it occurs at two extreme points:
extreme point @ (S = 300, D = 420) and extreme point ® (S = 540, D = 252).

The objective function values at these two extreme points are identical; that is,

6.3S + 9D = 6.3(300) + 9(420) = 5670

and

6.3S + 9D = 6.3(540) + 9(252) = 5670

Furthermore, any point on the line connecting the two optimal extreme points also
provides an optimal solution. For example, the solution point (S = 420, D = 336),

Figure 2.18 GulfGolf Problem with an Objective Function of 6.3S + 9D (Alternative
Optimal Solutions)
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Problems with no
feasible solution do arise
in practice, most often
because management’s
expectations are too high
or because too many
constraints have been
placed on the problem.

SPECIAL CASES

which is halfway between the two extreme points, also provides the optimal objective
function value of:

6.3S + 9D = 6.3(420) + 9(336) = 5670

A linear programming problem with alternative optimal solutions is generally a
good situation for the manager or decision maker. It means that several combina-
tions of the decision variables are optimal and that the manager can select the most
desirable optimal solution. Unfortunately, determining whether a problem has
alternative optimal solutions is not a simple matter.

Infeasibility

Infeasibility means that no solution to the linear programming problem satisfies all
the constraints, including the nonnegativity conditions. Graphically, infeasibility
means that a feasible region does not exist; that is, no points satisfy all the con-
straints and the nonnegativity conditions simultaneously. To illustrate this situation,
let us look again at the problem faced by GulfGolf.

A large hotel chain in the region which offers golfing holidays has approached the
company and is interested in placing an order for golf bags. It is thinking of buying at
least 500 of the standard bags and at least 360 of the deluxe bags. These would now
represent two additional constraints for the original formulation and can be graphed as
usual. The graph of the solution region may now be constructed to reflect these new
requirements (see Figure 2.19). The shaded area in the lower left-hand portion of the
graph depicts those points satisfying the departmental constraints on the availability of
time. The shaded area in the upper right-hand portion depicts those points satisfying
the minimum production requirements of 500 standard and 360 deluxe bags. But no
points satisfy both sets of constraints. Thus, we see that if management imposes these

Figure 2.19 No Feasible Region for the GulfGolf Problem with Minimum Requirements
of 500 Standard and 360 Deluxe Bags
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Table 2.2 Resources Needed to Manufacture 500 Standard Bags and 360 Deluxe Bags

Minimum Required Available Additional Resources

Operation Resources (hours) Resources (hours) Needed (hours)
Cutting and 0.7(500) + 1(360) = 710 630 80

dyeing
Sewing 0.5(500) + 0.8333(360) = 550 600 None
Finishing 1(500) + 0.6667(360) = 740 708 32
Inspection and 0.1(500) + 0.25(360) = 140 135 5

packaging

minimum production requirements, no feasible region exists for the problem. Attrac-
tive though a large order from the hotel chain might be, production of these quantities
is simply not feasible given the production time available to the company.

How should we interpret infeasibility in terms of this current problem? First, we
should tell management that given the resources available (i.e., production time for
cutting and dyeing, sewing, finishing and inspection and packaging), it is not possible to
make 500 standard bags and 360 deluxe bags. Moreover, we can tell management exactly
how much of each resource must be expended to make it possible to manufacture 500
standard and 360 deluxe bags. Table 2.2 shows the minimum amounts of resources that
must be available, the amounts currently available and additional amounts that would be
required to accomplish this level of production. Thus, we need 80 more hours for cutting
and dyeing, 32 more hours for finishing and five more hours for inspection and pack-
aging to meet management’s minimum production requirements.

If, after reviewing this information, management still wants to manufacture 500
standard and 360 deluxe bags, additional resources must be provided. Perhaps by hiring
another person to work in the cutting and dyeing department, transferring a person
from elsewhere in the plant to work part-time in the finishing department or having the
sewing people help out periodically with the inspection and packaging, the resource
requirements can be met. As you can see, many possibilities are available for corrective
management action, once we discover the lack of a feasible solution. The important
thing to realize is that linear programming analysis can help determine whether
management’s plans are feasible. By analyzing the problem using linear programming,
we are often able to point out infeasible conditions and initiate corrective action.

Whenever you attempt to solve a problem that is infeasible using The Manage-
ment Scientist, you will obtain a message that says ‘No Feasible Solution’. In this
case you know that no solution to the linear programming problem will satisfy all
constraints, including the nonnegativity conditions. Careful inspection of your for-
mulation is necessary to try to identify why the problem is infeasible. In some
situations, the only reasonable approach is to drop one or more constraints and
resolve the problem. If you are able to find an optimal solution for this revised
problem, you will know that the constraint(s) that were omitted, in conjunction with
the others, are causing the problem to be infeasible.

Unbounded Problems

The solution to a maximization linear programming problem is unbounded if the
value of the solution may be made infinitely large without violating any of the
constraints; for a minimization problem, the solution is unbounded if the value
may be made infinitely small. This condition might be termed managerial utopia;
for example, if this condition were to occur in a profit maximization problem, the
manager could achieve an unlimited profit.
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However, in linear programming models of real problems, the occurrence of an
unbounded solution probably means that the problem has been improperly for-
mulated. We know it is not possible to increase profits indefinitely. Therefore, we
must conclude that if a profit maximization problem results in an unbounded
solution, the mathematical model doesn’t represent the real-world problem suffi-
ciently. Usually, what has happened is that a constraint has been omitted during
problem formulation.

As an illustration, consider the following linear programme with two decision
variables, X and Y-

Max 20X + 10Y
s.t.
X>2
1Y <5
X, Y>0

In Figure 2.20 we have graphed the feasible region associated with this problem.
Note that we can only indicate part of the feasible region since the feasible region
extends indefinitely in the direction of the X axis. Looking at the objective function
lines in Figure 2.20, we see that the solution to this problem may be made as large as
we desire. That is, no matter what solution we pick, we will always be able to reach
some feasible solution with a larger value. Thus, we say that the solution to this
linear programme is unbounded.

Whenever you attempt to solve a problem that is unbounded using The Manage-
ment Scientist, you will obtain a message that says, ‘Problem is Unbounded’.

Figure 2.20 Example of an Unbounded Problem

Objective function
increases without limit.
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Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has
deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



66 CHAPTER 2 AN INTRODUCTION TO LINEAR PROGRAMMING

Can you recognize
whether a linear
programme involves

Because unbounded solutions cannot occur in real problems, the first thing you
should do is to review your model to determine whether you have incorrectly
formulated the problem. In many cases, this error is the result of inadvertently

alternative optimal
solutions, infeasibility or

is unbounded? Try
Problems 17 and 18

NOTES AND COMMENTS

1

Infeasibility is independent of the objective
function. It exists because the constraints are so
restrictive that there is no feasible region for the
linear programming model. Thus, when

you encounter infeasibility, making changes in the
coefficients of the objective function will not help;
the problem will remain infeasible.

The occurrence of an unbounded solution is
often the result of a missing constraint. However,

omitting a constraint during problem formulation.

a change in the objective function may cause a
previously unbounded problem to become
bounded with an optimal solution. For example,
the graph in Figure 2.20 shows an unbounded
solution for the objective function Max 20X + 10Y.
However, changing the objective function to
Max — 20X — 10Y will provide the optimal
solution X = 2 and Y = 0 even though no
changes have been made in the constraints.

General Linear Programming Notation

In this chapter we showed how to formulate linear programming models for the
GulfGolf and M&D Chemicals problems. To formulate a linear programming
model of the GulfGolf problem we began by defining two decision variables: S =
number of standard bags, and D = number of deluxe bags. In the M&D Chemicals
problem, the two decision variables were defined as 4 = number of litres of product
A, and B = number of litres of product B. We selected decision-variable names of S
and D in the GulfGolf problem and A and B in the M&D Chemicals problem to
make it easier to recall what these decision variables represented in the problem.
Although this approach works well for linear programmes involving a small number
of decision variables, it can become difficult when dealing with problems involving a
large number of decision variables.

A more general notation that is often used for linear programmes uses the letter x
with a subscript. For instance, in the GulfGolf problem, we could have defined the
decision variables as follows:

x1 = number of Standard bags
Xo = number of Deluxe bags

In the M&D Chemicals problem, the same variable names would be used, but their
definitions would change:

x1 = number of litres of product A
X> = number of litres of product B

A disadvantage of using general notation for decision variables is that we are no
longer able to easily identify what the decision variables actually represent in the
mathematical model. However, the advantage of general notation is that formulating
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.
Summary

This chapter has introduced a model commonly used in management science, that of linear
programming (LP). LP models are used in many different situations, for many different types of problem
and across many different types of business organization.

GENERAL LINEAR PROGRAMMING NOTATION

a mathematical model for a problem that involves a large number of decision
variables is much easier. For instance, for a linear programming model with three
decision variables, we would use variable names of xy, x, and x3; for a problem with
four decision variables, we would use variable names of xy, x», x3 and x4 and so on.
Clearly, if a problem involved 1000 decision variables, trying to identify 1000 unique
names would be difficult. However, using the general linear programming notation,
the decision variables would be defined as xy, x5, X3,. . ., X1000-

To illustrate the graphical solution procedure for a linear programme written
using general linear programming notation, consider the following mathematical
model for a maximization problem involving two decision variables:

Max  3xy + 2xo

s.t.
X1 +2x <8
1x1 + 0.5 < 3
X1, X2 >0

We must first develop a graph that displays the possible solutions (x; and x, values)
for the problem. The usual convention is to plot values of x; along the horizontal axis
and values of x, along the vertical axis. Figure 2.21 shows the graphical solution for
this two-variable problem. Note that for this problem the optimal solution is x; = 2
and x, = 2, with an objective function value of 10.

Using general linear programming notation, we can write the standard form of
the preceding linear programme as follows:

Max 3x1 + 2xo + 0S1 + 0S5

s.t.
2X1 + 2% + 154 =8
1x1 + 0.5% +1S, =3
X1, X2, S1, S2 >0

Thus, at the optimal solution x; = 2 and x, = 2; the values of the slack variables are
s1 =8, = 0.

LP is an optimization model, where we seek to determine an optimal solution to some problem subject
to a number of constraints.

LP problems can be formulated with an objective function which could be for maximization or
for minimization. Constraints in an LP problem place some restriction on what we are able

to do in our search for an optimal solution and LP constraints can take one of three forms:
<, >, 0r =

Both the objective function and all constraints must take a linear form mathematically.
The simplest form of an LP problem involves two decision variables and can be solved graphically.

At the optimal solution some constraints will be binding and some non-binding. A binding constraint is
exactly satisfied at the optimal solution. A non-binding constraint will have slack, or surplus, associated with it.

67

Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has
deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



68 CHAPTER 2 AN INTRODUCTION TO LINEAR PROGRAMMING

Figure 2.21 Graphical Solution of a Two-Variable Linear Programme with General
Notation

X2
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4
3

Optimal Solution

X1 =2,X=2

Optimal Value = 3x; + 2x, = 10
2

3xq +2x,=6

1

WORKED EXAMPLE

lair & Rosen PLC (B&R), is a UK based brokerage firm that specializes in building investment portfolios

designed to meet the specific needs of its clients who are mostly private individuals wishing to invest their
savings in stocks and shares. One client who contacted B&R recently has a maximum of £500 000 to invest.
B&R’s investment advisor has decided to recommend a portfolio consisting of two investment funds: an
Internet fund, where the companies are all active in Internet businesses of one kind or another, and a Blue Chip
fund which is more conservative and traditional. The Internet fund has a projected annual return over the next
few years of 12 per cent, while the Blue Chip fund has a projected annual return of 9 per cent. The investment
advisor has decided that at most £350 000 of the client’s funds should be invested in the Internet fund. B&R
services include a risk rating for each investment alternative. The Internet fund, which is the more risky of the
two investment alternatives, has a risk rating of 6 for every thousand £s invested. The Blue Chip fund has a risk
rating of 4 per thousand £s invested. So, for example, if £10000 is invested in each of the two investment
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funds, B&R’s risk rating for the portfolio would be 6(10) + 4(10) = 100. Finally, B&R has developed a
questionnaire to measure each client’s risk tolerance. Based on the responses, each client is classified as a
conservative, moderate or aggressive investor. The questionnaire results have classified the current client as
a moderate investor. B&R recommends that a client who is a moderate investor limit his or her portfolio to a
maximum risk rating of 240. You have been asked to help the B&R investment advisor.

a. What is the recommended investment portfolio for this client?
b. What is the annual return for the portfolio?
c. A second client, also with £500 000 to invest, has been classified as an aggressive investor. B&R recommends

that the maximum portfolio risk rating for an aggressive investor is 320. What is the recommended investment
portfolio for this aggressive investor? Explain what happens to the portfolio under the aggressive investor strategy.

Let us formulate the LP problem for the first investor. We will let X equal the investment made in the Internet
fund and Y the investment made in the Blue Chip fund. X and Y will then be our decision variables. It seems
reasonable to assume that the client will want to maximize the return on their investment so we will need a
Maximization objective function. We would then have a formulation:

Max 0.12X + 0.09Y

s.t. X +Y < 500000
X < 350000
0.0006X + 0.0004Y < 240
X, Y>0

Note: we have shown the annual returns in the objective function in percentage terms (0.12, and .09) so that the
solution will show the actual annual return in £s directly. You could have formulated the OF as 12X + 9Y as well.

We have not drawn a graph of this problem (although you might want to to get some extra practise) but simply used
Excel. The output is shown in Exhibit 2.1.

Values OF 0 51000
Value X 0 200000
Value Y 0 300000
LHS 500000 Binding 0
LHS 200000 Not Binding 150000
LHS 240 Binding 0
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We see that X takes an optimal value of £200000 and Y of £300000 with the objective function taking a
value of £54000. Putting this back into the context of the problem we can inform the investment advisor
that, based on the information given, their client can obtain a maximum annual return of £54 000 by
investing £200000 in the Internet fund and £300000 in the Blue Chip fund. We see further from the Excel
output that the first and third constraints are binding but the second constraint is not. The first constraint
related to the maximum available funding of £500000. All of this is being invested at the optimal solution
(slack is zero). Similarly, for the third constraint. This relates to the maximum risk rating of 240. With the
recommended investment mix, this rating is exactly met — in other words we are at the upper limit of the
client’s risk tolerance with this investment mix. On the other hand, the second constraint is non-binding with
a slack of £150000. This relates to the advisor’s requirement that no more than £350 000 be invested in the
Internet fund.

For the advisor’'s second client we have a similar problem but we now change the maximum risk rating to
320. The Excel solution is shown in Exhibit 2.2.

Values OF 0 55000
Value X 0 350000
Value Y 0 150000
LHS 500000 Binding 0
LHS 350000 Binding 0
LHS 270 Not Binding 50

We now have an optimal solution of £350000 invested in the Internet fund with the remainder
of £150000 in the Blue Chip fund generating an annual return of £55500. The first constraint is
binding (we are investing all the available amount) as is the second (we are investing the maximum into
the Internet fund). The third constraint is non-binding — we are well below the client's maximum risk rating
(the slack value is shown as 50 but it is difficult to interpret this given the complexity of the actual
constraint).

On comparison with client 1 we see that client 2's portfolio has invested more in the higher-return — but also
higher-risk — Internet fund. Client 1 was prevented from investing more than £200 000 in this fund because of
the risk rating constraint which was binding for this client.

We might also want to point out to the investment advisor that the model results are only as good as the
data that we used, particularly the projected annual returns for the two types of fund.
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MANAGEMENT SCIENCE IN ACTION

he Hanshin Expressway was the first urban toll

expressway in Osaka, Japan. Although in 1964
its length was only 2.3 kilometres, today it is a large-
scale urban expressway network of 200 kilometres.
The Hanshin Expressway provides service for the
Hanshin (Osaka-Kobe) area, the second-most popu-
lated area in Japan. An average of 828 000 vehicles
use the expressway each day, with dalily traffic some-
times exceeding one million vehicles. In 1990, the
Hanshin Expressway Public Corporation started using
an automated traffic control system in order to max-
imize the number of vehicles flowing into the express-
way network.

The automated traffic control system relies on two
control methods: (1) limiting the number of cars that
enter the expressway at each entrance ramp; and (2)
providing drivers with up-to-date and accurate traffic
information, including expected travel times and infor-
mation about accidents. The approach used to limit
the number of vehicles depends upon whether the
expressway is in a normal or steady state of opera-
tion, or whether some type of unusual event, such as
an accident or a breakdown, has occurred.

The Management Science in Action, Using Linear Programming for Traffic Control,
provides just one of many examples of the widespread use of linear programming. In the

In the first phase of the steady-state case, the
Hanshin system uses a linear programming model
to maximize the total number of vehicles entering the
system, while preventing traffic congestion and
adverse effects on surrounding road networks. The
data that drive the linear programming model are
collected from detectors installed every 500 metres
along the expressway and at all entrance and exit
ramps. Every five minutes the real-time data col-
lected from the detectors are used to update the
model coefficients, and a new linear programme
computes the maximum number of vehicles the
expressway can accommodate.

The automated traffic control system has been
successful. According to surveys, traffic control
decreased the length of congested portions of
the expressway by 30 per cent and the duration
by 20 per cent. It proved to be extremely cost
effective, and drivers consider it an indispensable
service.

Based on T. Yoshino, T. Sasaki and T. Hasegawa, ‘The Traffic-Control
System on the Hanshin Expressway’ Interfaces (January/February
1995): 94-108.

next two chapters we will see many more applications of linear programming.

Problems

Which of the following mathematical relationships could be found in a linear programming

test model, and which could not? For the relationships that are unacceptable for linear

programmes, state why.
—1x1 + 2%, — 1x3 < 70
2x; — 23 = 50
1x; — 2¢% + 4x3 < 10
W+2X2—1X3215
X1 + 1x2 + 1x3 =6
2X1 + BXxo + 1xxo < 25

Find the feasible solution points for the following constraints:

test 4x, + 2%, < 16
4x; + 2%, > 16
4x; + 2%, = 16
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SELF
test

SELF
test

SELF
test

SELF
test

SELF
test

SELF
test

Show a separate graph of the constraint lines and feasible solutions for each of the
following constraints:

a. 3xq4 + 2, < 18
b. 12x4 + 8x, > 480
c. 5x4 + 10x, = 200

Show a separate graph of the constraint lines and feasible solutions for each of the
following constraints:

a. x; > 0.25 (X1 + X2)
b. Xo < 0.10 (X1 + X2)
c. X3 < 0.50 (X1 + X2)

Three objective functions for linear programming problems are 7x; + 10xo, 6x1 + 4x»
and — 4x; + 7x.. Determine the slope of each objective function. Show the graph of each
for objective function values equal to 420.

Identify the feasible region for the following set of constraints:
Yoxi + Yaxe > 30
X1 + 5%, > 250

Yaxi + Yoxo < 50
X1, X2 >0

For the linear programme:

Max  2x4 + 3x»
s.t.
X1 +2x2 <6
Bxy +3xo < 15
X1, Xo >0
find the optimal solution using the graphical solution procedure. What is the value of the
objective function at the optimal solution?

Consider the following linear programme:

Min  3xy + 4x»

s.t.
X1+ 3%, > 6
X1 +1x2 >4
X1, Xo >0

Identify the feasible region and find the optimal solution using the graphical solution
procedure. What is the value of the objective function?

Consider the following linear programme:

Max  1x4 + 2%,
s.t.
1x4 <5
X < 4
26 + 2 =12
X1, Xo >0
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a. Show the feasible region.
b. What are the extreme points of the feasible region?
c. Find the optimal solution using the graphical procedure.

10 Refer to the GulfGolf problem described in Section 2.1. Suppose that management
encounters each of the following situations:

a. The accounting department revises its estimate of the profit contribution for the deluxe
bag to $18 per bag.

b. A new low-cost material is available for the standard bag, and the profit contribution per
standard bag can be increased to $20 per bag. (Assume the profit contribution of the
deluxe bag is the original $9 value.)

c. New sewing equipment is available that would increase the sewing operation capacity
to 750 hours. (Assume 10S + 9D is the appropriate objective function.)

If each of these conditions is encountered separately, what are the optimal solution and the
total profit contribution for each situation?

SELF 11 Write the following linear programme in standard form:

lest Max  5xy + 2xo + 8x3

s.t.
1X1 + 2xo + Yoxz < 420
2X1 + 3x> — 1x3 < 610
Ox1 — Ixo +3x3 < 125
X1, X2, X3 >0

SELF 12 RMC, Inc,, is a small firm that produces a variety of chemical products. In a particular
test production process, three raw materials are blended (mixed together) to produce
two products: a fuel additive and a solvent base. Each kilo of fuel additive is a mixture of 0.4
kilos of material 1 and 0.6 kilos of material 3. A kilo of solvent base is a mixture of 0.5 kilos
of material 1, 0.2 kilos of material 2 and 0.3 kilos of material 3. After deducting relevant
costs, the profit contribution is €40 for every kilo of fuel additive produced and €30 for
every kilo of solvent base produced.
RMC’s production is constrained by a limited availability of the three raw materials. For
the current production period, RMC has available the following quantities of each raw

material:
Raw Material Amount Available for Production
Material 1 20 kilos
Material 2 5 kilos
Material 3 21 kilos

Assuming that RMC is interested in maximizing the total profit contribution, answer the
following:

a. What is the linear programming model for this problem?

b. Find the optimal solution using the graphical solution procedure. How many kilos of
each product should be produced, and what is the projected total profit contribution?

c. Is there any unused material? If so, how much?

d. Are there any redundant constraints? If so, which ones?
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SELF 13 GulfGolf also make two different types of golfing gloves: a regular model and a

test professional model. The firm has 900 hours of production time available in its cutting and
sewing department, 300 hours available in its finishing department and 100 hours
available in its packaging and shipping department. The production time requirements and
the profit contribution per glove are given in the following table.

Production Time (hours)

Cutting and Packaging and Profit/
Model Sewing Finishing Shipping Glove
Regular model 1 0.5 0.125 $5
Professional’s 1.5 0.3333 0.25 $8

model

Assuming that the company is interested in maximizing the total profit contribution, answer
the following:

a. What is the linear programming model for this problem?

b. How many gloves of each model should GulfGolf manufacture?

c. What is the total profit contribution the company can earn with the listed production
quantities?

d. How many hours of production time will be scheduled in each department?

e. What is the slack time in each department?

14 Alocal health clinic is keen to raise awareness and understanding of AIDS/HIV in the local
community and has managed to attract some funding for local advertising. The clinic would like
to determine the best way to allocate a monthly advertising budget of €1000 between
newspaper advertising and radio advertising. Management has decided that at least 25 per cent
of the budget must be spent on each type of media, and that the amount of money spent on
local newspaper advertising must be at least twice the amount spent on radio advertising. A
marketing consultant has developed an index that measures audience exposure per euro of
advertising on a scale from 0 to 100, with higher values implying greater audience exposure. If
the value of the index for local newspaper advertising is 50 and the value of the index for spot
radio advertising is 80, how should the clinic allocate its advertising budget in order to maximize
the value of total audience exposure?

a. Formulate a linear programming model that can be used to determine how the clinic
should allocate its advertising budget in order to maximize the value of total audience
exposure.

b. Find the optimal solution using the graphical solution procedure.

SELF 15 Miguel’'s Mexican produces various Mexican food products and sells them to Western

test Foods, a chain of grocery stores located in Europe. Miguel’'s makes two salsa
products: Western Foods Salsa and Mexico City Salsa. Essentially, the two products
have different blends of whole tomatoes, tomato sauce and tomato paste. The Western
Foods Salsa is a blend of 50 per cent whole tomatoes, 30 per cent tomato sauce and
20 per cent tomato paste. The Mexico City Salsa, which has a thicker and chunkier
consistency, consists of 70 per cent whole tomatoes, 10 per cent tomato sauce and 20
per cent tomato paste. Each jar of salsa produced weighs 280gms. For the current
production period Miguel’s can purchase up to 280 kilos of whole tomatoes, 130 kilos
of tomato sauce and 100 kilos of tomato paste; the price per kilo for these ingredients
is €0.96, €0.64 and €0.56, respectively. The cost of the spices and the other
ingredients is approximately €0.10 per jar. Miguel’'s buys empty glass jars for €0.02
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each, and labelling and filling costs are estimated to be €0.03 for each jar of salsa
produced. Miguel’'s contract with Western Foods results in sales revenue of €1.64 for
each jar of Western Foods Salsa and €1.93 for each jar of Mexico City Salsa.

a. Develop a linear programming model that will enable Miguel’s to determine the mix of
salsa products that will maximize the total profit contribution.
b. Find the optimal solution.

As part of a quality improvement initiative, government employees complete a three-day

training programme on teamwork and a two-day training programme on problem solving.

The manager of quality improvement requested that at least eight training programmes on

teamwork and at least ten training programmes on problem solving be offered during the

next six months. In addition, senior-level management specified that at least 25 training
programmes must be offered during this period. A consultant is used to teach the training
programmes. During the next six months, the consultant has 84 days of training time
available. Each training programme on teamwork costs €10000 and each training
programme on problem solving costs €8000.

a. Formulate a linear programming model that can be used to determine the number of
training programmes on teaming and the number of training programmes on problem
solving that should be offered in order to minimize total cost.

b. Graph the feasible region.

c. Determine the coordinates of each extreme point.

d. Solve for the minimum-cost solution.

Does the following linear programme involve infeasibility, unbounded and/or alternative
optimal solutions? Explain.

Max  4xy + 8%»
s.t.
21 +2x2 <10
—Ix1 +1x > 8
X1, Xo >0

Does the following linear programme involve infeasibility, unbounded and/or alternative
optimal solution? Explain.

Max 1x4 + 1xo
s.t.
8X1 + 6xo > 24
4xy +6x2 > —12
2o > 4
X1, Xo >0

Management of High Tech Services (HTS) would like to develop a model that will help
allocate their technicians’ time between service calls to regular contract customers and
new customers. A maximum of 80 hours of technician time is available over the two-
week planning period. To satisfy cash flow requirements, at least €800 in revenue (per
technician) must be generated during the two-week period. Technician time for regular
customers generates €25 per hour. However, technician time for new customers only
generates an average of €8 per hour because in many cases a hew customer contact
does not provide billable services. To ensure that new customer contacts are being
maintained, the technician time spent on new customer contacts must be at least

60 per cent of the time spent on regular customer contacts. Given these revenue and
policy requirements, HTS would like to determine how to allocate technician time

75
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between regular customers and new customers so that the total number of customers
contacted during the two-week period will be maximized. Technicians require an average of
50 minutes for each regular customer contact and one hour for each new customer contact.

a. Develop a linear programming model that will enable HTS to allocate technician time
between regular customers and new customers.
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b. Find the optimal solution.

SELF 20 For the linear programme
test

Min  6xy + 4x»

2+ 1xo > 12
X1+ 1x2 > 10
X2 < 4

X1, Xo >0

a. Write the linear programme in standard form.
b. Find the optimal solution using the graphical solution procedure.
c. What are the values of the slack and surplus variables?

SELF 21 Consider the following linear programme:

test

Min  2x1 +2x

a. show the feasible region.

X1 +3x < 12
3Xy + 1xo > 13
X1 —1x =3

X1, X0 >0

b. what are the extreme points of the feasible region?
c. Find the optimal solution using the graphical solution procedure.

CASE PROBLEM 1 Workload Balancing

igital Imaging (DI) produces photo printers for
both the professional and consumer markets.
The DI consumer division recently introduced two
photo printers that provide colour prints rivalling
those produced by a professional processing lab.
The DI-910 model can produce a 10cm x 15cm
borderless print in approximately 37 seconds. The
more sophisticated and faster DI-950 can even pro-
duce a 35cm x 50cm borderless print. Financial
projections show profit contributions of $42 for each
DI-910 and $87 for each DI-950.
The printers are assembled, tested and pack-
aged at DI's plant located in Shanghai. This plant
is highly automated and uses two manufacturing

lines to produce the printers. Line 1 performs the
assembly operation with times of three minutes per
DI-910 printer and six minutes per DI-950 printer.
Line 2 performs both the testing and packaging
operations. Times are four minutes per DI-910 printer
and two minutes per DI-950 printer. The shorter time
for the DI-950 printer is a result of its faster print
speed. Both manufacturing lines are in operation
one eight-hour shift per day.

Managerial Report

Perform an analysis for Digital Imaging in order to
determine how many units of each printer to pro-
duce. Prepare a report to DI's president presenting



your findings and recommendations. Include (but do
not limit your discussion to) a consideration of the
following:

The recommended number of units of each
printer to produce to maximize the total
contribution to profit for an eight-hour shift. What
reasons might management have for not
implementing your recommendation?

Suppose that management also states that the
number of DI-910 printers produced must be at
least as great as the number of DI-950 units
produced. Assuming that the objective is to
maximize the total contribution to profit for an
eight-hour shift, how many units of each printer
should be produced?

Does the solution you developed in part (2)
balance the total time spent on line 1 and the total
time spent on line 2?7 Why might this balance or
lack of it be a concern to management?

GENERAL LINEAR PROGRAMMING NOTATION

Management requested an expansion of the
model in part (2) that would provide a better
balance between the total time on line 1 and the
total time on line 2. Management wants to limit
the difference between the total time on line 1 and
the total time on line 2 to 30 minutes or less. If the
objective is still to maximize the total contribution
to profit, how many units of each printer should
be produced? What effect does this workload
balancing have on total profit in part (2)7

Suppose that in part (1) management specified
the objective of maximizing the total number of
printers produced each shift rather than total
profit contribution. With this objective, how many
units of each printer should be produced per
shift? What effect does this objective have on
total profit and workload balancing?

For each solution that you develop include a copy of

your linear programming model and graphical solu-

tion in the appendix to your report.

Production Strategy

etter Fitness, Inc. (BFI), manufactures exercise

equipment at its plant in Munich, Germany. It
recently designed two universal weight machines
for the home exercise market. Both machines use
BFI-patented technology that provides the user with
an extremely wide range of motion capability for
each type of exercise performed. Until now, such
capabilities have been available only on expensive
weight machines used primarily by physical thera-
pists.

At a recent trade show, demonstrations of the
machines resulted in significant dealer interest. In
fact, the number of orders that BFI received at the
trade show far exceeded its manufacturing capabil-
ities for the current production period. As a result,
management decided to begin production of the two
machines. The two machines, which BFI named the
BodyPlus 100 and the BodyPlus 200, require differ-
ent amounts of resources to produce.

The BodyPlus 100 consists of a frame unit, a press
station and a pec-dec station. Each frame produced
uses four hours of machining and welding time and
two hours of painting and finishing time. Each press
station requires two hours of machining and welding
time and one hour of painting and finishing time, and

each pec-dec station uses two hours of machining
and welding time and two hours of painting and finish-
ing time. In addition, two hours are spent assembling,
testing and packaging each BodyPlus 100. The raw
material costs are €450 for each frame, €300 for each
press station and €250 for each pec-dec station;
packaging costs are estimated to be €50 per unit.

The BodyPlus 200 consists of a frame unit, a press
station, a pec-dec station and a leg-press station. Each
frame produced uses five hours of machining and weld-
ing time and four hours of painting and finishing time.
Each press station requires three hours machining and
welding time and two hours of painting and finishing
time, each pec-dec station uses two hours of machin-
ing and welding time and two hours of painting and
finishing time, and each leg-press station requires two
hours of machining and welding time and two hours of
painting and finishing time. In addition, two hours are
spent assembling, testing and packaging each Body-
Plus 200. The raw material costs are €650 for each
frame, €400 for each press station, €250 for each
pec-dec station and €200 for each leg-press station;
packaging costs are estimated to be €75 per unit.

For the next production period, management esti-
mates that 600 hours of machining and welding
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time, 450 hours of painting and finishing time and Managerial Report
140 hours of assembly, testing and packaging time
will be available. Current labour costs are €20 per
hour for machining and welding time, €15 per hour
for painting and finishing time and €12 per hour for
assembly, testing and packaging time. The market in
which the two machines must compete suggests a
retail price of €2400 for the BodyPlus 100 and 1 What is the recommended number of BodyPlus
€3500 for the BodyPlus 200, although some flexibil- 100 and BodyPlus 200 machines to produce?
ity may be available to BFI because of the unique 2
capabilities of the new machines. Authorized BFI
dealers can purchase machines for 70 per cent of
the suggested retail price.

BFI's president believes that the unique capabil-
ities of the BodyPlus 200 can help position BFI as
one of the leaders in high-end exercise equipment.
Consequently, he has stated that the number of units
of the BodyPlus 200 produced must be at least 25
per cent of the total production.

Analyze the production problem at Better Fitness,
Inc., and prepare a report for BFI's president pre-
senting your findings and recommendations. Include
(but do not limit your discussion to) a consideration
of the following items:

How does the requirement that the number of
units of the BodyPlus 200 produced be at least
25 per cent of the total production affect profits?

3 Where should efforts be expended in order to
increase profits?

Include a copy of your linear programming
model and graphical solution in an appendix to your
report.

CASE PROBLEM 3 Blending

local healthfood cooperative runs a community café and produces two vegetarian burgers. The large

burger makes a profit of 85 cents per unit sold and the standard burger 55 cents. Each burger is made
from three basic ingredients as shown below. The café reckons it never sells more than a total of 100 burgers
in any one day (unsold burgers have to be thrown away for health reasons) but that it typically sells at least 30
of the standard burgers every day and 25 of the large.

Vegetable mix Soybean mix Crumb mix
Large burger 30 grams 150 grams 20 grams
Standard burger 30 grams 100 grams 20 grams
Availability 4 kilograms 10 kilograms 1.5 kilograms

Managerial Report

1 Provide a full explanation of the problem formulation for management (who have never heard of LP).
2 Provide management with advice as to what to do to maximize profit in this situation.
3 Advise management of the limitations of this analysis.

Provide model details and relevant computer output in a report appendix.
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Appendix 2.1  Solving Linear Programmes With Excel

In this appendix, we will use an Excel worksheet to solve the GulfGolf linear programming
problem. We will enter the problem data for the problem in the top part of the worksheet
and develop the linear programming model in the bottom part of the worksheet.

Formulation

Whenever we formulate a worksheet model of a linear programme, we perform the
following steps:

Step 1. Enter the problem data in the top part of the worksheet.
Step 2. Specify cell locations for the decision variables.

Step 3. Select a cell and enter a formula for computing the value of the objective
function.

Step 4. Select a cell and enter a formula for computing the left-hand side of each
constraint.

Step 5. Select a cell and enter a formula for computing the right-hand side of each
constraint.

The formula worksheet that we developed for the GulfGolf problem using these five
steps is shown in Figure 2.22. Note that the worksheet consists of two sections: a
data section and a model section. The four components of the model are screened,
and the cells reserved for the decision variables are enclosed in a boldface box.
Figure 2.22 is called a formula worksheet because it displays the formulas that we
have entered and not the values computed from those formulas. In a moment we will
see how Excel’s Solver is used to find the optimal solution to the problem. But first,
let’s review each of the preceding steps as they apply to the problem.

Figure 2.22 Formula Worksheet for the GulfGolf Problem

Production Time
| 4 Standard Deluxe Time Available
| & |Cutting and Dyeing 07 1 630
5 |Sewing 0.5 0.83333 600
Finishing 1 0.66667 708
|2 |Inspection and Packaging (0.1 0.25 135
d |Profit Per Bag 10 8
= |Model
Decision Variables

Hours Available

==

==

==

==

24 | Inspection and Packagin
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Step 1. Enter the problem data in the top part of the worksheet.
Cells B5:C8 show the production requirements per unit for each product.
Cells B9:C9 show the profit contribution per unit for the two products.
Cells D5:D8 show the number of hours available in each department.

Step 2. Specify cell locations for the decision variables.
Cell B16 will contain the number of standard bags produced, and cell C16
will contain the number of deluxe bags produced.

Step 3. Select a cell and enter a formula for computing the value of the objective
function.
Cell B18: =B9*B16 + C9*C16

Step 4. Select a cell and enter a formula for computing the left-hand side of each
constraint.
With four constraints, we have:
Cell B21:=B5*B16 + C5*C16
Cell B22:=B6*B16 + C6*C16
Cell B23:=B7*B16 + C7*C16
Cell B24:=B8*B16 + C8*C16

Step 5. Select a cell and enter a formula for computing the right-hand side of each

constraint.
With four constraints, we have:
Cell D21:=D5
Cell D22:=D6
Cell D23:=D7
Cell D24:=D8

Note that descriptive labels make the model section of the worksheet easier to read and
understand. For example, we added ‘Standard’, ‘Deluxe’ and ‘Bags Produced’ in rows
15 and 16 so that the values of the decision variables appearing in cells B16 and C16 can
be easily interpreted. In addition, we entered ‘Maximize Total Profit’ in cell A18 to
indicate that the value of the objective function appearing in cell B18 is the maximum
profit contribution. In the constraint section of the worksheet we added the constraint
names as well as the ‘<=’ symbols to show the relationship that exists between the left-
hand side and the right-hand side of each constraint. Although these descriptive labels
are not necessary to use Excel Solver to find a solution to the GulfGolf problem, the
labels make it easier for the user to understand and interpret the optimal solution.

Excel Solution

The standard Excel Solver developed by Frontline Systems can be used to solve all
of the linear programming problems presented in this text. However, a more power-
ful version referred to as Premium Solver for Education is available. When first
started, Premium Solver looks and behaves exactly like the standard Excel Solver.
But, when the ‘Premium’ button in the main Solver Parameters dialogue box is
selected, this version provides a variety of new features, including an online user’s
guide. The Premium Solver for Education has the same problem size limits as the
standard Excel Solver: 200 decision variables and 100 constraints. We recommend
that you install the new version and use the ‘Premium’ mode option when develop-
ing and solving spreadsheet models of linear programmes.

The following steps describe how Frontline Systems’ Premium Solver for Educa-
tion can be used to obtain the optimal solution to the GulfGolf problem.

Step 1. Select the Tools menu.
Step 2. Select the Solver option.
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Step 3. When the Solver Parameters dialogue box appears (see Figure 2.23):
Enter B18 into the Set Cell box
Select the Equal To: Max option
Enter B16:C16 into the By Changing Variable Cells box
Select Add
Step 4. When the Add Constraint dialogue box appears:
Enter B21:B24 in the Cell Reference box
Select <=
Enter D21:D24 into the Constraint box
Click OK

Step 5. When the Solver Parameters dialogue box reappears:
Choose Options

Step 6. When the Solver Options dialogue box appears:
Select Assume Non-Negative
Click OK

Step 7. When the Solver Parameters dialogue box appears:
Choose Solve

Step 8. When the Solver Results dialogue box appears:
Select Keep Solver Solution
Click OK

(f the Standard bution - Figure 2.23 shows the completed Solver Parameters dialogue box, and Figure 2.24

and Standard SMPEXLE g s the optimal solution in the worksheet. Note that after rounding, the optimal

option do not appear, . . . .

click the Premium button  solution of 540 standard bags and 252 deluxe bags is the same as we obtained using

and select the Standard  the graphical solution procedure. In addition to the output information shown in

Simplex LP option. Figure 2.24, Solver has an option to provide sensitivity analysis information. We
discuss sensitivity analysis in Chapter 3.

In Step 6 we selected the Assume Non-Negative option in the Solver Options
dialogue box to avoid having to enter nonnegativity constraints for the decision
variables. In general, whenever we want to solve a linear programming model in
which the decision variables are all restricted to be nonnegative, we will select this
option. In addition, in Step 4 we entered all four less-than-or-equal-to constraints
simultaneously by entering B21:B24 into the Cell Reference box, selecting <=, and
entering D21:D24 into the Constraint box. Alternatively, we could have entered the
four constraints one at a time.

Figure 2.23 Solver Parameters Dialogue Box for the GulfGolf Problem

Solver Parameters

e Consty

$6521:$8$24 <= $0521:$D524
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EXCEL file

GULFGOLF

Appendix 2.2

Figure 2.24 Excel Solution for the GulfGolf Problem

Production Time

Standard Deluxe Time Available
0.7 1 630
0.5 0.83333 600
1 0.66667 708
0.1 0.25 135
10 9

Decision Variables

Standard i Deluxe
Hours Available

Used (LHS RHS

=z Inspection and Packaging

Solving Linear Programmes With the Management Scientist
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In this appendix we describe how The Management Scientist software package can
be used to solve the GulfGolf linear programming problem. After starting The
Management Scientist, execute the following steps.

Step 1.
Step 2.

Step 3.

Step 4.

Step 5.

Select the Linear Programming module

Select the File menu
Choose New

When the Problem Features dialogue box appears:
Enter 2 in the Number of Decision Variables box
Enter 4 in the Number of Constraints box

Select Maximize in the Optimization Type box
Click OK

When the data input worksheet appears (see Figure 2.26):
Change Variable Names from X1 and X2 to S and D, respectively.
Enter the Objective Function Coefficients
For each constraint:
Enter the Coefficients
Enter the Relation (<, =, >)
Enter the Right-Hand-Side value
Select the Solution menu
Choose Solve
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The Management The user entries in the data input worksheet are shown in Figure 2.26. The output
Scientist interprets from The Management Scientist is shown in Figure 2.25. When entering the prob-
mz ‘ Zﬁgg‘l 22 ‘ _a”d lem data, zero coefficients do not have to be entered. The original problem can be
- edited or changed by selecting the Edit menu. Finally, printed output can be

obtained by selecting the Solution menu and then selecting the Print option.
The Management Scientist output is shown in Figure 2.25. First, note the number
7667.99417, which appears to the right of Objective Function Value. Rounding this
value, we can conclude that the optimal solution to this problem will provide a profit
of $7668. Directly below the objective function value, we find the values of the
decision variables at the optimal solution. After rounding we have § = 540 standard
bags and D = 252 deluxe bags as the optimal production quantities. The informa-
tion in the Reduced Costs column indicates how much the objective function
coefficient of each decision variable would have to improve before it would be
possible for that variable to assume a positive value in the optimal solution. If a
decision variable is already positive in the optimal solution, its reduced cost is zero.
For the GulfGolf problem, the optimal solution is § = 540 and D = 252. Both
variables already have positive values; therefore, their corresponding reduced costs
are zero. In Chapter 3 we will interpret the reduced cost for a decision variable that

does not have a positive value in the optimal solution.

Immediately following the optimal S and D values and the reduced cost informa-
tion, the computer output provides information about the status of the constraints.
Recall that the GulfGolf problem had four less-than-or-equal-to constraints corre-
sponding to the hours available in each of four production departments. The

Figure 2.25 The Management Scientist Solution for the GulfGolf Problem

EXCELfile Objective Function Value = 7667.99417

po—

o . Varisble o Value Reduced Costs

S 539.99842 0.00000

D 252.00110 0.00000

Constraint Slack/Surplus Dual Prices

1 0.00000 4.37496

2 120.00071 0.00000

3 0.00000 6.93753

4 17.99988 0.00000

OBJECTIVE COEFFICIENT RANGES

Variable Lower Limit Current Value Upper Limit
S 6.30000 10.00000 13.49993
D 6.66670 9.00000 14.28571

RIGHT HAND SIDE RANGES

Constraint Lower Limit Current Value Upper Limit
1 495.60000 630.00000 682.36316
2 479.99929 600.00000 No Upper Limit
3 580.00140 708.00000 900.00000
4 117.00012 135.00000 No Upper Limit
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Figure 2.26 Data Input Worksheet for the GulfGolf Problem

[\ aniable Names: S D

Coefficients: 10 9

Subject To: s D Relation(<.=.>) |Right-Hand-Side
Constraint 1 07 1 < 630
Constraint 2 05 0.83333 < 600
Constraint 3 1 0.66667 4 708
Constiaint 4 01 0.25 < 135

information shown in the Slack/Surplus column provides the value of the slack
variable for each of the departments. The rest of the output can be used to
determine how a change in a coefficient of the objective function or a change in
the right-hand side value of a constraint will affect the optimal solution. We will
discuss the use of this information in Chapter 3 when we study the topic of sensitivity
analysis.
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In Chapter 2 we saw how to formulate and then solve an LP problem. This provides
management with the optimal solution to their decision problem. However, it is highly
unlikely that this will be enough by itself for management, given that the business
environment for most organizations is both constantly changing and increasingly
uncertain and unpredictable. Management are likely to say ‘OK, so that’s the optimal
solution now. But suppose things change? Suppose our costs change? Suppose demand
for the products changes? Suppose our workforce are willing to work overtime? What
should we do then to ensure an optimal solution?’. Such questions are often referred to
as what-if questions. Clearly, if some part of an LP decision problem changes then we
could re-formulate the problem taking into account such changes and then re-solve the
problem. However, this is time-consuming and costly, especially in the real world where
LP problems are large. Fortunately we don’t always need to do this. We can make use
of sensitivity analysis. Sensitivity analysis is a study of how changes in the numerical
coefficients of a linear programme affect the current, optimal solution. We conduct this
analysis from the information we already have about the optimal solution without
having to re-formulate and re-solve the problem. This is a particularly powerful feature
of LP and one which makes it attractive to many decision makers.

Because sensitivity analysis is concerned with how these changes affect the
optimal solution, the analysis does not begin until the optimal solution to the
original linear programming problem has been obtained. For that reason, sensitivity
analysis is often referred to as postoptimality analysis.

Our approach to sensitivity analysis parallels the approach used to introduce linear
programming in Chapter 2. We begin by showing how a graphical method can be used to
perform sensitivity analysis for linear programming problems with two decision variables.
Then, we show how computer packages, like Excel provide sensitivity analysis information.

Finally, we extend the discussion of problem formulation started in Chapter 2 by
formulating and solving three larger linear programming problems. In discussing the
solution for each of these problems, we focus on managerial interpretation of the
optimal solution and sensitivity analysis information.

Introduction to Sensitivity Analysis

Sensitivity analysis is important to decision makers because real-world problems
exist in a changing environment. Prices of raw materials change, product demand
changes, companies purchase new machinery, stock prices fluctuate, employee turn-
over occurs and so on. If a linear programming model has been used in such an
environment, we can expect some of the coefficients to change over time. We will
then want to determine how these changes affect the optimal solution to the original
linear programming problem. Sensitivity analysis provides us with the information
needed to respond to such changes without requiring the complete solution of a
revised linear programme.
Remember the GulfGolf problem in Chapter 2:

Max 10S + 9D
s.t
0.7S + 1D <630 Cuttingand dyeing
0.5S +0.8333D < 600 Sewing
1S +0.6667D < 708 Finishing
0.1S +0.25D <135 Inspection and packaging
S,D>0
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MANAGEMENT SCIENCE IN ACTION

ne of the major planning issues at Eastman

Kodak involves the determination of what prod-
ucts should be manufactured at Kodak's facilities
located throughout the world. The assignment of
products to facilities is called the ‘world load’. In
determining the world load, Kodak faces a number
of interesting trade-offs. For instance, not all manu-
facturing facilities are equally efficient for all prod-
ucts, and the margins by which some facilities are
better varies from product to product. In addition to
manufacturing costs, the transportation costs and
the effects of customs duty and duty drawbacks
can significantly affect the allocation decision.

To assist in determining the world load, Kodak
developed a linear programming model that accounts
for the physical nature of the distribution problem and
the various costs (manufacturing, transportation and
duties) involved. The model's objective is to minimize
the total cost subject to constraints such as satisfying
demand and capacity constraints for each facility.

The linear programming model is a static repre-
sentation of the problem situation, and the real world

is always changing. Thus, the linear programming
model must be used in a dynamic way. For instance,
when demand expectations change, the model can
be used to determine the effect the change will have
on the world load. Suppose that the currency of
country A rises compared to the currency of country
B. How should the world load be modified? In addi-
tion to using the linear programming model in a
‘how-to-react’ mode, the model is useful in a more
active mode by considering questions such as the
following: Is it worthwhile for facility F to spend d
dollars to lower the unit manufacturing cost of prod-
uct P from x to y? The linear programming model
helps Kodak evaluate the overall effect of possible
changes at any facility.

In the final analysis, managers recognize that
they cannot use the model by simply turning it on,
reading the results and executing the solution. The
model’s recommendation combined with manage-
rial judgement provide the final decision.

Based on information provided by Greg Sampson of Eastman Kodak.

The optimal solution, S = 540 standard bags and D = 252 deluxe bags, was based on
profit contribution figures of $10 per standard bag and $9 per deluxe bag. We are
now told by the Sales Dept. that, because of increased competition they have
reduced prices and the profit contribution for the standard bag has fallen from
$10 to $8.50. Sensitivity analysis can be used to determine whether the production
schedule calling for 540 standard bags and 252 deluxe bags is still best. If it is, solving
a modified linear programming problem with 8.50S +9D as the new objective
function will not be necessary.

Sensitivity analysis can also be used to determine which coefficients in a linear
programming model are crucial. For example, the Accounting Department has
indicated that the $9 profit contribution for the deluxe bag is only a best estimate
and could be lower. The problem for management is that 252 deluxe bags are
currently being produced, based on the $9 profit contribution estimate. If the profit
contribution is actually lower should they stop producing the deluxe bag and switch
production to the standard bag instead? Sensitivity analysis can be used to calculate
how much lower the $9 profit contribution would need to be for the deluxe bag not
to be profitable enough to produce.

Another aspect of sensitivity analysis concerns changes in the right-hand side values
of the constraints. Recall that in the GulfGolf problem the optimal solution used all
available time in the cutting and dyeing department and the finishing department.
What would happen to the optimal solution and total profit contribution if the
company could obtain additional quantities of either of these resources? Sensitivity
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88 CHAPTER 3 LINEAR PROGRAMMING: SENSITIVITY ANALYSIS AND INTERPRETATION OF SOLUTION

analysis can help determine how much each additional hour of production time is
worth and how many hours can be added before diminishing returns set in.

Graphical Sensitivity Analysis

For linear programming problems with two decision variables, graphical solution
methods can be used to perform sensitivity analysis on the objective function
coefficients and the right-hand side values for the constraints.

Objective Function Coefficients

Let us consider how changes in the objective function coefficients might affect the
optimal solution to the GulfGolf problem. The current contribution to profit is $10
per unit for the standard bag and $9 per unit for the deluxe bag. It seems obvious
that an increase in the profit contribution for one of the bags might lead manage-
ment to increase production of that bag, and a decrease in the profit contribution for
one of the bags might lead management to decrease production of that bag. It is not
obvious, however, how much the profit contribution would have to change before
management would want to change the production quantities.

The current optimal solution to this problem calls for producing 540 standard golf
bags and 252 deluxe golf bags. The range of optimality for each objective function
coefficient provides the range of values over which the current solution will remain
optimal. In other words, it will show a lower value and an upper value and between
these values the current optimal solution will remain as the optimal solution.
Managerial attention needs to be focused on those objective function coefficients
that have a narrow range of optimality and coefficients near the end points of the
range. With these coefficients, a small change can mean modifying the optimal
solution. Let us now calculate the ranges of optimality for this problem.

Figure 3.1 shows the graphical solution. A careful inspection of this graph shows
that as long as the slope of the objective function line is between the slope of line A
(which coincides with the cutting and dyeing constraint line) and the slope of line B
(which coincides with the finishing constraint line), extreme point @ with § = 540
and D = 252 will be optimal. Changing an objective function coefficient for S or D
will cause the slope of the objective function line to change. In Figure 3.1 we see that
such changes cause the objective function line to rotate around extreme point @.
However, as long as the objective function line stays within the shaded region,
extreme point ® will remain optimal.

Rotating the objective function line anticlockwise causes the slope to become
less negative, and the slope increases. When the objective function line rotates
anticlockwise (slope increased) enough to coincide with line A, we obtain alter-
native optimal solutions between extreme points @ and @. Any further anticlock-
wise rotation of the objective function line will cause extreme point @ to be
nonoptimal. Hence, the slope of line A provides an upper limit for the slope of
the objective function line.

The slope of the Rotating the objective function line clockwise causes the slope to become
objective function fine Is more negative, and the slope decreases. When the objective function line rotates
Fheegité\f:étg?fueﬁcrt?;?]“\?ﬁe clockwise (slope decreases) enough to coincide with line B, we obtain alternative
clockwise makes the ne ~ Optimal solutions between extreme points ® and @. Any further clockwise
steeper even though the  rotation of the objective function line will cause extreme point ® to be nonoptimal.
slope Is getting smaler— Hence, the slope of line B provides a lower limit for the slope of the objective
(more negative). function line.
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GRAPHICAL SENSITIVITY ANALYSIS

Figure 3.1 Graphical Solution of GulfGolf Problem with Slope of Objective Function
Line Between Slopes of Lines A and B; Extreme Point ® Is Optimal
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Thus, extreme point ® will be the optimal solution as long as:

Slope of line B < slope of the objective function line < slope of line A

In Figure 3.1 we see that the equation for line A, the cutting and dyeing constraint

line, is:

By solving this equation for D, we can write the equation for line A in its slope-

intercept form, which yields:

0.7S +1D =630

D=-07S + 630
T T
Slope of Intercept of
line A line A on
D axis

Thus, the slope for line A is —0.7, and its intercept on the D axis is 630.

The equation for line B in Figure 3.1 is:

1S + 0.6667D = 708

Solving for D provides the slope-intercept form for line B. Doing so yields:

0.6667D = — 1S 4 708
D =-1.5S+1062

89
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90 CHAPTER 3 LINEAR PROGRAMMING: SENSITIVITY ANALYSIS AND INTERPRETATION OF SOLUTION

Thus the slope of line B is —1.5 and its intercept on the D axis is 1062.
Now that the slope of lines A and B have been calculated, we see that for extreme
point @ to remain optimal we must have:

—1.5 < slope of objective function < —0.7 (3.1)

Let us now consider the general form of the slope of the objective function line.
Let Cg show the profit of a standard bag, C, show the profit of a deluxe bag, and P
show the value of the objective function. Using this notation, the objective function
line can be written as:

P =CsS+CpD

Writing this equation in slope-intercept form, we obtain:

CpD = —-CsS +P

and
_ GCs P
D= fC—DSwLCfD

We see that the slope of the objective function line is given by —Cgs/Cp. Substituting
—C/Cp into Expression (3.1), we see that extreme point @ will be optimal as long as
the following expression is satisfied:

15<-S < 07 (3.2)
Cp

To calculate the range of optimality for the standard-bag profit contribution, we
hold the profit contribution for the deluxe bag fixed at its initial value Cp = 9. Doing
so in expression (3.2), we obtain:

71.5§7%§70.7

From the left-hand inequality, we have:

Cs Cs
—15< = 15>=2
<-4 o >3

Thus,
135>Cs or Cs<135
From the right-hand inequality, we have:

7%570.7 or %20.7

Thus,

Can you calculate the Cs >6.3

range of optimality usi - . . . -
{ﬁgg;raoph?fa;n;g“téiounSIng Combining the calculated limits for Cs provides the following range of optimality for

procedure? Try Problem 3. the standard-bag profit contribution:
6.3<Cs <135
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GRAPHICAL SENSITIVITY ANALYSIS 91

In the original problem for GulfGolf, the standard bag had a profit contribution
of $10. The resulting optimal solution was 540 standard bags and 252 deluxe bags.
The range of optimality for Cg tells management that, with other coefficients
unchanged, the profit contribution for the standard bag can vary between $6.30
and $13.50 and the production quantities of 540 standard bags and 252 deluxe bags
will remain optimal. Note, however, that even though the production quantities will
not change, the total profit contribution (the value of objective function) will change
due to the change in profit contribution per standard bag.

These calculations can be repeated, holding the profit contribution for stand-
ard bags constant at Cy = 10. In this case, the range of optimality for the deluxe-
bag profit contribution can be determined. Check to see that this range is 6.67 <
Cp < 14.29.

In cases where the rotation of the objective function line about an optimal
extreme point causes the objective function line to become vertical, there will
either be no upper limit or no lower limit for the slope as it appears in the form
of expression (3.2). To show how this special situation can occur, suppose that the
objective function for the GulfGolf problem is 18Cs + 9Cp. In this case, extreme
point @ in Figure 3.2 provides the optimal solution. Rotating the objective function
line anticlockwise around extreme point @ provides an upper limit for the slope
when the objective function line coincides with line B. We showed previously that
the slope of line B is —1.5, so the upper limit for the slope of the objective function
line must be —1.5. However, rotating the objective function line clockwise results
in the slope becoming more and more negative, approaching a value of minus

Figure 3.2 Graphical Solution of GulfGolf Problem with an Objective Function of 18S +
9D; Optimal Solution At Extreme Point @
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infinity as the objective function line becomes vertical; in this case, the slope of the
objective function has no lower limit. Using the upper limit of —1.5, we can write:
Cs
~ <,
CD - 5
Slope of the
objective function line

Following the previous procedure of holding Cp constant at its original value,
Cp =9, we have:
Cs

Cs
——=<-15 o —=>15
9 ~ 9 ~

Solving for Cg provides the following result:

Cs >13.5

In reviewing Figure 3.2 we note that extreme point @ remains optimal for all values of Cs
above 13.5. Thus, we obtain the following range of optimality for Cs at extreme point @:

13.5 < Cg < 00

That is, the current solution will remain optimal as long as C; is at least 13.5. Once
above this value, C can increase indefinitely (to infinity, or co) and the optimal
solution will remain unchanged.

Simultaneous Changes

The range of optimality for objective function coefficients is only applicable for
changes made to one coefficient at a time. All other coefficients are assumed to be
fixed at their initial values. If two or more objective function coefficients are changed
simultaneously, further analysis is necessary to determine whether the optimal
solution will change. However, when solving two-variable problems graphically,
expression (3.2) suggests an easy way to determine whether simultaneous changes
in both objective function coefficients will cause a change in the optimal solution. We
simply calculate the slope of the objective function (—Cs/Cp) for the new coefficient
values. If this ratio is greater than or equal to the lower limit on the slope of the
objective function and less than or equal to the upper limit, then the changes made will
not cause a change in the optimal solution.

Consider changes in both of the objective function coefficients for the GulfGolf
problem. Suppose the profit contribution per standard bag is increased to $13 and the
profit contribution per deluxe bag is simultaneously reduced to $8. Recall that the
ranges of optimality for Cs and Cp, (both calculated in a one-at-a-time manner) are:

6.3<Cs <135 (3.3)
6.67 < Cp < 14.29 (3.4)

For these ranges of optimality, we can conclude that changing either Cs to $13 or Cp
to $8 (but not both) would not cause a change in the optimal solution of § = 540 and
D = 252. But we cannot conclude from the ranges of optimality that changing both
coefficients simultaneously would not result in a change in the optimal solution.

In expression (3.2) we showed that extreme point ® remains optimal as long as:

Cs
—-1.5<——<-0.
1.5 o 0.7
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If Cs is changed to 13 and simultaneously Cp is changed to 8, the new objective
function slope will be given by:
Cs 13
o8 —1.625

Because this value is less than the lower limit of —1.5, the current solution of
S = 540 and D = 252 will no longer be optimal. By re-solving the problem with
Cs = 13 and Cp = 8 we will find that extreme point @ is the new optimal
solution.

Looking at the ranges of optimality, we concluded that changing either Cg to $13
or Cp to $8 (but not both) would not cause a change in the optimal solution. But in
recalculating the slope of the objective function with simultaneous changes for both
Cs and Cp, we saw that the optimal solution did change. This result emphasizes the
fact that a range of optimality, by itself, can only be used to draw a conclusion about
changes made to one objective function coefficient at a time.

Right-Hand Sides

Let us now consider how a change in the right-hand side of a constraint may affect
the feasible region and perhaps cause a change in the optimal solution to the
problem. To illustrate this aspect of sensitivity analysis, let us consider what happens
if an additional ten hours of production time become available in the cutting and
dyeing department of GulfGolf. The right-hand side of the cutting and dyeing
constraint is changed from 630 to 640, and the constraint is rewritten as:

0.7S+ 1D < 640

By obtaining an additional ten hours of cutting and dyeing time, we expand the
feasible region for the problem, as shown in Figure 3.3. With an enlarged
feasible region, we now want to determine whether one of the new feasible
solutions provides an improvement in the value of the objective function. Appli-
cation of the graphical solution procedure to the problem with the enlarged
feasible region shows that the extreme point with § = 527.5 and D = 270.75 now
provides the optimal solution. The new value for the objective function is
10(527.5) + 9(270.75) = $7711.75, with an increase in profit of $7711.75 —
$7668.00 = $43.75. Thus, the increased profit occurs at a rate of $43.75/10
hours = $4.375 per hour added.

Although we used a graphical approach here to undertake sensitivity analysis on
the cutting and dyeing constraint, it is actually easier to use the relevant equations.
We know that for the GulfGolf problem, the optimal solution is at the intersection
of the cutting and dyeing constraint line and the finishing constraint line. So, we
have (as in Chapter 2):

0.7S + 1D = 630 (3.5)
1S + 0.6667D = 708 (3.6)

at the current optimal solution. If we now want to do a sensitivity analysis on the
cutting and dyeing constraint (3.5) we can re-write the equation as:

0.7S + 1D = 631 (3.7)
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Figure 3.3 Effect of a Ten-Unit Change in the Right-Hand Side of the Cutting And
Dyeing Constraint

D
800 |-
/ Objective Function Line
V.
&
X
7 600 - N New Feasible Region
= > Includes This Shaded Area
] %
() RC .
X | &P Optimal
g Solution
< 400+ ( SE 527.50)
)
= D =270.75
[
Qo
£
3
=z
200 |-
1 1 1 1 S
0 200 400 600 800

Number of Standard Bags

That is, allowing a marginal (one unit) change in the constraint. We can now solve
Equations. 3.7 and 3.6 to find the new optimal solution which is:

S =538.75
D = 253.875
Profit contribution = $7672.375

Confirming that if we increase the cutting and dyeing constraint by one hour then
profit contribution increases by $4.375. However, we can now undertake the same
analysis on the other constraints, again seeing how a marginal increase in the right-
hand side of a constraint changes the value of the objective function. If we look at a
marginal change in the finishing constraint we have:

0.7S +1D =630
1S +0.6667D = 709
which gives a new solution of:
S =541.875
D = 250.6875
Profit contribution = 7674.9375

In the case of the finishing constraint, there is an increase in profit contribution of
$6.9375 for a marginal increase in finishing hours. But what about the other two
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constraints: Sewing and inspection and packaging? Looking at equations (3.5) and
(3.6) we can see that increasing the time available to sewing and to inspection
and packaging will not affect these two equations (which relate, after all to cutting
and dyeing and to finishing). This implies that a marginal increase in sewing
time and a marginal increase in inspection and packaging time will have no effect
on the optimal solution and no effect on profit contribution.

What do we make of this? Recollect that these two constraints were non-binding
and had slack time associated with them. That is, at the current optimal solution
there is unused sewing time and also unused inspection and packaging time. So,
given we are not currently using all the existing available time for each of these
constraints, adding further time to capacity will have no effect on production and so
no effect on profit contribution.

The change in the value of the optimal solution per unit increase in the right-hand
side of a constraint is called the dual price. Here, the dual price for the cutting and
dyeing constraint is $4.375; in other words, if we increase the right-hand side of the
cutting and dyeing constraint by one unit, the value of the objective function will
improve by $4.375. Conversely, if the right-hand side of the cutting and dyeing
constraint were to decrease by one unit, the objective function would get worse by
$4.375. The dual price can generally be used to determine what will happen to the
value of the objective function when we make a one-unit change in the right-hand side
of a constraint. The dual price has a number of other names — dual value, shadow
price, opportunity cost are all used. Whichever name we use, it provides management
with important information. It tells management the change in the objective function
value for a marginal (one unit) change in the right-hand side value of a constraint. In
the case of the cutting and dying constraint, the dual price is $4.375. So, if we could
persuade our workforce to work one extra hour on cutting and dyeing, this will allow
additional production that will increase the total profit contribution by $4.375. The
dual price also allows management to place a value on such additional time. One of
our workers may come along and say they are prepared to put an extra hour’s work
into cutting and dyeing but they expect a bonus payment for doing so. How much of a
bonus should management be prepared to pay? The answer is given by the dual price.

Can you calculate and Given that the value to the company of this extra hour is $4.375 then clearly manage-
interpret the dual price for . . .. .

a constraint? Try ment should be prepared to offer a maximum bonus which is just less than this. In
Problem 4. other words, management can place a value on the acquisition of scarce resources.

We caution here that the value of the dual price may be applicable only for small
changes in the right-hand side. As more and more resources are obtained and the
right-hand side value continues to increase, other constraints will become binding and
limit the change in the value of the objective function. For example, in the problem for
GulfGolf we would eventually reach a point where more cutting and dyeing time would
be of no value; it would occur at the point where the cutting and dyeing constraint
becomes nonbinding. At this point, the dual price would equal zero. In the next section
we will show how to determine the range of values for a right-hand side over which the
dual price will accurately predict the improvement in the objective function.

To illustrate the correct interpretation of dual prices for a minimization problem,
suppose we had solved a problem involving the minimization of total cost and that
the value of the optimal solution was $100. Furthermore, suppose that the dual price
for a particular constraint was —$10. The negative dual price tells us that the
objective function will not improve if the value of the right-hand side is increased
by one unit. Thus, if the right-hand side of this constraint is increased by one unit,
the value of the objective function will get worse by the amount of $10. Becoming
worse in a minimization problem means an increase in the total cost. In this case, the
value of the objective function will become $110 if the right-hand side is increased by
one unit. Conversely, a decrease in the right-hand side of one unit will decrease the
total cost by $10.
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MANAGEMENT SCIENCE IN ACTION

Evaluating Options for the Provision of School Meals in Chile

he National School Assistance and Scholarship

Board (JUNAEB) in Chile is a public sector
agency tasked with responsibility for a variety of
public welfare programmes aimed at encouraging
better student performance and academic attain-
ment, reducing pupil absenteeism, truancy and drop
out rates. Chile is a developing country with a pop-
ulation of over 15 million and sees education as a
key element of its development strategy. The country
has around 14000 primary and secondary level
schools but with over 90 per cent of this provided,
or supported, by the government. Unsurprisingly,
there are high levels of poverty — 30 per cent of
children are estimated to live below the official pov-
erty level — with subsequent effects on children’s
education. JUNAEB is responsible for ensuring the
provision of free school meals across Chile and has
an annual budget of around US$140m to feed
around 1.2 million school children. JUNAEB con-
tracts out the actual catering service provision to
private sector companies. This is done through a
rolling cycle of three-year contracts covering one-
third of schools each time. Private companies are
invited to bid for the catering contracts through an
auction process, where JUNAEB specifies the quan-
tity and quality of services to be provided in each
geographical area. JUNAEB uses a number of cri-
teria to assess the bids received, including an
assessment of the overall quality of the firm bidding;
the nutritional requirements of the specified meals;
quality standards; operating conditions. JUNAEB
seeks to identify the combination of bids that will

minimize cost but at the same time satisfy the
various constraints required. In the late 1990s
JUNAEB developed an LP model to help with
the decision problem. Sensitivity analysis is carried
out on the optimal solution routinely. Examples
include:

e |ooking at the effect on total cost (the objective
function) of changing the quality of meals to be
provided;

e assessing the effects on the solution of changing
the specified nutritional content of meals;

e evaluating the effect of assigning more contracts
to those firms which have better overall
performance ratings. In this case, JUNAEB
concluded that contracts could be awarded to
firms so that firms were 40 per cent better
qualified than those in the original solution. This
added only 4 per cent to the original objective
function cost.

The LP model is rated as highly successful and the
sensitivity analysis particularly so, allowing different
scenarios to be easily explored and evaluated. The
model is estimated to have improved the price/qual-
ity ration of school meals with annual savings of
about $40 million — the cost of feeding 30000
schoolchildren.

Based on Rafael Epstein, Lysette Henriquez, Jaime Catalan, Gabriel
Y. Weintraub and Cristian Martinez, ‘A Combinational Auction
Improves School Meals in Chile’ Interfaces 32 6 (Nov/Dec 2002):
1-14.

NOTES AND COMMENTS

1 If two objective function coefficients change
simultaneously, both may move outside their
respective ranges of optimality and not affect the
optimal solution. For instance, in a two-variable
linear programme, the slope of the objective
function will not change at all if both coefficients
are changed by the same percentage.

2 Some texts associate the term shadow price with
each constraint. The concept of a shadow price

is closely related to the concept of a dual price.
The shadow price associated with a constraint is
the change in the value of the optimal solution per
unit increase in the right-hand side of the
constraint. In general, the dual price and the
shadow price are the same for all maximization
linear programmes. In minimization linear
programmes, the shadow price is the negative of
the corresponding dual price.
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Sensitivity Analysis: Computer Solution

In Section 2.4 we showed how computer packages can be used to solve the GulfGolf
linear programme. Let us demonstrate the use of The Management Scientist in
performing sensitivity analysis by considering the solution to the GulfGolf linear
programme shown in Figure 3.4.

Interpretation of Computer Output

In Appendix 2.2 we discussed the Management Scientist output in the top portion of
Figure 3.4. So, after rounding, we see that the optimal solution is S = 540 standard
bags and D = 252 deluxe bags; the value of the optimal solution is $7668. The
Reduced Costs indicate how much the objective function coefficient of each decision
variable would have to improve before that variable could assume a positive value in
the optimal solution. For the GulfGolf problem, both variables already have positive
values, and so their corresponding reduced costs are zero. In Section 3.4 we will
interpret the reduced cost for a decision variable that does not have a positive value
in the optimal solution.

Immediately following the optimal S and D values and the reduced cost informa-
tion, the computer output provides information about the constraints. Recall that
the problem had four less-than-or-equal-to constraints corresponding to the hours

Figure 3.4 The Management Scientist Solution for the GulfGolf Problem

Objective Function Value = 7667.99463
Variable Value Reduced Costs
S 539.99841 0.00000
D 252.00113 0.00000
Constraint Slack/Surplus Dual Prices
1 0.00000 4.37496
2 120.00070 0.00000
3 0.00000 6.93753
4 17.99988 0.00000
EXCEL file
OBJECTIVE COEFFICIENT RANGES
GulfGolf
Variable Lower Limit Current Value Upper Limit
S 6.30000 10.00000 13.49993
D 6.66670 9.00000 14.28572
RIGHT HAND SIDE RANGES
Constraint Lower Limit Current Value Upper Limit
1 495.59998 630.00000 682.36316
2 479.99930 600.00000 No Upper Limit
3 580.00146 708.00000 900.00000
4 117.00012 135.00000 No Upper Limit
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available in each of four production departments. The information shown in the
Slack/Surplus column provides the value of the slack variable for each of the depart-
ments. This information (after rounding) is summarized here:

Constraint Number Constraint Name Slack
1 Cutting and dyeing 0
2 Sewing 120
8 Finishing 0
4 Inspection and packaging 18

From this information, we see that the binding constraints (the cutting and dyeing
and the finishing constraints) have zero slack at the optimal solution. The sewing
department has 120 hours of slack, or unused capacity, and the inspection and
packaging department has 18 hours of slack or unused capacity.

The Dual Prices column contains information about the marginal value of each of
the four resources at the optimal solution. In Section 3.2 we defined the dual price as
follows:

The dual price associated with a constraint is the change in the value of the
solution per unit change in the right-hand side of the constraint.

Try Problem 10 to test So, the nonzero dual prices of 4.37496 for constraint 1 (cutting and dyeing con-

gg#pf‘uﬁ'e'mpﬂfio straint) and 6.93753 for constraint 3 (finishing constraint) tell us that an additional

determine the optimal hour of cutting and dyeing time increases the value of the optimal solution by $4.37

solution and to interpret -~ and an additional hour of finishing time increases the value of the optimal solution

the values of the dual by $6.94. So, if the cutting and dyeing time were increased from 630 to 631 hours,

priees. with all other coefficients in the problem remaining the same, the company’s profit
would be increased by $4.37 from $7668 to $7668 + $4.37 = $7672.37. A similar
interpretation for the finishing constraint implies that an increase from 708 to 709
hours of available finishing time, with all other coefficients in the problem remaining
the same, would increase the company’s profit to $7668 + $6.94 = $7674.94.
Because the sewing and the inspection and packaging constraints both have slack
or unused capacity available, the dual prices of zero show that additional hours of
these two resources will not improve the value of the objective function. The output
confirms the calculations we did earlier.

Referring again to the computer output in Figure 3.4, we see that after providing
the constraint information on slack/surplus variables and dual prices, the solution
provides ranges for the objective function coefficients and the right-hand sides of the
constraints.

Considering the information provided under the computer output heading
labelled OBJECTIVE COEFFICIENT RANGES, we see that variable S, which
has a current profit coefficient of 10, has the following range of optimality
for Cg:

6.30 < Cs < 13.49993

So, as long as the profit contribution associated with the standard bag is
between $6.30 and $13.50, the production of § = 540 standard bags and D = 252
deluxe bags will remain the optimal solution. Note that the range of optimality
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your ability to use
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is the same as obtained by performing graphical sensitivity analysis for Cg in
Section 3.2.

Using the objective function coefficient range information for deluxe bags, we see
the following range of optimality:

6.6667 < Cp < 14.8572

This result tells us that as long as the profit contribution associated with the deluxe
bag is between $6.67 and $14.29, the production of S = 540 standard bags and D =
252 deluxe bags will remain the optimal solution.

The final section of the computer output (RIGHT HAND SIDE RANGES)
provides the limits within which the dual prices are applicable. As long as the
constraint right-hand side is between the lower and upper limit values, the associated
dual price gives the improvement in the value of the optimal solution per unit increase
in the right-hand side. For example, let us consider the cutting and dyeing constraint
with a current right-hand-side value of 630. Because the dual price for this constraint
is $4.37, we can conclude that additional hours will increase the objective function by
$4.37 per hour. It is also true that a reduction in the hours available will reduce the
value of the objective function by $4.37 per hour. From the range information given,
we see that the dual price of $4.37 is valid for increases up to 682.36316 and decreases
down to 495.59998. A similar interpretation for the finishing constraint’s right-hand
side (constraint 3) shows that the dual price of $6.94 is applicable for increases up to
900 hours and decreases down to 580.00146 hours.

As mentioned, the right-hand side ranges provide limits within which the dual
prices are applicable. For changes outside the range, the problem must be resolved
to find the new optimal solution and the new dual price. We shall call the range over
which the dual price is applicable the range of feasibility. The ranges of feasibility
for the GulfGolf problem are summarized here:

Constraint Min RHS Max RHS

495.6
480.0
580.0
117.0

682.4
No upper limit
900.0
No upper limit

Cutting and dyeing
Sewing

Finishing

Inspection and packaging

As long as the values of the right-hand sides are within these ranges, the dual prices
shown on the computer output will not change. Right-hand side values outside these
limits will result in changes in the dual price information.

Simultaneous Changes

The sensitivity analysis information in computer output is based on the assumption
that only one objective function coefficient changes; it is assumed that all other
coefficients will remain as stated in the original problem. In many cases, however,
we may be interested in what would happen if two or more coefficients are changed
simultaneously. As we will demonstrate, some analysis of simultaneous changes is
possible with the help of the 100 per cent rule." We begin by showing how the 100 per
cent rule applies to simultaneous changes in the objective function coefficients.

'See S. P. Bradley, A. C. Hax, and T. L. Magnanti, Applied Mathematical Programming (Reading, MA: Addison-
Wesley, 1977).

deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.

99

Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has



100 CHAPTER 3 LINEAR PROGRAMMING: SENSITIVITY ANALYSIS AND INTERPRETATION OF SOLUTION

Suppose that in the GulfGolf problem the accounting department concluded
that the original profit contributions of $10 and $9 for the standard and deluxe
bags, respectively, were incorrectly calculated; the correct values should have been
$11.50 and $8.25. To determine what effect, if any, these simultaneous changes
have on the optimal solution, we need to first define the terms allowable increase
and allowable decrease. For an objective function coefficient, the allowable
increase is the maximum amount the coefficient may increase without exceeding
the upper limit of the range of optimality; the allowable decrease is the maximum
amount the coefficient may decrease without dropping below the lower limit of the
range of optimality.

From Figure 3.4 we see that the upper limit for the objective function coefficient
of § is 13.49993; so, the allowable increase is 3.49993 (13.49993 — 10). In terms of
percentage change, the increase of $1.50 in the objective function coefficient (from
10 to 11.50) for the standard bags is (1.50/3.49993)(100) = 42.86 per cent of the
allowable increase. Given the lower limit of 6.66670 for D, the allowable decrease for
D is 2.33330 (9 — 6.66670). In terms of percentage change, the decrease of $0.75 in
the objective function coefficient (from 9 to 8.25) for the deluxe bags is (0.75/
2.33330)(100) = 32.14 per cent of the allowable decrease. The sum of the percentage
change of the allowable increase (42.86 per cent) and the percentage change of the
allowable decrease (32.14 per cent) is 75.00 per cent.

Let us now state the 100 per cent rule as it applies to simultaneous changes in the
objective function coefficients.

100 Per cent Rule for Objective Function Coefficients

For all objective function coefficients that are changed, sum the percentages
of the allowable increases and the allowable decreases represented by the
changes. If the sum of the percentage changes does not exceed 100 per cent
the optimal solution will not change.

So, because the sum of the two percentage changes in the objective function
coefficients for the problem is 75 per cent, these simultaneous changes will not
affect the optimal solution. Note, however, that although the optimal solution is still
S = 539.99841 and D = 252.00113, the value of the optimal solution will change
because the profit contribution for the standard bags has increased to $11.50 and the
profit contribution of the deluxe bags has decreased to $8.25.

The 100 per cent rule does not, however, say that the optimal solution will
change if the sum of the percentage changes exceeds 100 per cent. It is possible
that the optimal solution will not change even though the sum of the percentage
changes exceeds 100 per cent. When the 100 per cent rule is not satisfied, we
must re-solve the problem to determine what affect such changes will have on
the optimal solution.

A similar version of the 100 per cent rule also applies to simultaneous changes in
the constraint right-hand sides.

100 Per cent Rule for Constraint Right-Hand Sides

For all right-hand sides that are changed, sum the percentages of allowable
increases and allowable decreases. If the sum of percentages does not
exceed 100 per cent, then the dual values will not change.

Let us illustrate the 100 per cent rule for constraint right-hand sides by consid-
ering simultaneous changes in the right-hand sides for the GulfGolf problem.
Suppose, for instance, that in this problem we could obtain 20 additional hours of
cutting and dyeing time and 100 additional hours of finishing time. The allowable
increase for cutting and dyeing time is 682.36316 — 630.0 = 52.36316, and the
allowable increase for finishing time is 900.0 — 708.0 = 192.0 (see Figure 3.4).
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The 20 additional hours of cutting and dyeing time are (20/52.36316)(100) = 38.19 per
cent of the allowable increase in the constraint’s right-hand side. The 100 addi-
tional hours of finishing time are (100/192)(100) = 52.08 per cent of the
allowable increase in the finishing time constraint’s right-hand side. The sum
of the percentage changes is 38.19 per cent + 52.08 per cent = 90.27 per cent.
The sum of the percentage changes does not exceed 100 per cent; therefore, we
can conclude that the dual prices are applicable and that the objective function
will improve by (20)(4.37) + (100)(6.94) = 781.40.

Interpretation of Computer Output — A Second Example

In Appendix 2.3 we saw how Excel Solver can be used to solve an LP formula-
tion. We will now see how it can be used to carry out sensitivity analysis. We will
use the example of the M&D Chemicals problem introduced in Section 2.5.
M&D’s objective was to find the minimum-cost production schedule for products
A and B. The linear programming model for this problem is restated as
follows, where A = number of litres of product A and B = number of litres of
product B.
Min 2A 4+ 3B
s.t
1A > 125 Demand for productA
1A+ 1B > 350 Totalproduction
2A+1B <600 Processingtime
A B>0
The Excel formulation is shown in Figure 3.5. When Excel Solver finds the optimal
solution to an LP problem, the Solver Results dialogue box (see Figure 3.6) appears

on the screen. This provides an option for different types of report on the
problem. The Answer report provides details of the optimal solution.

Figure 3.5 Excel Formulation for the M&D Chemicals Problem

= = B ¢ N ElF] o AT T T TR T T W W0 T F
|| |M& D Chemicals

* 3 4

|ad Product A Product B RHS

| & | Customer demand for A 1 == 125

L& Il:omblned production 1 1 == 1350 gt Tt Ck wd Sl I'
|7 |Processing time 2 1 <= 600 d Ot Dg O e of o=
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| # | Cost per litre 2 3 N G
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[n] )

|12 Litres produced 0 0 Ce==])
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|14 Minimise total cost 0 =

Constraints LHS RHS
Customer demand for A 0>= 126
Combined production 0 >= 350
Processing time 0 <= 600
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Figure 3.6 Excel Solver Results Dialogue Box

Solver Results
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Figure 3.7 Excel Solver Answer Report for the M&D Chemicals Problem
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The Sensitivity report provides sensitivity analysis on the optimal solution. Any
combination of reports can be selected before clicking OK. Excel Solver will then
create an additional worksheet for each report selected. The Answer report for
the M&D Chemicals problem is shown in Figure 3.7 and the Sensitivity report in
Figure 3.8.

The Answer report provides basic information on the optimal solution (clearly
what appears in the cells labelled ‘Cell’ and ‘Name’ will depend on how we set
up our original Excel spreadsheet formulation). The Target Cell relates to the
objective function that we set up. Here we are reminded that this is a minimi-
zation problem (Min) and that the final (optimal) value for the objective func-
tion is 800. In our problem this gives a cost minimization solution of €800. The
Adjustable Cells section of the report relates to the decision variables, here the
quantities of the two products A and B. We see that their final (optimal value) is
250 and 100 (litres) respectively. Finally in the Answer report we have the
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Figure 3.8 Excel Solver Sensitivity Report for the M&D Chemicals Problem

\Adjustable Cells

Final Reduced Objective Allowable Allowable

Cell Name Value Cost  Coefficient_Increase Decrease
SC$12 Litres produced Product A 250 [*] 2 1 1E+30
SD$12 Litres produced Product B 100 1] 3 1E+30 1
Constraints

Final Shadow Constraint Allowable Allowable

Cell Name Value Price R.H. Side Increase Decrease
SD$18 Customer demand for A LHS 250 1] 125 125 1E+30
$D$19 Combined production LHS 350 4 350 125 50
$D$20 Processing time LHS 600 -1 500 100 125

Constraints section. This shows each of the constraints in the formulation. The
Cell Value shows the LHS value of each constraint for the optimal values of A
and B. So, in constraint 2 for example, the optimal values for A and B of 250
and 100 respectively give a LHS of 600 (2 x 250 + 1 x 100). Solver informs us
that this constraint is Binding.

Next, let us look at the Sensitivity report in Figure 3.8. In the Adjustable Cells
section of the Sensitivity Report, the column labelled Final Value contains the
optimal values of the decision variables, with the optimal solution 250 litres of A
and 100 litres of B. Next, let us look at the values in the Reduced Cost column.
In Excel, the value of a nonzero reduced cost indicates how much the value of
the objective function would change® if the corresponding variable were
increased by one unit. For the M&D problem, the reduced costs for both
decision variables are zero; they are at their optimal values. We shall see later
that in large problems some decision variables will have reduced cost values
which are nonzero. To the right of the Reduced Cost column, we find three
columns labelled Objective Coefficient, Allowable Increase and Allowable
Decrease. For the A decision variable, the (current) objective function coeffi-
cient value is 2, the allowable increase is 1 and the allowable decrease is
shown as 1E + 30. The allowable increase/decrease shows the range of optimality
for this objective function coefficient. Note that the term 1E + 30 is Excel’s way
of showing oo. For B, the allowable increase in infinite whilst the allowable
decrease is 1.

Turning to the Constraints section of the report, the Final Value shows the RHS
value of each constraint for the optimal solution. So, for constraint 1 (1A > 125)
with the optimal value of A at 250, 1A is obviously 250 also. The Shadow Price

This definition of reduced cost is slightly different from (but equivalent to) the one in the glossary. Excel’s
solution algorithm permits variables in solution at their upper bound to have a nonzero reduced cost.
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shows, as usual, the change in the objective function for a change in the RHS of each
constraint while the Allowable Increase and Allowable Decrease show how much
the RHS of each constraint can change and the current solution still remain as the
optimal solution.

So, let’s pull this together into a brief report for management.

The company can minimize its cost by producing 250 litres of A and 100
litres of B. Cost will be €800. The cost per litre of A (currently €2 per litre)
could rise by as much as €1 and the optimal combination of A and B would
not change (although the actual total cost clearly would). The unit cost of A
could decrease indefinitely and again the optimal combination would not
change. For product B, the equivalent changes are an infinite increase and a
decrease of €1.

Turning to the constraints, we must produce a minimum of 125 litres of A
and we do so in fact producing a further 125 litres. For the second constraint, we
were required to limit total production to no more than 350 litres in total. We
have kept within this limit. The shadow price tells us that if we change this
constraint — for example allowing a unit increase in production to 351 — then
total costs will increase by €4 for each unit change in the RHS. This would apply
for changes in the RHS up to 475 litres and as low as 300 litres. Finally, looking
at constraint 3, we only had 600 hours of production time available. With the
optimal combination of A and B we are using all of these 600 hours. In fact, we
know that if we could obtain additional hours then we could actually reduce total

your ablfy to interpret costs (the shows price is negative). An extra production hour would allow us to
the computer ouput fora - teduce total cost by €1, up to a maximum of an additional 100 hours of
minimization problem. production time.

Try problem 14 to test

Cautionary Note on the Interpretation of Dual Prices

As stated previously, the dual price is the change in the value of the optimal
solution per unit change in the right-hand side of a constraint. When the right-
hand side of the constraint represents the amount of a resource available, the
associated dual price is often interpreted as the maximum amount one should be
willing to pay for one additional unit of the resource. However, such an inter-
pretation is not always correct. To see why, we need to understand the differ-
ence between sunk and relevant costs. A sunk cost is one that is not affected by
the decision made. It will be incurred no matter what values the decision
variables assume. A relevant cost is one that depends on the decision made.
The amount of a relevant cost will vary depending on the values of the decision
variables.

Let us reconsider the GulfGolf problem. The amount of cutting and dyeing
time available is 630 hours. The cost of the time available is a sunk cost if it
must be paid regardless of the number of standard and deluxe golf bags pro-
duced. It would be a relevant cost if the company only had to pay for the
number of hours of cutting and dyeing time actually used to produce golf bags.
All relevant costs should be reflected in the objective function of a linear
programme. Sunk costs should not be reflected in the objective function. For
GulfGolf we have been assuming that the company must pay its employees’
wages regardless of whether their time on the job is completely utilized. There-
fore, the cost of the labour-hours resource for the company is a sunk cost and
has not been reflected in the objective function.

When the cost of a resource is sunk, the dual price can be interpreted as the
maximum amount the company should be willing to pay for one additional unit of
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the resource. When the cost of a resource used is relevant, the dual price can be
interpreted as the amount by which the value of the resource exceeds its cost. So,
when the resource cost is relevant, the dual price can be interpreted as the maximum

Only relevant costs . P .
premium over the normal cost that the company should be willing to pay for one unit

should be included in the

objective function.

NOTES AND COMMENTS

of the resource.

1 Computer software packages for solving linear optimality. However, when degeneracy is
programmes are readily available. Most of these present, changes beyond the end points of the
provide as a minimum the optimal solution, dual range do not necessarily mean a different
or shadow price information, the range of solution will be optimal. From a practical point of
optimality for the objective function coefficients view, changes beyond the end points of the
and the range of feasibility for the right-hand range of optimality necessitate re-solving the
sides. The labels used for the ranges of problem.
optimality and feasibility may vary, but the The 100 per cent rule permits an analysis of
meaning is the same as what we have described multiple changes in the right-hand sides or
here. multiple changes in the objective function

2 Whenever one of the right-hand sides is at an end coefficients. But the 100 per cent rule cannot be
point of its range of feasibility, the dual and applied to changes in both objective function
shadow prices only provide one-sided coefficients and right-hand sides at the same
information. In this case, they only predict the time. In order to consider simultaneous changes
change in the optimal value of the objective for both right-hand side values and objective
function for changes toward the interior of the function coefficients, the problem must be
range. re-solved.

3 A condition called degeneracy can cause a Managers are frequently called on to provide an

subtle difference in how we interpret changes in
the objective function coefficients beyond the
end points of the range of optimality.
Degeneracy occurs when the dual price equals
zero for one of the binding constraints.
Degeneracy does not affect the interpretation of
changes toward the interior of the range of

economic justification for new technology. Often
the new technology is developed, or purchased,
in order to conserve resources. The dual price
can be helpful in such cases because it can be
used to determine the savings attributable to the
new technology by showing the savings per unit
of resource conserved.

More than Two Decision Variables

The graphical solution procedure is useful only for linear programmes involving two
decision variables. Computer software packages are designed to handle linear pro-
grammes involving large numbers of variables and constraints. In this section we
discuss the formulation and computer solution for two linear programmes with three
decision variables. In doing so, we will show how to interpret the reduced-cost
portion of the computer output and will also illustrate the interpretation of dual
prices for constraints that involve percentages.
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The Modified GulfGolf Problem
The original GulfGolf problem is restated as follows:

Max 10S + 9D
s.t.
0.7S + 1D <630 Cuttinganddyeing
0.5S +0.83333D < 600 Sewing
1S 4+ 0.66667D < 708 Finishing
0.1S + 0.25D <135 Inspectionand packaging
S,D>0

Recall that S is the number of standard golf bags produced and D is the number of
deluxe golf bags produced. Suppose that management is also considering producing a
lightweight model designed specifically for women golfers. The design department
estimates that each new lightweight model will require 0.8 hours for cutting and
dyeing, one hour for sewing, one hour for finishing and 0.25 hours for inspection
and packaging. Because of the unique capabilities designed into the new model,
management feels they will realize a profit contribution of $12.85 for each lightweight
model produced during the current production period.

Let us consider the modifications in the original linear programming model that
are needed to incorporate the effect of this additional decision variable. We will let
L denote the number of lightweight bags produced. After adding L to the objective
function and to each of the four constraints, we obtain the following linear pro-
gramme for the modified problem:

Max 10S + 9D + 12.85L
s.t.
0.7S + 1D+ 0.8L <630 Cuttinganddyeing
0.5S +0.83333D+ 1L <600 Sewing
1S + 0.66667D + 1L <708 Finishing
0.1S + 0.25D + 0.25L < 135 Inspection and packaging
S,D,L>0

Figure 3.9 shows the solution to the modified problem using Excel Solver, using both
the Answer report and the Sensitivity report. We see that the optimal solution calls
for the production of 280 standard bags, 0 deluxe bags and 428 of the new light-
weight bags; the value of the optimal solution after rounding is $8299.80.

Let us now look at the information contained in the Reduced Costs column.
Recall that the reduced costs indicate how much each objective function coeffi-
cient would have to improve before the corresponding decision variable could
assume a positive value in the optimal solution. As the computer output shows,
the reduced costs for S and L are zero because the corresponding decision
variables already have positive values in the optimal solution. The reduced cost
of 1.15003 for decision variable D tells us that the profit contribution for the deluxe
bag would have to increase to at least $9 + $1.15003 = $10.15003 before D could
assume a positive value in the optimal solution.” In other words, unless the profit

%In the case of degeneracy, a variable may not assume a positive value in the optimal solution even when the
improvement in the profit contribution exceeds the value of the reduced cost. Our definition of reduced costs,
stated as ‘... could assume a positive value...,” provides for such special cases. More advanced texts on
mathematical programming discuss these special types of situations.
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Figure 3.9 Excel Solution for the Modified GulfGolf Problem

Original
______________ Neame . __Value Final Value
Maximize Total Profit 0 8299.8
Standard
Original
______________ Name . Vvalue Final Value
Bags produced Standard 0 280
Bags produced Deluxe 0 0
Bags produced Lightweight 0 428
_____________ wewe Cell Value ___Starus Slack
Cutting and Dyeing 538.4 Not Binding 91.6
Hours Used (LHS) . .
Sewing Hours 568 Not Binding 32
Used (LHS) . .
Finishing Hours 708 Binding 0
Used (LHS) . .
Inspection and Packaging 135 Binding 0
Hours Used (LHS)
Adjustable Cells
Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
Bags produced 280 0 10 2.070069297 4.86
Standard
Bags produced 0 -1.150026998 9.000000002 1.150026998 1E+30
Deluxe
Bags produced 428 0 12.85 12.15 0.940932891
Lightweight
Constraints
Final i Constraint Allowable Allowable
Name Value Shadow Price R.H. Side Increase Decrease
Cutting and Dyeing  538.4 0 630 1E+30 91.6
Hours Used (LHS)
Sewing Hours 568 0 600 1E+30 32
Used (LHS)
Finishing Hours 708 8.1 708 144.6315789 168
Used (LHS)
Inspection and 135 19 135 9.6 64.2
Packaging Hours
Used (LHS)
EXCEL file
o contribution for D increases by at least $1.15 the value of D will remain at zero in
R the optimal solution.

Suppose we increase the coefficient of D by $1.1500 and then re-solve the problem.
Figure 3.10 shows the new solution. We note that D has now entered the solution
(although the value of the objective function remains unchanged indicating an alter-
native optimal solution) and all three variables have a reduced cost coefficient of 0.

Returning to Figure 3.9 we note that the shadow prices for constraints 3 and 4 are
8.1 and 19, respectively, indicating that these two constraints are binding in the
optimal solution. So, each additional hour in the finishing department would
increase the value of the optimal solution by $8.10 and each additional hour in the
inspection and packaging department would increase the value of the optimal
solution by $19.00. Because of a slack of 91.6 hours in the cutting and dyeing
department and 32 hours in the sewing department (see Figure 3.9), management
might want to consider the possibility of redeploying these unused hours in the
finishing or inspection and packaging departments. For example, it may be that
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Figure 3.10 Excel Solution for the Modified GulfGolf Problem with the Coefficient of D increased by

Sewing Hours

543.2422496

Not Binding

$1.15004
Original
ceeeeeeeeeeeoo Name ] vElue Final Value
Maximize Total Profit Standard 0 8299.8
Original
_______________ Name _______._.... vele Final Value
Bags produced Standard 403.7831816
Bags produced Deluxe 222.811955
Bags produced Lightweight 155.6747724
___________ Name ________ Cell Value _Status ___.Slack
Cutting and Dyeing L.
Hours Used (LHS) I Eehre ) Y

56.75775038

Used (LHS)
Finishing Hours . .
Used (LHS) 708 Binding 0
Inspection and .
Packaging Hours L5 E g
Used (LHS)
Adjustable Cells
Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
Bags produced 403.7831816 0 10 2.510712954 2.34002E-05
Standard
Bags produced 222.811955 0 10.15004 5.257854737 1.3E-05
Deluxe
Bags produced 155.6747724 0 12.85 1.06364E-05 2.196870893
Lightweight
Constraints . .
Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
Cutting and 630 3.16218E-05 630 52.36315884 91.6
Dyeing Hours
Used (LHS)
Sewing Hours 543.2422496 0 600 1E+30 56.75775038
Used (LHS)
Finishing Hours 708 8.099979973 708 144 .6315789 127.9986
Used (LHS)
Inspection and 135 18.99997892 135 16.1540957 17.99988187

Packaging Hours
Used (LHS)

some of the employees in the cutting and dyeing department could be used to
perform certain operations in either the finishing department or the inspection
and packaging department. In the future, management may want to explore the
possibility of cross-training employees so that unused capacity in one department
could be shifted to other departments.

Suppose that after reviewing the solution shown in Figure 3.9, management insist
that they will not consider any solution that does not include the production of some
deluxe bags. Management then decides to add the requirement that the number of
deluxe bags produced must be at least 30 per cent of the number of standard bags
produced. Writing this requirement using the decision variables S and D, we obtain:
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D >0.3S
or
-035+D>0

Adding this new constraint to the modified linear programme and re-solving the
problem, we obtain the optimal solution shown in Figure 3.11.

Let us consider the interpretation of the dual price for constraint 5, the require-
ment that the number of deluxe bags produced must be at least 30 per cent of the
number of standard bags produced. The dual price of —1.38 indicates that a one-unit
increase in the right-hand side of the constraint will lower profits by $1.38. So, what
the dual price of —1.38 is really telling us is what will happen to the value of the
optimal solution if the constraint is changed to:

D>0.35+1

The correct interpretation of the dual price of —1.38 can now be stated as follows: If we
are forced to produce one deluxe bag over and above the minimum 30 per cent require-
ment, total profits will decrease by $1.38. Conversely, if we relax the minimum 30 per cent
requirement by one bag (D > 0.3S — 1), total profits will increase by $1.38. So, we are
able to tell management that their insistence on having the number of deluxe bags at least
30 per cent of the number of standard bags is costing the company money — profit is
adversely affected.

The dual price for similar percentage (or ratio) constraints will not directly
provide answers to questions concerning a percentage increase or decrease in the
right-hand side of the constraint. For example, we might wonder what would happen
to the value of the optimal solution if the number of deluxe bags has to be at least
31 per cent of the number of standard bags. To answer such a question, we would re-
solve the problem using the constraint —0.31S + D > 0.

Because percentage (or ratio) constraints frequently occur in linear programming
models, let us consider another example. For instance, suppose that management states
that the number of lightweight bags produced may not exceed 20 per cent of the total golf
bag production. If the total production of golf bags is S + D + L, we can write this
constraint as:

L<02(S+D+L)
L <0.25+0.2D+0.2L
—-0.25-02D+0.8L <0

The solution obtained for the model that incorporates both the effects of this new
percentage requirement and the previous requirement (—0.3S + D > 0) is shown in
Figure 3.12. After rounding, the dual price corresponding to the new constraint
(constraint 6) is 0.89. So, every additional lightweight bag we are allowed to produce
over the current 20 per cent limit will increase the value of the objective function by
$0.89; moreover, the right-hand side range for this constraint shows that this
interpretation is valid for increases of up to 156 units.

The Kenya Cattle Company Problem

To provide additional practise in formulating and interpreting the computer solution
for linear programmes involving more than two decision variables, we consider a
minimization problem involving three decision variables. Kenya Cattle Company
(KCC), located in Kenya, East Africa, has been experimenting with a special diet for
its cattle. The feed components available for the diet are a standard feed product, a
vitamin-enriched product and a new vitamin and mineral feed additive. The
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Figure 3.11 Excel Solution for the Modified GulfGolf Problem with the 30 per cent Deluxe Bag Requirement

Target Cell (Max)
Original
e Name . Value Final value
Maximize Total Profit Standard 0 8183.87751
Adjustable Cells .
Original
______________ Name __Vvalue Final Value
Bags produced Standard 0 335.999328
Bags produced Deluxe 0 100.7997984
Bags produced Lightweight 0 304.8004704
Constraints
Name Cell Value Status Slack

Cutting and Dyeing
Hours Used (LHS)

579.8397043

Not Binding

50.16029568

Sewing Hours 556.7996304 Not Binding 43.2003696
Used (LHS)
Finishing Hours 708 Binding 0
Used (LHS)
Inspection and Packaging 135 Binding 0
Hours Used (LHS)
Minimum production 0 Binding 0
of Deluxe
Adjustable Cells . . .
Final Reduced Objective Allowable Allowable
_______ Name - Valve cost Coefficient  Increase —  Decrease
Bags produced 335.999328 0 10 2.070069301 3.705
Standard
Bags produced 100.7997984 0 9 1.150027 12.35
Deluxe
ngs prgduced 304.8004704 0 12.85 5.292857143 0.940932893
Lightweight
Constraints . .
Final Shadow Constraint Allowable Allowable
e Value Price R.H. Side Increase Decrease
Cutting and Dyeing 579.8397043 0 630 1E+30 50.16029568
Hours Used (LHS)
Sewing Hours 556.7996304 0 600 1E+30 43.2003696
Used (LHS)
Finishing Hours 708 7.40998518 708 57.00045 168
Used (LHS)
Inspection and 135 21.76005928 135 12.00007333 31.75008604
Packaging Hours
Used (LHS)
Minimum production 0 -1.38002964 0 101.6770005 84

of Deluxe

nutritional values in units per kilo and the costs for the three feed components are
summarized in Table 3.1; for example, each kilo of the standard feed component
contains 0.8 units of ingredient A, 1 unit of ingredient B and 0.1 units of ingredient
C. The minimum daily diet requirements for each cow are three units of ingredient
A, six units of ingredient B and four units of ingredient C. In addition, to control the
weight of the cattle, the total daily feed for a cow should not exceed six kilos.
KCC would like to determine the minimum-cost mix that will satisfy the daily diet
requirements.
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Figure 3.12 The Management Scientist Solution for the Modified GulfGolf Problem Incorporating the 20

MORE THAN TWO DECISION VARIABLES

per cent Lightweightbag Requirement and the 30 per cent Deluxe Bag Requirement

Target Cell (Max)

Maximize Total Profit Standard

Adjustable Cells

Bags produced Standard
Bags produced Deluxe
Bags produced Lightweight

Constraints

Cutting and Dyeing
Hours Used (LHS)
Sewing Hours

Used (LHS)
Finishing Hours
Used (LHS)
Inspection and
Packaging Hours
Used (LHS)

Minimum production
of Deluxe Hours

Original
Value Final Value
0 8044 .255497
Original
__Value _Final Value
0 403.4473181
0 222.2073946
0 156.4136782
Cell Value Status Slack

629.7514598

543.3094253

708

135

101.1731992

Not Binding

Not Binding

Binding

Binding

Not Binding

Used (LHS)
Lightweight bags 0 Binding
requirement Hours
Used (LHS)
Adjustable Cells
Final Reduced Objective Allowable
Name Value Cost Coefficient Increase
Bags produced 403.4473181 0 10 2.070069301
Standard
Bags produced 222.2073946 0 9 1.1500271
Deluxe
Bags produced 156.4136782 0 12.85 E + 30
Lightweight
constraints Final Shadow Constraint Allowable
Name Value Price R.H. Side Increase
Cutting and Dyeing 629.7514598 0 630 1E+30
Hours Used (LHS)
Sewing Hours 543.3094253 0 600 1E+30
Used (LHS)
Finishing Hours 708 8.87329575 708 0.696391304
Used (LHS)
Inspection and 135 13.05157115 135 0.088983729
Packaging Hours
Used (LHS)
Minimum production 101.1731992 0 0 101.1731992
of Deluxe Hours
Used (LHS) 0 0.892264327 0 156.480551

Lightweight bags
requirement Hours
Used (LHS)

Formulation of the KCC Problem

To formulate a linear programming model for the KCC problem, we introduce the

following

three decision variables:

0.248540212

56.69057465

101.1731992

Allowable
Decrease

2.5232981

0.940932893

Allowable
Decrease

0.248540212

56.69057465

311.99856

16.0328649

1E+30

0.779209407
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Table 3.1 Nutritional Value and Cost Data for the KCC Problem
Feed Component Standard Enriched Additive
Ingredient A 0.8 0.2 0.0
Ingredient B 1.0 1.5 3.0
Ingredient C 0.1 0.6 2.0
Cost per kilo 25 50 300
(Kenyan shillings)
S = number of kilos of the standard product
E = number of kilos of the enriched product
A = number of kilos of the vitamin and mineral feed additive
Using the data in Table 3.1, the objective function for minimizing the total cost
associated with the daily feed can be written as follows:
min 255 + 50E + 300A
For a minimum daily requirement for ingredient A of three units, we obtain the
constraint:
0.85+0.2E >3
The constraint for ingredient B is:
1.0S+15E+3.0A>6
and the constraint for ingredient C is:
0.1S+0.6E +2.0A > 4
Finally, the constraint that restricts the mix to at most six kilos is:
S+E+ALG6
Combining all the constraints with the nonnegativity requirements enables us to
write the complete linear programming model for the problem as follows:
Min 255 + 50E + 300A
s.t
0.8S +0.2E >3 IngredientA
1.0S +1.5E +3.0A > 6 IngredientB
0.1S +0.6E +2.0A > 4 IngredientC
S+ E+ A<6 Weight
S,ELA>0
Computer Solution and Interpretation for the KCC Problem
The output obtained using The Management Scientist to solve the KCC problem is
shown in Figure 3.13. After rounding, we see that the optimal solution calls for a
daily diet consisting of 3.51 kilos of the standard product, 0.95 kilos of the enriched
product and 1.54 kilos of the vitamin and mineral feed additive. Thus, with feed
component costs of 25 sh., 50 sh. and 300 sh., the total cost of the optimal diet is:
3.51 kilos @ 25 shperkilo = 85 sh
0.95kilos @ 50 shperkilo = 47 sh
1.54 kilos @ 300 sh per kilo =462 sh
Total cost =597 sh
Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has

deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



MORE THAN TWO DECISION VARIABLES 113

Figure 3.13 The Management Scientist Solution for the KCC Problem

Objective Function Value = 597.297
Variable Value Reduced Costs
S 3.514 0.000
E 0.946 0.000
A 1.541 0.000
Constraint Slack/Surplus Dual Prices
1 0.000 -121.622
2 3.554 0.000
. 3 0.000 -195.946
EXCEL file 4 0.000 91.92
A OBJECTIVE COEFFICIENT RANGES
Variable Lower Limit Current Value Upper Limit
S -39.286 25.00 No Upper Limit
E No Lower Limit 50.00 92.50
A 152.174 300.00 No Upper Limit

RIGHT HAND SIDE RANGES

Constraint Lower Limit Current Value Upper Limit
1 1.143 3.000 3.368
2 No Lower Limit 6.000 9.554
3 2.100 4.000 4.875
4 5.562 6.000 8.478

Note that after rounding, this result is the same as the objective function value in the
computer output (Figure 3.13).

Looking at the Slack/Surplus section of the computer output, we find a value of
3.554 for constraint 2. Because constraint 2 is a greater-than-or-equal-to constraint,
3.554 is the surplus; the optimal solution exceeds the minimum daily diet requirement
for ingredient B (six units) by 3.554 units. Because the surplus values for constraints 1
and 3 are both zero, we see that the optimal diet just meets the minimum require-
ments for ingredients A and C; moreover, a slack value of zero for constraint 4 shows
that the optimal solution provides a total daily feed weight of six kilos.

The dual price (after rounding) for the ingredient A constraint (constraint 1)
is —121.62. To interpret this value properly, we first look at the sign; it is negative,
and so we know that increasing the right-hand side of constraint 1 will cause the
solution value to worsen. In a minimization problem, ‘worsen’ means that the total
daily cost will increase, and therefore, a one-unit increase in the right-hand side of
constraint 1 will increase the total cost of the daily diet by 121.62 sh. Conversely, it is
also correct to conclude that a decrease of one unit in the right-hand side will
decrease the total cost by the same amount. Looking at the RIGHT HAND SIDE
RANGES section of the computer output, we see that these interpretations are valid
as long as the right-hand side is between 1.143 and 3.368.
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MANAGEMENT SCIENCE IN ACTION

ince the early 1990s, much of what used to be

called Eastern Europe has been undergoing
major economic, political and social transformation
moving from the old Soviet Union command econ-
omy into market economies. This has meant major
efforts to improve performance and economic effi-
ciency. The Nutricia Dairy and Drinks group (NDDG)
started acquiring dairy companies in Hungary in
1995 and has been using linear programming to
help it improve efficiency and also to undertake sce-
nario planning using sensitivity analysis.

The overall structure of NDDG’s business is as
follows. Its nine plants are supplied with raw milk
by over 400 farmers throughout Hungary. The
plants produce a range of dairy and dairy-related
products — over 300 different products in total.
Some products are produced at individual plants.
Other products are semi-finished at one plant and
then shipped to another plant to be turned into
fully finished products. The plant output is sent to
17 distribution centres which in turn supply over
17000 shops. NDDG had identified a number of
major costs in its operations. First, milk collection
costs incurred in collecting from individual farms
(which range from supplying only 20000 litres a
year to those supplying around 11 million litres) to

central collection points; transportation costs
involved in shipping the milk from the central col-
lection points to the plants; production costs;
inter-plant costs incurred when semi-finished prod-
ucts are shipped from one plant to another; trans-
portation costs to the distribution centres; ware-
housing costs involved in storing products at the
distribution centres. NDDG developed an LP
model to minimize total costs but was particularly
interested in using the model to undertake sce-
nario planning — looking at a variety of strategic
options for rationalizing the supply side of the
business. The sensitivity findings include the
following:

e A change in production costs of up to 10 per cent
had no impact on the optimal solution.

e Anincrease of 5 per cent in milk transportation
costs would make the opening of three new
plants cost-effective.

e Changes in inter-plant costs had no effect on the
optimal solution.

Based on FHE. Wouda, P van beck, JGAJ. van der Vorst and H. Tacke,
‘An application of mixed-integer linear programming models on the
redesign of the supply network of Nutricia Dairy and Drinks Group in
Hungary’, OR Spectrum 24/4 (Nov. 2002): 449-465.

Suppose that management is willing to reconsider their position regarding the
maximum weight of the daily diet. The dual price of 91.92 for constraint 4 shows that
a one-unit increase in the right-hand side of constraint 4 will reduce total cost by
91.92 sh. The RIGHT HAND SIDE RANGES section of the output shows that this
interpretation is valid for increases in the right-hand side up to a maximum of 8.478
kilos. Thus, the effect of increasing the right-hand side of constraint 4 from six to
eight kilos is a decrease in the total daily cost of 2 x 91.92 or 183.84 sh. Keep in mind
that if this change were made, the feasible region would change, and we would
obtain a new optimal solution.

The OBJECTIVE COEFFICIENT RANGES section of the computer output
shows a lower limit of —39.29 for S. Clearly, in a real problem, the objective function
coefficient of § (the cost of the standard product) cannot take on a negative value.
So, from a practical point of view, we can think of the lower limit for the objective
function coefficient of § as being zero. We can thus conclude that no matter how
much the cost of the standard mix were to decrease, the optimal solution would not
change. Even if KCC could obtain the standard product for free, the optimal
solution would still specify a daily diet of 3.51 kilos of the standard product, 0.95
kilos of the enriched product and 1.54 kilos of the vitamin and mineral feed additive.
However, any decrease in the per-unit cost of the standard feed would result in a
decrease in the total cost for the optimal daily diet.
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Note that the objective function coefficient values for § and A have no upper
limit. Even if the cost of A were to increase, for example, from 300 sh. to 1300 sh. per
kilo, the optimal solution would not change; the total cost of the solution, however,
would increase by 1000 sh. (the amount of the increase) times 1.541 or 1541 sh. You
must always keep in mind that the interpretations we have made using the sensitivity
analysis information in the computer output are only appropriate if all other coef-
ficients in the problem do not change. To consider simultaneous changes we must
use the 100 per cent rule or re-solve the problem after making the changes.

The Taiwan Electronic Communications (TEC) Problem

So far, we have looked mostly at basic, two-variable LP problems so that we can
focus easily on the general principles of formulation and solution. In the next
chapter we will illustrate how more complex situations can be modelled with LP
and highlight common types of LP models. An ability to formulate, solve and then
interpret more complex problems is critical and we shall introduce a slightly more
complex problem to provide additional practise.

The Taiwan Electronic Communications (TEC) company is based in Taiwan and has
an international reputation for manufacturing communication equipment for use by
both business and individuals. Its latest product is an encrypted portable radio system
that allows for secure radio communications between users with a range of up to 25
kilometres. The company intends to target the new product at four specific markets:

oil rigs;

agriculture and forestry;

W N =

retail sales through local distributors;
4 Internet sales through its own website.

Because the product is new, the company has decided on an initial, limited produc-
tion to test market the product.

Because of differing distribution and promotional costs, the profitability of the
product will vary with the target market. In addition, the advertising cost and the
personal sales effort required will vary with the target market. Table 3.2 summarizes
the contribution to profit, advertising cost and personal sales effort data. The firm has
set the advertising budget at $5000, and a maximum of 1800 hours of salesforce time is
available for allocation to the sales effort. Management also decided to produce 600
units for the current production period. Finally, an ongoing contract with a chain of
retail stores requires that at least 150 units be available for retail sales.

Table 3.2 Profit, Advertising Cost, and Personal Sales Time Data for the TEC

Problem
Profit per Advertising Personal Sales
Unit Sold Cost per Unit Effort per Unit Sold
Target Market (%) Sold ($) (hours)
Oil rigs 90 10 2
Agriculture and Forestry 84 8 3
Retail stores 70 9 8

Internet Sales 60 15 None
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TEC is now faced with the problem of establishing a strategy that will provide for
the distribution of the radios in such a way that overall profitability of the new radio
production will be maximized. Decisions must be made as to how many units should
be allocated to each of the four distribution channels, as well as how to allocate the
advertising budget and salesforce effort to each of the four distribution channels.

Problem Formulation
For the objective function, we can write:
Objective function: Maximize profit

Four constraints appear necessary for this problem. They are necessary because of
(1) a limited advertising budget, (2) limited salesforce availability, (3) a production
requirement and (4) a retail stores distribution requirement.

Constraint 1 Advertising expenditures < Budget

Constraint 2 Sales time used < Time available

Constraint 3 Radios produced = Management requirement

Constraint 4 Retail sales > Contract requirement
These expressions provide descriptions of the objective function and the constraints.
We are now ready to define the decision variables that will represent the decisions
the manager must make.

For the TEC problem, we introduce the following four decision variables:

A = the number of units produced for the oil rigs market

B = the number of units produced for the agriculture and forestry market

C = the number of units produced for retail sales

D = the number of units produced for Internet sales

Using the data in Table 3.2, the objective function for maximizing the total
contribution to profit associated with the radios can be written as follows:

Max 90A + 84B + 70C + 60D

Let us now develop a mathematical statement of the constraints for the problem.
Because the advertising budget is set at $5000, the constraint that limits the amount
of advertising expenditure can be written as follows:

10A + 8B + 9C + 15D < 5000
Similarly, because the sales time is limited to 1800 hours, we obtain the constraint:
2A + 3B + 3C < 1800

Management’s decision to produce exactly 600 units during the current production
period is expressed as:

A+B+C+D =600

Finally, to account for the fact that the number of units distributed by the national
chain of retail stores must be at least 150, we add the constraint:

C > 150

Combining all of the constraints with the nonnegativity requirements enables us to
write the complete linear programming model for the TEC problem as follows:
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Max 90A + 84B + 70C + 60D
s.t
10A+ 8B+ 9C + 15D < 5000

2A+ 3B+ 3C <1800
A+ B+ C+ D = 600

c > 150
A B, C,D>0

Computer Solution and Interpretation

EXCEL file

TEC

Advertising budget
Salesforce availability
Production level

Retail stores requirement

A portion of the output obtained using Excel to solve the TEC problem is shown in
Figure 3.14. The Objective Function Value section shows that the optimal solution to

Figure 3.14 A Portion of the Excel Computer Output for the TEC Problem

Target Cell (Max)
Original
. Neme Value Final Value
0Obj
Function 0 48450
Adjustable Cells
Original
_Name value Final Value
A 0 25
B 0 425
C 0 150
D 0 0
Constraints
....Name Cell Value ....Status Slack
Advertising 5000 Binding 0
Salesforce 1775 Not Binding 25
Production 600 Binding
Retail 150 Binding
Adjustable Cells
Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
A 25 0 90 1E+30 6
B 425 0 84 6 34
C 150 0 70 17 1E+30
D 0 45 60 45 1E+30
Constraints
Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
Advertising 5000 3 5000 850 50
Salesforce 1775 0 1800 1E+30 25
Production 600 60 600 3.571428571 85
Retail 150 -17 150 50 150
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the problem will provide a maximum profit of $48450. The optimal values of the
decision variables are given by A = 25, B = 425, C = 150 and D = 0. Thus, the optimal
strategy is to concentrate on agriculture and forestry with B = 425 units. In addition,
the firm should allocate 25 units to the oil rig market (4 = 25) and meet its 150-unit
commitment to the national retail chain store (C = 150). With D = 0, the optimal
solution indicates that the firm should not use the Internet market.

Looking at the four constraints, we see that those for advertising, the produc-
tion level and the retail stores requirement are binding. We are using all the
available advertising budget; we are matching the required production level of
600 units in total; and we are meeting the minimum requirement for supplying
retail stores, although for this last constraint there is no surplus either. The
constraint relating to salesforce availability, however, is non-binding and has a
slack value of 25. That is, we do not require all the available salesforce time; 25
hours of the available 1800 hours is unused. Looking now at the sensitivity
information output, we see that for the reduced cost for the four decision variables,
three are zero and one nonzero, that for variable D at 45. Recall that reduced costs
indicate by how much each objective function coefficient would have to change
before the corresponding decision variable took a positive value in the optimal
solution. Fairly obviously, the first three decision variables, A, B, C, have zero
reduced costs since they are already taking positive values in the solution. For
variable D, however, we see a reduced cost value of 45. Recollect that variable D
indicates the number of radios sold through the Internet. At the optimal solution,
this is set to zero — none of our sales will be through this channel. Effectively, since
we are seeking to maximize profit, we are being told that D is not sufficiently
profitable at $60 per unit, other things being equal. The reduced costs figure of $45
for D tells us how much more profitable D needs to be to take a nonzero value.
Radios sold through the Internet would need to make $105 ($60 + $45) profit per
unit sold to be viable. Let us also look at the other sensitivity information about the
objective function. We can summarize the range of optimality for each of the
objective function coefficients as follows:

A 84 < Ca < No upper limit
B 50 <G, <90

C No lower limit < C. < 87

D No lower limit < C4 < 105

So, we see that the current solution will remain optimal as long as the objective
function coefficients remain in the given ranges of optimality. For radios sold to
oil rigs, A, the profit per unit can fall to $84 and A will still remain in the
solution. For radios sold to agriculture and forestry, the profit contribution could
be between $50 and $90 and B remains in the solution. For radios sold through
local distributors, C, there is no lower limit but an upper limit of $87 per unit.
For D, the figures confirm the reduced cost value that we discussed earlier.
Let us now look at the sensitivity information for the four constraints. We already
know that three constraints are binding. Looking at the shadow price for each
constraint and the allowable increase/decrease we can provide the following man-
agement information. The advertising budget of $5000 is all spent at the optimal
solution. The shadow price of $3 indicates that for each extra dollar spent on
advertising over and above the current budget of $5000 total profit will increase by
$3. This will be valid up to an increase of $850. After that we cannot tell from the
sensitivity information what will happen to profit. To do so, we would need to
reformulate and re-solve the problem. Other things being equal, then, management
should give serious consideration to increasing the advertising budget to $5850. Our

Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has
deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



THE TAIWAN ELECTRONIC COMMUNICATIONS (TEC) PROBLEM

second constraint, that relating to salesforce availability is non-binding (and has a
shadow price of zero). Increasing the salesforce availability beyond its current
maximum of 1800 hours will add nothing to profit, given that we are not using all
the 1800 hours anyway. In fact, we can advise management that they can reduce
availability by 25 hours without affecting current maximum profit. The third con-
straint was the production constraint imposed by management. Given that this was a
strict equality constraint then it is no surprise to see it as a binding constraint
(without this constraint being met the problem would not have a solution at all). It
has a shadow price of $60 implying that a relaxation of this constraint by 1 (i.e., to
601) would increase profit by $60. However, we also see from the allowable increase
that only a small increase would be permissible in any event (of 3.57 units). Finally,
we have the retail stores constraint, requiring us to provide at least 150 units to retail
stores. This constraint is also binding, and as we noted earlier, the surplus associated
with this variable (since it takes the form >) is also zero. In other words, the 150 unit
requirement is being met in the current optimal solution but only just. This implies
that this requirement, whilst being met, is actually having an adverse effect on
potential profit. This is confirmed if we look at the constraint’s shadow price. Here
it is —$17, a negative value. Recollect the meaning of a shadow price. It shows the
change in the objective function if we allow a marginal increase in the right-hand
side. In other words if we set this constraint equal to 151 then the shadow price

MANAGEMENT SCIENCE IN ACTION

n India, one of the largest tea producers in the

world, approximately $1 billion of tea packets and
loose tea are sold. Duncan Industries Limited (DIL),
the third largest producer of tea in the Indian tea
market, sells about $37.5 million of tea, almost all
of which is sold in packets.

DIL has 16 tea gardens, three blending units, six
packing units and 22 depots. Tea from the gardens
is sent to blending units, which then mix various
grades of tea to produce blends such as Sargam,
Double Diamond and Runglee Rungliot. The
blended tea is transported to packing units, where
it is placed in packets of different sizes and shapes
to produce about 120 different product lines. For
example, one line is Sargam tea packed in 500-gram
cartons, another line is Double Diamond packed in
100-gram pouches and so on. The tea is then
shipped to the depots that supply 11500 distributors
through whom the needs of approximately 325000
retailers are satisfied.

For the coming month, sales managers provide
estimates of the demand for each line of tea at each
depot. Using these estimates, a team of senior man-

agers would determine the amounts of loose tea of
each blend to ship to each packing unit, the quantity
of each line of tea to be packed at each packing unit,
and the amounts of packed tea of each line to be
transported from each packing unit to the various
depots. This process requires two to three days
each month and often results in stockouts of lines
in demand at specific depots.

Consequently, a linear programming model involv-
ing approximately 7000 decision variables and 1500
constraints was developed to minimize the com-
pany’s freight cost while satisfying demand, supply
and all operational constraints. The model was tested
on past data and showed that stockouts could be
prevented at little or no additional cost. Moreover, the
model was able to provide management with the
ability to perform various what-if types of exercises,
convincing them of the potential benefits of using
management science techniques to support the deci-
sion-making process.

Based on Nilotpal Chakravarti, ‘Tea Company Steeped in OR’, OR/MS
Today (April 2000).
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indicates that total profit will fa/l by $17. In other words, relaxing this constraint (say
to 149 units) will actually be beneficial to profit. Management may, therefore, wish
to re-consider their commitment to selling through retail stores.

It is worth re-emphasizing the importance of senmsitivity analysis, or post-
optimality analysis. The information provided through such analysis allows us to
answer a considerable number of what-if questions about the current problem
and its optimal solution without further calculation or solution. If we know what
we are doing, we can provide management with information about the effects of
changes in any of the objective function coefficients and on changes in the right-
hand side of each of the problem constraints. This allows management to
consider the effects of any assumptions built into the existing model and to
consider management actions that may lead to an ever better solution to the
problem under consideration.

Again, the sensitivity analysis or post-optimality analysis provided by computer
software packages for linear programming problems considers only one change at a
time, with all other coefficients of the problem remaining as originally specified. As
mentioned earlier, simultaneous changes can sometimes be analyzed without re-
solving the problem, provided that the cumulative changes are not large enough to
violate the 100 per cent rule.

Finally, recall that the complete solution to the TEC problem requested
information not only on the number of units to be sold to each target market,
but also on the allocation of the advertising budget and the salesforce effort to
each market channel. For the optimal solution of A = 25, B = 425, C = 150 and
D = 0, we can simply evaluate each term in a given constraint to determine how
much of the constraint resource is allocated to each market. For example, the
advertising budget constraint of:

10A + 8B + 9C + 15D > 5000

shows that 104 = 10(25) = $250, 8B = 8(425) = $3400, 9C = 9(150) = $1350 and
15D = 15(0) = $0. Thus, the advertising budget allocations are, respectively, $250,
$3400, $1350 and $0 for each of the four markets. Making similar calculations for the
salesforce constraint results in the managerial summary of the optimal solution as
shown in Table 3.3.

Table 3.3 Profit-Maximizing Strategy for the Problem

Oil rigs 25 250 50

Agriculture and 425 3400 1275
Forestry

Retail Sales 150 1350 450

Internet Sales 0 0 0

Total 600 5000 1775

Projected total profit= $48 450
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Summary

This chapter has introduced and developed sensitivity analysis as a standard part of the LP solution
and analysis. Sensitivity analysis, or post-optimality analysis, is concerned with showing how changes
in the formulation parameters will affect the optimal solution.

Sensitivity analysis can be undertaken on the objective function coefficients and on the right-hand side

values of the constraints.

Computer output from LP solutions provides the sensitivity information that we can use.

Sensitivity analysis provides useful information to management allowing them to undertake what-if
analysis without the need for re-formulation and re-solution of the original problem.
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ollmer Manufacturing in Germany produces a

variety of components used in refrigerators. The
components are produced for a variety of refrigera-
tion companies such as Neff, Bosch, Hotpoint. The
company is in the process of planning its next batch
of production. Three particular components are
being planned: BFX1, AHS15 and CTY45. Each of
the three components goes through a two-part pro-
duction process using automated machinery and
systems: a shaping process and a grinding proc-
ess. Each component requires a differing amount of
time on the two processes, shown below in minutes
per component:

BFX1 6 4
AHS15 4 &
CTY45 4 2

For the next production period, there will be an
anticipated 120 hours available for the shaping
process and an anticipated 11 hours for the grind-
ing. The three components have profit contribu-
tion, respectively, of €8, €6 and €9. Based on
previous production and sales, the company
expects to sell no more than 200 units of CTY45,
although expected sales for the other two compo-
nents could reach 1000 units each. In addition,
the company already has an order for 600 units
of BFX1.
What advice can you give the company?

Well, let us start by formulating the LP problem.
We have effectively got three decision variables —
how many of each of the three components
should we make. We only have information about
profit, so it will be a profit maximization problem.
We obviously have constraints relating to the two
production processes and there are also con-
straints about sales of the three components. If
we rename the components as B, A and C for
simplicity we would then have a formulation of:

Max 8B+ 6A +9C

s.t 6B + 4A + 4C < 7200 (Shaping constraint
converted to minutes)
(Grinding constraint

converted to minutes)

4B + 5A + 2C < 6600

C <200 (maximum sales of
CTY45)
B <1000 (maximum sales of
BFX1)
A <1000 (maximum sales of
AHS15)
B > 600 (existing order for
BFX1)
A B, C >0

The Excel output for the problem is shown below.
From the first part of the output we can advise
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management on the optimum production mix for the
next production period. This is:

BFX1 600 units
AHS15 700 units
CTY45 200 units

This production mix will generate a profit contribu-
tion of €10800. However we can go further and
provide information from the binding/non-binding
constraints. We can advise management that the
profit contribution is being prevented from increas-
ing further by the available amount of Shaping
time; the maximum sales of CTY45; and the exist-
ing order for BFX1. If management wish to
increase profit contribution further then these three
areas should be examined further. Looking at
Shaping time first, the company currently has an
anticipated 7200 minutes available (120 hours). All
of this is needed for the optimum production mix.
We can advise management that any shortfall in
the anticipated time availability of 120 hours will
affect production and hence profit. The Shadow
price of €1.50 tells us that each minute shortfall will
reduce profit contribution by €1.50. Conversely, if
management can somehow increase the amount of
available shaping time beyond 120 hours this will
allow us to produce more and increase profit con-
tribution by €1.50 for each extra minute of Shaping
time we can obtain. Looking at the Available
increase information, we can advise management
that it would be worthwhile trying to increase the
available shaping time by an extra four hours (240
minutes). After this point, we are no longer sure
from the existing sensitivity analysis what would
happen to the optimum solution.

If we look at the second binding constraint,
maximum sales of CTY45, we are producing the
maximum quantity permitted at the optimum sol-
ution. Again, the Shadow price of €3 indicated the
opportunity cost of this constraint. Other things
being equal, if we were allowed to relax this con-
straint (i.e., produce more than 200 units) then
profit contribution would increase by €3 for each
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extra unit of CTY45 produced. We also see from
the Allowable increase that we could profitably
produce an extra 700 units. Clearly, we do not
know from the information given why this con-
straint is there. It may be that Sales and Marketing
in the company have advised that realistically we
cannot sell more than 200 units. However, the
sensitivity information allows management to con-
sider the consequences of this. Our third binding
constraint related to the requirement to produce at
least 600 units of BFX1 because of an existing
order. In this case the Shadow price is negative,
at —€1. This indicates that any increase in this
constraint will actually cost us money and
decrease profit contribution for each extra unit
above the 600 that we produce. Conversely, if
we could relax this constraint and produce less
than 600 units in the next period then profit con-
tribution would increase. Again, it may be that
management are unable to alter this constraint,
we may already have signed a contract with the
customer. Again, however, the sensitivity analysis
information allows management to see the conse-
quences of this and maybe to consider alterna-
tives. Could we persuade the customer to delay
the order? We could even offer a financial incen-
tive for them to do this, up to €1 for each unit we
didn’t produce for them.

Is there anything else we can tell management?
Well, we can advise that we do not actually need all
the available grinding time, since five hours (300
minutes) remains unused at the optimum produc-
tion mix. We can also inform them if there is any
uncertainty about the product profit contributions
(of €8, €6 and €9) we can advise on the effects
of this. For example, that BFX1’s profit contribution
could increase from €8 up to €9 without affecting
the optimum production mix; and that its profit
contribution could effectively fall to zero and still
not affect the optimum solution. The latter point
may need further explaining. Even if BFX1 has a
zero profit contribution we would still have to pro-
duce a minimum of 600 units because of the rele-
vant constraint.
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Target Cell (Max)

Original
_ Name _ __Value _ [Final Value
Obj .
Function 0 10800
Adjustable Cells
Original
_Name ] Value Final Value
Units B 0 600
Units A 700
Units C 200
Constraints
oo Cell L Name _ Cell Value __Status____ Slack
Shaping time <= 7200 Binding 0
Grinding time <= 6300 Not Binding 300
Max sales of C = 200 Binding 0
Max sales of B <= 600 Not Binding 400
Max sales of A <= 700 Not Binding 300
Min sales of B = 600 Binding 0
Adjustable Cells
Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
Units B 600 0 8 1 1E + 30
Units A 700 0 6 3 0.666666667
Units C 200 0 9 1E + 30 3
Constraints
Final Shadow Constraint Allowable Allowable
cell Name Value Price R.H. Side Increase Decrease
Shaping time <= 7200 1.5 7200 240 2800
Grinding time <= 6300 0 6600 1E + 30 300
Max sales of C 3= 200 3 200 700 100
Max sales of B = 600 0 1000 1E + 30 400
Max sales of A <= 700 0 1000 1E + 30 300
Min sales of B S= 600 =1 600 400 85.71428571
Problems
1 Recall the RMC problem (Chapter 2, Problem 12). Letting:
F = kilos of fuel additive
S = kilos of solvent base
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leads to the formulation:

Max  40F + 30S
s.t

?/F +1/,S <20 Material1
'/,S <5 Material 2

8F+5%/,,S <21 Material 3
F.$>0

Use the graphical sensitivity analysis approach to determine the range of optimality for
the objective function coefficients.

SELF 2 For Problem 1 use the graphical sensitivity approach to determine what happens if an
test additional three kilos of material 3 become available. What is the corresponding dual price
for the constraint?

SELF 3 Consider the following linear programme:

test Max 2x; + 3x»

s.t
Xy + xo <10
2X1 + Xo >4
X1+ 3xo < 24
2X1 + Xo <16
X1,Xo >0

Solve this problem using the graphical solution procedure.

. Calculate the range of optimality for the objective function coefficient of x;.

Calculate the range of optimality for the objective function coefficient of x..

. Suppose the objective function coefficient of x4 is increased from 2 to 2.5. What is the
new optimal solution?

e. Suppose the objective function coefficient of x, is decreased from 3 to 1. What is the

new optimal solution?

oo0oTo®

SELF 4 Refer to Problem 3. Calculate the dual prices for constraints 1 and 2 and interpret them.

test 5  Consider the following linear programme:
Min X1 +Xo
s.t
Xy +2Xo > 7
2X1+ X2 >5
X1 4+ 6xo > 11
X1,Xo >0

. Solve this problem using the graphical solution procedure.

. Calculate the range of optimality for the objective function coefficient of x;.

. Calculate the range of optimality for the objective function coefficient of x».

. Suppose the objective function coefficient of x; is increased to 1.5. Find the new optimal
solution.

e. Suppose the objective function coefficient of x, is decreased to one-third. Find the new

optimal solution.

o 0 T 9

SELF 6 Referto Problem 5. Calculate and interpret the dual prices for the constraints.
test
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7 Refer again to Problem 3.
a. Suppose the objective function coefficient of x; is increased to 3 and the objective
function coefficient of x, is increased to 4. Find the new optimal solution.
b. Suppose the objective function coefficient of x4 is increased to 3 and the objective
function coefficient of x, is decreased to 2. Find the new optimal solution.
SELF 8 Recall the GulfGolf glove problem (Chapter 2, Problem 13). Letting:
test
R = number of regular gloves
P = number of professional gloves
leads to the following formulation:
Max 5R+ 8P
s.t
R +3%P <900 Cuttingand dyeing
%R + 3P <300 Finishing
%R + 4P <100 packaging and shipping
R,P>0
The computer solution obtained using The Management Scientist is shown in Figure
3.15.
a. What is the optimal solution, and what is the value of the total profit contribution?
b. Which constraints are binding?
c. What are the dual prices for the resources? Interpret each.
d. If overtime can be scheduled in one of the departments, where would you recommend
doing so?
9 Refer to the computer solution in Figure 3.15 (see Problem 8).
a. Calculate the ranges of optimality for the objective function coefficients.
b. Interpret the ranges in part (a).
c. Interpret the range of feasibility for the right-hand sides.
d. How much will the value of the optimal solution improve if 20 extra hours of packaging
and shipping time are made available?
SELF 10 Investment Advisors, Inc., is a brokerage firm that manages stock portfolios for a
test number of clients. A particular portfolio consists of U shares of United Oil and H shares of Huber
Steel. The annual return for United Oil is €3 per share and the annual return for Huber Steel is €5
per share. United Oil sells for €25 per share and Huber Steel sells for €50 per share. The portfolio
has €80 000 to be invested. The portfolio risk index (0.50 per share of United Oil and 0.25 per
share of Huber Steel) has a maximum of 700. In addition, the portfolio is limited to a maximum of
1000 shares of United Oil. The linear programming formation that will maximize the total annual
return of the portfolio is as follows:
Max 3U+  &H Maximize total annual return
s.t
25U+ 50H < 80,000 Fundsavailable
0.50U + 0.25H < 700 Riskmaximum
1U < 1000 United Oil maximum
UH=>0
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Figure 3.15 The Management Scientist Solution for the GulfGolf Glove Problem

Original
L valus Froal Yelus
Maximize Total Profit 0 3700
Original
W T Erpal Yalus
Units produced Regular 0 500
Units produced 0 150
Professional
Name Cell Value Status Slack
Cutting and Sewing 725 Not Binding 175
Hours Used (LHS)
Finishing Hours 300 Binding 0
Used (LHS)
Packaging and shipping 100 Binding 0

Hours Used (LHS)

Adjustable Cells
Final Reduced Objective Allowable Allowable

oo Nome  Value ¢ Cost Coefficient Increase  Decrease
Units produced Regular 500 0 5 7 1
Units produced 150 0 8 2 4.666666667
Professional
Constraints .

Final Shadow Constraint Allowable Allowable
oo Neme _______ _Value  Price R.H. Side Increase _ Decrease_
Cutting and Sewing D25 0 900 1E+30 175
Hours Used (LHS)
Finishing Hours 300 3 300 100 166.6666667
Used (LHS)
Packaging and shipping 100 28 100 35 25

Hours Used (LHS)

The computer solution of this problem is shown in Figure 3.16.

a. What is the optimal solution, and what is the value of the total annual return?

b. Which constraints are binding? What is your interpretation of these constraints in terms
of the problem?

c. What are the dual prices for the constraints? Interpret each.

d. Would it be beneficial to increase the maximum amount invested in United Oil? Why or
why not?

SELF 11 Refer to Figure 3.16, which shows the computer solution of Problem 10.

test a. How much would the estimated per-share return for United Oil have to increase
before it would be beneficial to increase the investment in this stock?
b. How much would the estimated per-share return for Huber Steel have to decrease
before it would be beneficial to reduce the investment in this stock?
c. How much would the total annual return be reduced if the United Oil maximum were
reduced to 900 shares?
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Figure 3.16 Excel Solution for the Investment Advisors Problem
Original
oo  Nawe el Final Value
Maximize Total
Profit United 0il 0 8400
Original
. Value Final Value
Optimum values 0 800
United 0il
Optimum values 0 1200
Huber Steel
_____________ Name Cell Value _Status_ Slack
Funds available LHS 80000 Binding 0
Risk maximum LHS 700 Binding 0
United 0Oil maximum 800 200
LHS
Adjustable Cells
Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
Optimum values 800 0 3 7 0.5
United 0il
Optimum values Huber 1200 0 5 1 3.5
Steel
Constraints
Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
Funds available LHS 80000 0.093333333 80000 60000 15000
Risk maximum LHS 700 1.333333333 700 75 300
United 0il maximum 800 0 1000 1E+30 200
LHS
SELF 12 Recall the Miguel’s problem in Chapter 2, Problem 15. Letting:
lest W = jars of Western Foods Salsa
M = jars of Mexico City Salsa
leads to the formulation:
Max 1W +1.25M
s.t
104W + 196M < 280000 Whole tomatoes
84W +28M < 130000 Tomatosauce
56W +56M < 100000 Tomato paste
W.M >0
The solution is shown in Figure 3.17.
a. What is the optimal solution, and what are the optimal production quantities?
b. Specify the range of optimality for the objective function coefficients.
c. What are the dual prices for each constraint? Interpret each.
d. ldentify the range of feasibility for each of the right-hand-side values.
Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has

deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rig|

restrictions require it.



128 CHAPTER 3 LINEAR PROGRAMMING: SENSITIVITY ANALYSIS AND INTERPRETATION OF SOLUTION

Figure 3.17 Excel Solution for the Salsa Problem

Original
Name Value Final Value
Maximize total profit 0 1919.642857
Adjustable Cells
Original
Name Value Final Value
Units produced W 0 T Tazso
Units produced M 0 535.7142857
Constraints
Name Cell Value Status Slack
Whole tomatoes grams used (LHS) 280000 Binding 0
Tomato sauce grams used (LHS) 120000 Not Binding 10000
Tomato paste grams used (LHS) 100000 Binding 0
Adjustable Cells
Final Reduced Objective Allowable Allowable
Name Value  Cost = Coefficient Increase  Decrease
Units produced W 1250 0 1 0.25 0.107142857
Units produced M 535.7142857 0 1.25 0.15 0.25
Constraints
Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
Whole tomatoes grams used UL TTTTTTTTITTT mmmmmmITTT mmmmmmmIeOs
(LHS) 280000 0.004464286 280000 70000 10000
Tomato sauce grams used (LHS) 120000 0 130000 1E+30 10000
Tomato paste grams used (LHS) 100000 0.006696429 100000 2500 20000

13 Quality Air Conditioning manufactures three home air conditioners: an economy model,
a standard model and a deluxe model. The profits per unit are €63, €95 and €135,
respectively. The production requirements per unit are as follows:

Number of Number of Cooling Manufacturing Time
Fans Coils (hours)
Economy 1 1 8
Standard 1 2 12
Deluxe 1 4 14

For the coming production period, the company has 200 fan motors, 320 coolling coils
and 2400 hours of manufacturing time available. How many economy models (E),
standard models (S) and deluxe models (D) should the company produce in order to
maximize profit? The linear programming model for the problem is as follows:
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Figure 3.18 Solution for the Quality Air Conditioning Problem
Objective Function Value = 16440.000
Variable Value Reduced Costs
E 80.000 0.000
S 120.000 0.000
D 0.000 24.000
Constraint Slack/Surplus Dual Prices
1 0.000 31.000
2 0.000 32.000
3 320.000 0.000
OBJECTIVE COEFFICIENT RANGES
Variable Lower Limit Current Value Upper Limit
E 47.500 63.000 75.000
S 87.000 95.000 126.000
D No Lower Limit 135.000 159.000
RIGHT HAND SIDE RANGES
Constraint Lower Limit Current Value Upper Limit
1 160.000 200.000 280.000
2 200.000 320.000 400.000
3 2080.000 2400.000 No Upper Limit
Max 63E + 95S + 135D
s.t
1E+ 1S+ 1D < 200 Fanmotors
1E+ 25+ 4D < 320 Coolingcoils
8E + 125+ 14D <2400 Manufacturingtime
E.S,D>0

The computer solution is shown in Figure 3.18.

a. What is the optimal solution, and what is the value of the objective function?

b. Which constraints are binding?

c. Which constraint shows extra capacity? How much?

d. If the profit for the deluxe model were increased to €150 per unit, would the optimal
solution change? Use the information in Figure 3.19 to answer this question.

SELF 14 Refer to the computer solution of Problem 13 in Figure 3.18.
test a. Identify the range of optimality for each objective function coefficient.

b. Suppose the profit for the economy model is increased by €6 per unit, the profit for
the standard model is decreased by €2 per unit, and the profit for the deluxe model
is increased by €4 per unit. What will the new optimal solution be?
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c. Identify the range of feasibility for the right-hand side values.
d. If the number of fan motors available for production is increased by 100, will the dual
price for that constraint change? Explain.

15 Digital Controls, Inc. (DCI), manufactures two models of a radar speed device used by
police to monitor the speed of automobiles. Model A has an accuracy of plus or minus
one km per hour, whereas the smaller model B has an accuracy of plus or minus three km
per hour. For the next week, the company has orders for 100 units of model A and 150
units of model B. Although DCI purchases all the electronic components used in both
models, the plastic cases for both models are manufactured at a DCI plant in China.
Each model A case requires four minutes of injection-moulding time and six minutes of
assembly time. Each model B case requires three minutes of injection-moulding time
and eight minutes of assembly time. For next week, the plant has 600 minutes of
injection-moulding time available and 1080 minutes of assembly time available. The
manufacturing cost is €10 per case for model A and €6 per case for model B.
Depending upon demand and the time available at the plant, DCI occasionally
purchases cases for one or both models from an outside supplier in order to fill
customer orders that could not be filled otherwise. The purchase cost is €14 for each
model A case and €9 for each model B case. Management wants to develop a
minimum-cost plan that will determine how many cases of each model should be
produced at the plant and how many cases of each model should be purchased. The
following decision variables were used to formulate a linear programming model for this
problem:

AM = number of cases of model A manufactured
BM = number of cases of model B manufactured
AP = number of cases of model A purchased

BP = number of cases of model B purchased

The linear programming model that can be used to solve this problem is as follows:

Min  10AM + 6BM + 14AP + 9BP
s.t
1AM + 1AP = 100 Demand formodel A
1BM + IBP 150 Demand for model B
4AM + 3BM 600 Injection-moldingtime
6AM + 8BM 1080 Assemblytime
AM,BM,AP,BP > 0

IN A

The computer solution developed is shown in Figure 3.19.

a. What is the optimal solution, and what is the optimal value of the objective function?

b. Which constraints are binding?

c. What are the dual prices? Interpret each.

d. If you could change the right-hand side of one constraint by one unit, which one would
you choose? Why?

SELF 16 Refer to the computer solution of Problem 15 in Figure 3.19.

test a. Interpret the ranges of optimality for the objective function coefficients.
b. Suppose that the manufacturing cost increases to €11.20 per case for model A. What is
the new optimal solution?
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Figure 3.19 Solution for the Digital Controls, Inc. Problem

Objective Function Value = 2170.000
Variable Value Reduced Costs
AM 100.000 0.000
BM 60.000 0.000
AP 0.000 1.750
BP 90.000 0.000
Constraint Slack/Surplus Dual Prices
1 0.000 -12.250
2 0.000 -9.000
3 20.000 0.000
4 0.000 0.375

OBJECTIVE COEFFICIENT RANGES

Variable Lower Limit Current Value Upper Limit
AM No Lower Limit 10.000 11.750
BM 3.667 6.000 9.000
AP 12.250 14.000 No Upper Limit
BP 6.000 9.000 Ll . 338

RIGHT HAND SIDE RANGES

Constraint Lower Limit Current Value Upper Limit
1 0.000 100.000 111.429
2 60.000 150.000 No Upper Limit
3 580.000 600.000 No Upper Limit
4 600.000 1080.000 1133.333

c. Suppose that the manufacturing cost increases to €11.20 per case for model A and the
manufacturing cost for model B decreases to €5 per unit. Would the optimal solution
change? Use the 100 per cent rule and discuss.

17 Tucker Inc. produces high-quality suits and sport coats for men. Each suit requires 1.2 hours
of cutting time and 0.7 hours of sewing time, uses six metres of material, and provides a profit
contribution of €190. Each sport coat requires 0.8 hours of cutting time and 0.6 hours of
sewing time, uses four metres of material, and provides a profit contribution of €150. For the
coming week, 200 hours of cutting time, 180 hours of sewing time and 1200 metres of fabric
are available. Additional cutting and sewing time can be obtained by scheduling overtime for
these operations. Each hour of overtime for the cutting operation increases the hourly cost by
€15, and each hour of overtime for the sewing operation increases the hourly cost by €10. A
maximum of 100 hours of overtime can be scheduled. Marketing requirements specify a
minimum production of 100 suits and 75 sport coats.

S = number of suits produced
SC = number of sport coats produced
D4 = hours of overtime for the cutting operation

D, = hours of overtime for the sewing operation
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Figure 3.20 Solution For The Tucker Inc. Problem

Objective Function Value = 40900.000
Variable Value Reduced Costs
S 100.000 0.000
scC 150.000 0.000
D1 40.000 0.000
D2 0.000 10.000
Constraint Slack/Surplus Dual Prices
1 0.000 15.000
2 20.000 0.000
3 0.000 34.500
4 60.000 0.000
5 0.000 -35.000
6 75.000 0.000
OBJECTIVE COEFFICIENT RANGES
Variable Lower Limit Current Value Upper Limit
S No Lower Limit 190.000 225.000
sc 126.667 150.000 No Upper Limit
D1 -187.500 -15.000 0.000
D2 No Lower Limit -10.000 0.000
RIGHT HAND SIDE RANGES
Constraint Lower Limit Current Value Upper Limit
1 140.000 200.000 240.000
2 160.000 180.000 No Upper Limit
3 1000.000 1200.000 1333.333
5 0.000 100.000 150.000
6 No Lower Limit 75.000 150.000

The computer solution is shown in Figure 3.20.

a. What is the optimal solution, and what is the total profit? What is the plan for the use of
overtime?

b. A price increase for suits is being considered that would result in a profit contribution
of €210 per suit. If this price increase is undertaken, how will the optimal solution
change?

c. Discuss the need for additional material during the coming week. If a rush order for
material can be placed at the usual price plus an extra €8 per metre for handling,
would you recommend the company consider placing a rush order for material?
What is the maximum price Tucker would be willing to pay for an additional metre
of material? How many additional metres of material should Tucker consider
ordering?

d. Suppose the minimum production requirement for suits is lowered to 75. Would this
help or hurt profit? Explain.
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18 Round Tree Manor is a hotel that has two types of rooms with three rental classes: Super
Saver, Deluxe and Business. The profit per night for each type of room and rental class is

as follows:
Rental Class
Super Saver Deluxe Business
Room Type | £30 £35 —
Type Il £20 £30 £40

Type | rooms do not have Internet access and are not available for the Business rental
class.

Round Tree’s management makes a forecast of the demand by rental class for each

night in the future. A linear programming model developed to maximize profit is used to

determine how many reservations to accept for each rental class. The demand forecast for
a particular night is 130 rentals in the Super Saver class, 60 rentals in the Deluxe class and
50 rentals in the Business class. Round Tree has 100 Type | rooms and 120 Type |l rooms.

a.

Use linear programming to determine how many reservations to accept in each rental
class and how the reservations should be allocated to room types. Is the demand by
any rental class not satisfied? Explain.

. How many reservations can be accommodated in each rental class?
. Management is considering offering a free breakfast to anyone upgrading from a Super

Saver reservation to Deluxe class. If the cost of the breakfast to Round Tree is £5,
should this incentive be offered?

. With a little work, an unused office area could be converted to a rental room. If the

conversion cost is the same for both types of rooms, would you recommend converting
the office to a Type | or a Type Il room? Why?

. Could the linear programming model be modified to plan for the allocation of rental

demand for the next night? What information would be needed and how would the model
change?

19 Abu Dhabi Savings Bank (ADSB) has $1 million in new funds that must be allocated to
home loans, personal loans and automobile loans. The annual rates of return for the three
types of loans are 7 per cent for home loans, 12 per cent for personal loans and 9 per cent
for automobile loans. The bank’s planning committee decided that at least 40 per cent of
the new funds must be allocated to home loans. In addition, the planning committee
specified that the amount allocated to personal loans cannot exceed 60 per cent of the
amount allocated to automobile loans.

a.

Formulate a linear programming model that can be used to determine the amount of
funds ADSB should allocate to each type of loan in order to maximize the total annual
return for the new funds.

. How much should be allocated to each type of loan? What is the total annual return?

What is the annual percentage return?

. Ifthe interest rate on home loans increased to 9 per cent, would the amount allocated to

each type of loan change? Explain.

. Suppose the total amount of new funds available was increased by $10000. What effect

would this change have on the total annual return? Explain.

. Assume that ADSB has the original $1 million in new funds available and that

the planning committee agreed to relax by 1 per cent the requirement that at least
40 per cent of the new funds must be allocated to home loans. How much would the
annual return change? How much would the annual percentage return change?
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The programme manager for Channel 10 would like to determine the best way to allocate the time

test forthe 11:00-11:30 evening news broadcast. Specifically, she would like to determine the number
of minutes of broadcast time to devote to local news, national news, weather and sports. Over the
30-minute broadcast, ten minutes are set aside for advertising. The station’s broadcast policy
states that at least 15 per cent of the time available should be devoted to local news coverage; the
time devoted to local news or national news must be at least 50 per cent of the total broadcast
time; the time devoted to the weather segment must be less than or equal to the time devoted to
the sports segment; the time devoted to the sports segment should be no longer than the total
time spent on the local and national news; and at least 20 per cent of the hould be devoted to the
weather segment. The production costs per minute are €300 for local news, €200 for national
news, €100 for weather and €100 for sports.

Formulate and solve a linear programme that can determine how the 20 available minutes
should be used to minimize the total cost of producing the programme.

Interpret the dual price for the constraint corresponding to the available time. What
advice would you give the station manager given this dual price?

Interpret the dual price for the constraint corresponding to the requirement that at least
15 per cent of the available time should be devoted to local coverage. What advice
would you give the station manager given this dual price?

Interpret the dual price for the constraint corresponding to the requirement that the time
devoted to the local and the national news must be at least 50 per cent of the total broadcast
time. What advice would you give the station manager given this dual price?

Interpret the dual price for the constraint corresponding to the requirement that the time
devoted to the weather segment must be less than or equal to the time devoted to the
sports segment. What advice would you give the station manager given this dual price?

Product Mix

J’s, Inc., makes three nut mixes for sale to gro-
cery chains located in India. The three mixes,
referred to as the Regular Mix, the Deluxe Mix and
the Holiday Mix, are made by mixing different per-
centages of five types of nuts.
In preparation for the next production period, TJ’s
has just purchased the following shipments of nuts
at the prices shown:

Almond 6000 7500
Brazil 7500 7125
Filbert 7500 6750
Pecan 6000 7200
Walnut 7500 7875

The Regular Mix consists of 15 per cent almonds,
25 per cent Brazil nuts, 25 per cent filberts, 10 per
cent pecans and 25 per cent walnuts. The Deluxe
Mix consists of 20 per cent of each type of nut, and
the Holiday Mix consists of 25 per cent aimonds, 15
per cent Brazil nuts, 15 per cent filberts, 25 per cent
pecans and 20 per cent walnuts.

TJ’s accountant analyzed the cost of packaging
materials, sales price per kilo and so forth, and
determined that the profit contribution per kilo is
€1.65 for the Regular Mix, €2.00 for the Deluxe Mix
and €2.25 for the Holiday Mix. These figures do not
include the cost of specific types of nuts in the differ-
ent mixes because that cost can vary greatly in the
commaodity markets.

Customer orders already received are summar-
ized here:

Regular 10000
Deluxe 3000
Holiday 5000

Because demand is running high, it is expected that
TJ’s will receive many more orders than can be
satisfied.

TJ’s is committed to using the available nuts to
maximize profit; nuts not used will be given to a local
charity. Even if it is not profitable to do so, TJ’s
president indicated that the orders already received
must be satisfied.
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Perform an analysis of TJ’s product-mix problem,
and prepare a report for TJ’s president that summa-
rizes your findings. Be sure to include information
and analysis on the following:

The cost per kilo of the nuts included in the
Regular, Deluxe and Holiday mixes.

The optimal product mix and the total profit
contribution.

Recommendations regarding how the total profit
contribution can be increased if additional
quantities of nuts can be purchased.

A recommendation as to whether TJ’s

should purchase an additional 1000 kilos of
almonds for €1000 from a supplier who
overbought.

Recommendations on how profit contribution
could be increased (if at all) if TJ's does not
satisfy all existing orders.

Investment Strategy

. D. Williams, Inc., is an investment advisory firm

that manages more than €120 million in funds
for its numerous clients. The company uses an asset
allocation model that recommends the portion of
each client’s portfolio to be invested in a growth
stock fund, an income fund and a money market
fund. To maintain diversity in each client’s portfolio,
the firm places limits on the percentage of each
portfolio that may be invested in each of the three
funds. General guidelines indicate that the amount
invested in the growth fund must be between 20 per
cent and 40 per cent of the total portfolio value.
Similar percentages for the other two funds stipulate
that between 20 per cent and 50 per cent of the total
portfolio value must be in the income fund and at
least 30 per cent of the total portfolio value must be
in the money market fund.

In addition, the company attempts to assess the
risk tolerance of each client and adjust the portfolio
to meet the needs of the individual investor. For
example, Williams just contracted with a new client
who has €800 000 to invest. Based on an evalua-
tion of the client’s risk tolerance, Williams assigned
a maximum risk index of 0.05 for the client. The
firm’s risk indicators show the risk of the growth
fund at 0.10, the income fund at 0.07, and the
money market fund at 0.01. An overall portfolio risk
index is computed as a weighted average of the
risk rating for the three funds where the weights are
the fraction of the client’s portfolio invested in each
of the funds.

Additionally, Williams is currently forecasting
annual yields of 18 per cent for the growth fund, 12.5
per cent for the income fund and 7.5 per cent for the
money market fund. Based on the information pro-

vided, how should the new client be advised to allo-
cate the €800000 among the growth, income and
money market funds? Develop a linear programming
model that will provide the maximum vyield for the
portfolio. Use your model to develop a managerial
report.

Recommend how much of the €800 000 should
be invested in each of the three funds. What is
the annual yield you anticipate for the investment
recommendation?

Assume that the client’s risk index could be increased
to 0.055. How much would the yield increase and
how would the investment recommendation change?

Refer again to the original situation where the
client’s risk index was assessed to be 0.05. How
would your investment recommendation change
if the annual yield for the growth fund were
revised downward to 16 per cent or even to
14 per cent?

Assume that the client expressed some concern
about having too much money in the growth
fund. How would the original recommendation
change if the amount invested in the growth
fund is not allowed to exceed the amount
invested in the income fund?

The asset allocation model you developed may
be useful in modifying the portfolios for all of the
firm’s clients whenever the anticipated yields for
the three funds are periodically revised. What is
your recommendation as to whether use of this
model is possible?
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CASE PROBLEM 3 Truck Leasing Strategy

he Transportation Ministry is undertaking con-

struction work relating to the excavation and site
preparation of a new rest area on a major highway.
The Ministry estimated that it would take four months
to perform the work and that ten, 12, 14 and eight
trucks would be needed in months one to four,
respectively.

The Ministry currently has 20 trucks of the type
needed to perform the work on the new project. These
trucks were obtained last year when the Ministry signed
a long-term lease with a truck leasing company.
Although most of these trucks are currently being used
on existing jobs, the Ministry estimates that one truck
will be available for use on the new project in month 1,
two trucks will be available in month 2, three trucks will
be available in month 3 and one truck will be available in
month 4. Thus, to complete the project, the Ministry will
have to lease additional trucks.

The long-term leasing contract the Ministry has
incurs a monthly cost of €600 per truck. The Ministry
pays its truck drivers €20 an hour, and daily fuel
costs are approximately €100 per truck. All main-
tenance costs are paid by the leasing company. For
planning purposes the Ministry estimates that each
truck used on the new project will be operating eight
hours a day, five days a week for approximately four
weeks each month.

The Ministry does not believe that current business
conditions justify committing to additional long-term
leases. In discussing the short-term leasing possibil-
ities with the leasing company, the Ministry learned that
they can obtain short-term leases of one-four months.

Short-term leases differ from long-term leases in that
the short-term leasing plans include the cost of both a
truck and a driver. Maintenance costs for short-term
leases also are paid by the leasing company. The
following costs for each of the four months cover the
lease of a truck and driver:

Length of Lease Cost per Month (€)

1 4000
2 3700
3 3225
4 3040

The Ministry would like to acquire a lease that
would minimize the cost of meeting the monthly truck-
ing requirements for the new project, but the Ministry
also takes great pride in the fact that they have never
laid off employees. The Ministry is committed to main-
taining the ministry no lay off policy; that is, the Min-
istry will use its own drivers even if costs are higher.

Managerial Report

Perform an analysis of the Ministry’s leasing problem
and prepare a report that summarizes your findings.
Be sure to include information on and analysis of the
following items:

1 the optimal leasing plan;

2 the costs associated with the optimal leasing plan;

3 the cost for the Ministry to maintain its current
policy of no layoffs.



Linear Programming Applications

4.1 The Process of Problem Formulation

4.2 Production Management Applications
Make-or-Buy Decisions
Production Scheduling
Workforce Assignment

4.3 Blending, Diet and Feed-Mix Problems

4.4 Marketing and Media Applications
Media Selection
Marketing Research

4.5

4.6

Financial Applications
Portfolio Selection
Financial Planning
Revenue Management

Data Envelopment Analysis

Learning objectives By the end of this chapter you will be able to:

e Recognize common application areas for LP

o Formulate complex LP problems

o |Interpret the solutions to common LP problems
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138 CHAPTER 4 LINEAR PROGRAMMING APPLICATIONS

In the previous chapters linear programming was introduced and a method of
determining the solution to such a simple problem provided. In subsequent chapters
we shall examine a more rigorous and general purpose solution method and discuss
the management information that can be obtained from the application of the
technique. Before doing so, however, it is worthwhile examining a variety of typical
applications of LP. This will serve two purposes. The first is that it will provide an
overview of the tremendous diversity of business applications to which the technique
has been applied. LP has turned out to be one of the most successful quantitative
models in decision making. Applications have been reported in almost every indus-
try and sector. The second is that it will provide further insight into the process of LP
problem formulation. In previous chapters it was apparent that an LP problem
typically falls into three parts: problem formulation, solution and interpretation.
The solution of an LP problem is generally straightforward, particularly when a
suitable computer package is used, and the interpretation of that solution is equally
straightforward, at least to a management scientist familiar with the technique. Both
these stages, however, are totally dependent upon the correct and appropriate
formulation of the problem.

This chapter focuses on a number of detailed examples of typical management
applications. Over time, LP applications have come to be classed or categorized
by their type and we shall look at examples in each category. The purpose
of such categorization is primarily to help the management scientist at the
problem formulation stage. By looking at other examples of the same type of
LP problem, it may be easier and quicker to come up with an appropriate
problem formulation.

The Process of Problem Formulation

In Section 2.1 we The process of formulating an LP application requires the management scientist to
provided some general be able to ‘translate’ the business problem under investigation into a form suitable
guidelines for modeling — for solution by the technique. Over the years such formulation has developed into
g?g;(emgg%zﬂzg yani almost an art for'm ar_ld it is only fair to poin'F out that it is this stage that will‘provide
to review Section 2.1 most difficulty in virtually every LP application. The methods of solution and
before proceeding with interpretation are, fortunately, fairly similar no matter what the problem. The
the linear programming formulation, however, is likely to be almost unique to the problem under consid-
applications in this . . .. .
chapter. eration. Fortunately, many problems do fall into general application categories that
provide some guidance to the practitioner on the basic formulation approach to be
adopted. It is also worthwhile pointing out that there is no magic formula that can be
provided to ease the burden of this process. The development of appropriate LP
formulation skills only comes with time and practise and the more examples and
case studies you are able to access the quicker these skills will be developed.
However, adopting a logical and consistent process when attempting to formulate
a problem can be a big help. Naturally, like all such processes, it will not conform
exactly to every problem that is examined but it does provide a useful general
framework and is detailed below:

1 Provide a detailed verbal description of the problem under consideration,
ensuring that related information is unambiguous and sufficiently precise. It is
essential that we have a clear and adequate understanding of the problem
under investigation before we seek to apply the technique itself. In practice,
the management scientist may find themselves going back to the client several
times to clarify some aspect of the problem that is not clear or to check on
some of the data provided.
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2 Determine the overall objective that appears to be relevant. It will usually
be clear whether the objective relates to maximization or minimization, to
cost or profit and so on. An adequate understanding of the overall
objective can be of considerable assistance in unravelling other aspects of
the problem.

3 Determine the factors (constraints) that appear to restrict in some way
the attainment of the objective identified in the previous stage.

These three stages together will provide a detailed verbal exposition of the
complete problem under investigation. The next step is to put the
verbal description into a suitable mathematical framework.

4 Define the decision variables that are relevant to the problem and ensure that
their units of measurement are explicitly stated. Failure to do so may well lead
to difficulty in formulating appropriate constraints and in interpreting the
solution results.

5 Using these decision variables, formulate an objective function. It is clear that
this function should incorporate all of the decision variables. If it does not,
then it signifies either a lack of information or an incorrect choice of decision
variables.

6 For each of the factors identified in Stage 3, formulate a suitable mathematical
constraint. Again, each constraint must include at least some of the decision
variables and, again, the units of measurement of each constraint should be
explicit.

7 Lastly, check the entire formulation to ensure linearity of all variables and
constraints.

It should not be concluded, on the basis of this process, that problem formu-
lation will be as simple and straightforward as this. It will typically involve
considerable backtracking (the methodology structure discussed in Chapter 1 is
clearly appropriate to this process). You may consider initially that you have
identified the appropriate decision variables but are then unable to formulate a
particular constraint involving these variables. This failure suggests that a full
reconsideration of the problem is necessary. Equally you may complete the
formulation only to find that there is no apparent solution to the problem as
formulated. Typically this may imply an incorrect formulation. It is equally
important that once an optimal solution has been found, you need to ‘translate’
the solution back into the original, verbal, problem to ensure that the mathe-
matical solution is appropriate for the original problem. A frequent mistake
made by many students is to produce a formulation (often lacking some critical
constraint) to solve the problem and then simply to assume that because they
have a solution then their formulation must be correct. Only if the mathemat-
ical solution can be tied in with the original problem are we in a position to
assume that our problem formulation is the correct one.

To illustrate the process and to provide examples of some of the more common
areas of LP applications to business problems we shall now look at a number of
problems and their formulation in detail. These problems have been categorized
in terms of their general area of applicability but it must be stressed that the
divisions between such categories are arbitrary and serve only as a general
guide. In the real world practical applications of the technique will not fall
neatly into one particular category, although it is frequently useful to undertake
such categorization to help focus on an appropriate overall structure to the
formulation.
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MANAGEMENT SCIENCE IN ACTION

A Marketing Planning Model at Marathon Oil Company

I\/l arathon Oil Company has four refineries within
the United States, operates 50 light products
terminals and has product demand at more than 95
locations. The Supply and Transportation Division
faces the problem of determining which refinery
should supply which terminal and, at the same time,
determining which products should be transported
via pipeline, barge or tanker to minimize cost. Prod-
uct demand must be satisfied, and the supply capa-
bility of each refinery must not be exceeded. To help
solve this difficult problem, Marathon Oil developed
a marketing planning model.

The marketing planning model is a large-scale
linear programming model that takes into account
sales not only at Marathon product terminals but
also at all exchange locations. An exchange contract
is an agreement with other oil product marketers that
involves exchanging or trading Marathon’s products

The objective of the model is to minimize the cost of
meeting a given demand structure, taking into
account sales price, pipeline tariffs, exchange con-
tract costs, product demand, terminal operating
costs, refining costs and product purchases.

The marketing planning model is used to solve a
wide variety of planning problems that vary from
evaluating gasoline blending economics to analyz-
ing the economics of a new terminal or pipeline. With
daily sales of about ten million gallons of refined light
product, a saving of even one-thousandth of a cent
per gallon can result in significant long-term savings.
At the same time, what may appear to be a saving in
one area, such as refining or transportation, may
actually add to overall costs when the effects are
fully realized throughout the system. The marketing
planning model allows a simultaneous examination
of this total effect.

for theirs at different locations. All pipelines, barges
and tankers within Marathon’s marketing area are
also represented in the linear programming model.

Based on information provided by Robert W. Wernert at Marathon Oil
Company, Findlay, Ohio.

Production Management Applications

We have already introduced and examined in detail applications that fall into this
general category (the GulfGolf problem in the previous chapters for example).
Typically such problems involve a range of available resources each of which is
available in only limited quantities. Demand for these resources typically arises from
the production of items, and the solution to the problem provides the ‘ideal’ product
mix in the sense that it optimizes the use of the available resources in the context of
some defined objective, typically expressed in terms of profit, of revenue or of cost.
This is one of the classic areas of LP applications. Given that in most business
organizations some resources will be in short supply and that such resources face
competing demands, then LP is an obvious method of determining an optimum
allocation of such scarce resources. However, production management applications
can go further than the standard ‘how much of each product shall we make’
problem. In this section we shall look at production management applications
looking at make-or-buy decisions, production scheduling and workforce planning.

Make-or-Buy Decisions

We illustrate the use of a linear programming model to determine how much of each
of several component parts a company should manufacture and how much it should
purchase from an outside supplier. Such a decision is referred to as a make-or-buy
decision.
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The Janders Company markets various business and engineering products across
Europe. Currently, Janders is preparing to introduce two new PDAs (Personal
Digital Assistant): one for the business market called the Financial Manager and
one for the engineering market called the Technician. Each PDA has three compo-
nents: a base, an electronic cartridge and a faceplate or top. The same base is used
for both products, but the cartridges and tops are different. All components can be
manufactured by the company or purchased from outside suppliers. The manu-
facturing costs and purchase prices for the components are summarized in Table 4.1.

Company forecasters indicate that 3000 Financial Manager PDAs and 2000
Technician PDAs will be needed for the next production period. However, manu-
facturing capacity is limited. The company has 200 hours of regular manufacturing
time and 50 hours of overtime that can be scheduled for the calculators. Overtime
involves a premium at the additional cost of €9 per hour. Table 4.2 shows manu-
facturing times (in minutes) for the components.

Let us apply our formulation process outlined in Section 4.1. We already have a
description of the problem. Given that we have information on costs, then it seems
likely that a suitable objective will be to minimize production costs for the two
products. A number of constraints become apparent: we must produce enough of
the two types of PDA to meet forecasted demand; there is limited regular manu-
facturing time; there is limited overtime. The decision variables are then the quanti-
ties of the five components that we either manufacture ourselves or that we buy in
from our suppliers and we show these as follows:

BM = number of bases manufactured

BP = number of bases purchased
FCM = number of Financial cartridges manufactured
FCP = number of Financial cartridges purchased
TCM = number of Technician cartridges manufactured
TCP = number of Technician cartridges purchased
FTM = number of Financial tops manufactured

FTP = number of Financial tops purchased
TTM = number of Technician tops manufactured

TTP = number of Technician tops purchased

One additional decision variable is needed to determine the hours of overtime that
must be scheduled:

OT = number of hours of overtime to be scheduled

The objective function is to minimize the total cost, including manufacturing costs,
purchase costs and overtime costs. Using the cost-per-unit data in Table 4.1 and

Table 4.1 Manufacturing Costs and Purchase Prices for Janders PDA

Components

Base €0.50 €0.60
Financial cartridge €3.75 €4.00
Technician cartridge €3.30 €3.90
Financial top €0.60 €0.65

Technician top €0.75 €0.78
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Table 4.2 Manufacturing Times in Minutes Per Unit for Janders PDA

Components

Base 1.0
Financial cartridge 3.0
Technician cartridge 25
Financial top 1.0
Technician top 1.5

the overtime premium cost rate of €9 per hour, we can write the objective
function as:

Min  0.5BM + 0.6BP + 3.75FCM + 4FCP + 3.3TCM + 3.9TCP + 0.6FTM
+ 0.65FTP + 0.75TTM + 0.78TTP + 90T

The first five constraints specify the number of each component needed to satisfy the
demand for 3000 Financial Manager PDAs and 2000 Technician PDAs. A total of
5000 base components are needed, with the number of other components depending
on the demand for the particular calculator. The five demand constraints are:

BM +BP =5000 Bases
FCM + FCP = 3000 Financial cartridges
TCM + TCP = 2000 Technician cartridges
FTM + FTP = 3000 Financial tops
TTM + TTP = 2000 Technician tops

Two constraints are needed to guarantee that manufacturing capacities for regular
time and overtime cannot be exceeded. The first constraint limits overtime capacity
to 50 hours, or:

OT <50

The second constraint states that the total manufacturing time required for
all components must be less than or equal to the total manufacturing capacity,
including regular time plus overtime. The manufacturing times for the compon-
ents are expressed in minutes, so we state the total manufacturing capacity con-
straint in minutes, with the 200 hours of regular time capacity becoming
60(200) = 12000 minutes. The actual overtime required is unknown at this point,
so we write the overtime as 600T minutes. Using the manufacturing times from
Table 4.2, we have:

BM + 3FCM + 2.5TCM + FTM + 1.5TTM < 12000 4 600T

Moving the decision variable for overtime to the left-hand side of the constraint
provides the manufacturing capacity constraint:

BM + 3FCM + 2.5TCM + FTM + 1.5TTM — 600T < 12000

The complete formulation of the Janders make-or-buy problem with all decision
variables greater than or equal to zero is then:
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Min  0.5BM + 0.6BP + 3.75FCM + 4FCP + 3.3TCM +- 3.9TCP
+0.6FTM + 0.65FTP + 0.75TTM + 0.78TTP + 90T

s.t.
BM + BP= 5000 Bases
FCM + FCP = 3000 Financial cartridges
M + TCP = 2000 Technician cartridges
FTM +FTP = 3000 Financial tops

TTM+ TTP = 2000 Technician tops
OoT < 50 Overtime hours
BM + 3FCM + 2.5TCM + FTM + 1.5TTM — 600T < 12000 Manufacturing capacity

The optimal solution to this 11-variable, 7-constraint linear program is shown in
Figure 4.1. If we pull the decision variable values together, we see that we have the
following, in terms of number of units:

Component Manufactured Purchased Total
Bases 5000 5000
Financial cartridges 666.7 2338.8 3000
Technician cartridges 2000 2000
Financial tops 3000 3000
Technician tops 2000 2000

To minimize cost the company should manufacture all the bases, technician car-
tridges and technician tops itself. All the financial tops should be bought in from
suppliers. Production of financial cartridges should be split with the company
manufacturing 667 (we round the solution) and buying in the remaining 2333. We
shall not carry out a full sensitivity analysis since our main interest in this chapter is
on formulation, but we shall highlight a few of the findings and you should complete
the rest of the analysis yourself.

We note that we are not using any of the 50 hours available as overtime. Exami-
nation of the reduced costs value of €4 indicates that overtime costs would have to fall
by €4 per hour (to €5) for them to be financially viable. We can also assess the effect
of any price changes by our suppliers. For example, we are currently purchasing zero
bases from our suppliers. Examination of the allowable decrease shows that we would
continue to do this as long as the bought-in cost was higher than <€0.583
(0.60 — 0.017). In other words if our supplier continues to charge at least €0.583
for bases we would continue to manufacture in-house, other things being equal.

Production Scheduling

One of the most important applications of linear programming deals with multi-
period planning such as production scheduling. The solution to a production sched-
uling problem enables the manager to establish an efficient low-cost production
schedule for one or more products over several time periods (weeks or months).
Essentially, a production scheduling problem can be viewed as a product-mix prob-
lem for each of several periods in the future. The manager must determine the
production levels that will allow the company to meet product demand require-
ments, given limitations on production capacity, workforce capacity and storage
space, while minimizing total production costs or maximizing profit.
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Figure 4.1 The Excel Solution for the Janders Make-or-Buy Problem
TARGET CELL (MIN)
Name Original Value Final Value
Objective Function 0 24443.33333

ADJUSTABLE CELLS

Name Original Value Final Value

BM 0 5000

BP 0 0

FCM 0 666.6666667

FCP 0 2333.333333

TCM 0 2000

TCP 0 0

FTM 0 0

FTP 0 3000

TTM 0 0

TTP 0 2000

oT 0 0
CONSTRAINTS
Name Cell Value Status Slack
Bases 5000 Not Binding 0
Financial cartridges 3000 Not Binding 0
Technician cartridges 2000 Not Binding 0
Financial tops 3000 Not Binding 0
Technician tops 2000 Not Binding 0
Overtime 0 Not Binding 50
Manf capacity 12000 Binding 0
ADJUSTABLE CELLS

Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
BM 5000 0 0.5 0.016666667 1E+30
BP 0 0.016666667 0.6 1E+30 0.016666667
FCM 666.6666667 0 3.75 0.1 0.05
FCP 2333.333333 0 4 0.05 0.1
TCM 2000 0 3.3 0.391666667 1E+30
TCP 0 0.391666667 3.9 1E+30 0.391666667
FTM 0 0.033333333 0.6 1E+30 0.033333333
FTP 3000 0 0.65 0.033333333 1E+30
TTM 0 0.095 0.75 1E+30 0.095
TTP 2000 0 0.78 0.095 1E+30
oT 0 4 9 1E+30 4

EXCEL file
Janders
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CONSTRAINTS

Financial
cartridges

Technician
cartridges

Financial tops

Technician
tops

Overtime

Manf capacity
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Final Shadow Constraint Allowable Allowable
Value Price R.H. Side Increase Decrease
5000 0.583333333 5000 2000 5000
3000 4 3000 1E+30 2333.333333
2000 3.508333333 2000 800 2000
3000 0.65 3000 1E+30 3000
2000 0.78 2000 1E+30 2000
0 0 50 1E+30 50
12000 -0.083333333 12000 7000 2000

One advantage of using linear programming for production scheduling problems
is that they recur. A production schedule must be established for the current
month, then again for the next month, for the month after that and so on. When
looking at the problem each month, the production manager will find that, although
demand for the products has changed, production times, production capacities,
storage space limitations and so on are roughly the same. So, the production
manager is basically re-solving the same problem handled in previous months,
and a general linear programming model of the production scheduling procedure
may be frequently applied. Once the model has been formulated, the manager can
simply supply the data — demand, capacities and so on — for the given production
period and use the linear programming model repeatedly to develop the production
schedule.

Let us consider the case of the Bollinger Electronics Company, which produ-
ces two different electronic components for a major aeroplane engine manufac-
turer. The aeroplane engine manufacturer notifies the Bollinger sales office each
quarter of its monthly requirements for components for each of the next three
months. The monthly requirements for the components may vary considerably,
depending on the type of engine the aeroplane engine manufacturer is produc-
ing. The order shown in Table 4.3 has just been received for the next three-
month period.

After the order is processed, a demand statement is sent to the production
department. The production department must then develop a three-month produc-
tion plan for the components. In arriving at the desired schedule, the production
manager will want to identify the following:

1 Production cost.
2 Inventory, or stock, holding cost.

3 Change-in-production-level costs.

Production cost will be the actual cost of producing the components. Inventory, or
stock, holding cost will measure the cost of holding finished components in stock
until they are shipped to the customer. It may be, for example, in April, that we
decide to produce more than the customer needs in that month. Surplus production
would then need to be stored until May or even June. Change-in-production-level
costs refer to costs incurred when production levels are changed from one period to
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146 CHAPTER 4 LINEAR PROGRAMMING APPLICATIONS

another. Increasing production, for example, may need extra staff, extra supplies;
decreasing production may mean laying off staff temporarily and cancelling supplies
that have been ordered. Such short-term actions may cost the company money.

In the remainder of this section, we show how to formulate a linear programming
model of the production and inventory process for Bollinger Electronics to minimize
the total cost.

To develop the model, we let x;, denote the production volume in units for
product i in month m. Here i = 1, 2, and m = 1, 2, 3; i = 1 refers to component
322A, i = 2 refers to component 802B, m = 1 refers to April, m = 2 refers to May
and m = 3 refers to June. The purpose of the double subscript is to provide a more
descriptive notation. We could simply use x; to represent the number of units of
product 2 produced in month 3, but x,3 is more descriptive, identifying directly the
product and month represented by the variable.

Component 322A costs €20 per unit produced and component 802B costs €10
per unit produced, so the total production cost part of the objective function is:

Total production cost = 20x11 + 20x12 + 20X13 + 10x21 4+ 10x2p + 10x03

Because the production cost per unit is the same each month, we don’t need to
include the production costs in the objective function; that is, regardless of the
production schedule selected, the total production cost will remain the same. In
other words, production costs are not relevant costs for the production scheduling
decision under consideration. In cases in which the production cost per unit is
expected to change each month, the variable production costs per unit per month
must be included in the objective function. The solution for the Bollinger Elec-
tronics problem will be the same whether these costs are included, therefore we
include them so that the value of the linear programming objective function will
include all the costs associated with the problem.

To incorporate the relevant inventory holding costs into the model, we let s;,,
denote the inventory level for product i at the end of month m. Bollinger determined
that on a monthly basis inventory holding costs are 1.5 per cent of the cost of the
product; that is, (0.015)(€20) = €0.30 per unit for component 322A and
(0.015)(€10) = €0.15 per unit for component 802B. A common assumption made
in using the linear programming approach to production scheduling is that monthly
ending inventories are an acceptable approximation to the average inventory levels
throughout the month. Making this assumption, we write the inventory holding cost
portion of the objective function as:

Inventory holding cost = 0.30s11 + 0.30s12 + 0.30S13 + 0.15S821 + 0.1582 + 0.15523

To incorporate the costs of fluctuations in production levels from month to month,
we need to define two additional variables:

Im = increase in the total production level necessary during month m
D, = decrease in the total production level necessary during month m

Table 4.3 Three-Month Demand Schedule for Bollinger Electronics Company

Component April May June

322A 1000 3000 5000
802B 1000 500 3000
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After estimating the effects of employee layoffs, turnovers, reassignment training
costs and other costs associated with fluctuating production levels, Bollinger esti-
mates that the cost associated with increasing the production level for any month is
€0.50 per unit increase. A similar cost associated with decreasing the production
level for any month is €0.20 per unit. Thus, we write the third portion of the
objective function as:

Change-in-production-level costs = 0.5/; + 0.50/> + 0.50/3
+0.20D¢ + 0.20D5 + 0.20D3

Note that the cost associated with changes in production level is a function of the
change in the total number of units produced in month m compared to the total
number of units produced in month m — 1. In other production scheduling appli-
cations, fluctuations in production level might be measured in terms of machine
hours or labour-hours required rather than in terms of the total number of units
produced.

Combining all three costs, the complete objective function becomes:

Min  20x11 + 20x12 + 20x13 + 10x21 + 10x22 + 10x23 + 0.30S11
4+ 0.30s15 + 0.30813 + 0.15551 + 0.50825 + 0.15553 + 0.50/4
+ 0.50/> + 0.50/3 + 0.20D+ + 0.20D3 + 0.20D3

We now consider the constraints. First, we must guarantee that the schedule
meets customer demand. Because the units shipped can come from the current
month’s production or from inventory carried over from previous months, the
demand requirement takes the form:

Ending Ending

inventory Current inventory | | This month’s
from previous production | ~ | forthis | — demand

month month

Suppose that the inventories at the beginning of the three-month scheduling period
were 500 units for component 322A and 200 units for component 802B. The demand
for both products in the first month (April) was 1000 units, so the constraints for
meeting demand in the first month become:

500 + x11 — s11 = 1000
200 + xo1 — So1 = 1000

Moving the constants to the right-hand side, we have:

X141 —S11 = 500
Xo1 — So1 = 800

Similarly, we need demand constraints for both products in the second and third
months. We write them as follows.

Month 2
S11 +X12 — S12 = 3000
So1 +Xoo —Spp = 500
Month 3
S12 +X13 — S13 = 5000
S22 + Xo3 — Sz3 = 3000
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Table 4.4 Machine, Labour and Storage Capacities for Bollinger Electronics

April 400 300 10000
May 500 300 10000
June 600 300 10000

If the company specifies a minimum inventory level at the end of the three-month
period of at least 400 units of component 322A and at least 200 units of component
802B, we can add the constraints:

S13 Z 400
So3 > 200

Suppose that we have the additional information on machine, labour and storage
capacity shown in Table 4.4. Machine, labour and storage space requirements
are given in Table 4.5. To reflect these limitations, the following constraints are
necessary.

Machine Capacity

0.10x17 + 0.08x91 < 400 Month 1
0.10x12 + 0.08x20 < 500 Month 2
0.10x13 + 0.08x>3 < 600 Month 3

Labour Capacity

0.05x11 + 0.07x21 < 300 Month 1
0.05%12 + 0.07x20 < 300 Month 2
0.05x13 + 0.07x23 < 300 Month 3

Storage Capacity

2S11 + 3551 < 10000 Month 1
2S15 + 3520 < 10000 Month 2
2513 + 3Sp3 < 10000 Month 3

One final set of constraints must be added to guarantee that 7,, and D,, will
reflect the increase or decrease in the total production level for month m. Suppose
that the production levels for March, the month before the start of the current
production scheduling period, had been 1500 units of component 322A and 1000
units of component 802B for a total production level of 1500 + 1000 = 2500 units.

Table 4.5 Machine, Labour and Storage Requirements for Components 322A

and 802B

322A 0.10 0.05 2
802B 0.08 0.07 3
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We can find the amount of the change in production for April from the
relationship:

April production — March production = Change

Using the April production variables, x1; and x,;, and the March production of 2500
units, we have:

(X11 + X21) — 2500 = Change

Note that the change can be positive or negative. A positive change reflects an
increase in the total production level, and a negative change reflects a decrease in
the total production level. We can use the increase in production for April, /;, and
the decrease in production for April, Dy, to specify the constraint for the change in
total production for the month of April:

(X11 +X21) — 2500 = /1 —D1

Of course, we cannot have an increase in production and a decrease in produc-
tion during the same one-month period; thus, either, I; or D, will be zero. If April
requires 3000 units of production, I; = 500 and D; = 0. If April requires 2200 units
of production, Iy = 0 and D; = 300. This approach of denoting the change in
production level as the difference between two nonnegative variables, I; and Dy,
permits both positive and negative changes in the total production level. If a single
variable (say, c,,) had been used to represent the change in production level, only
positive changes would be possible because of the nonnegativity requirement.

Using the same approach in May and June (always subtracting the previous
month’s total production from the current month’s total production), we obtain
the constraints for the second and third months of the production scheduling period:

(X12 +X22) — (X141 +X21) =l — Dp
(X13 +Xo3) — (X12 +Xo2) = I3 — D3

Placing the variables on the left-hand side and the constants on the right-hand side yields
the complete set of what are commonly referred to as production-smoothing constraints:

X191 + Xoq —/1 +D1 = 2500
—X11 — Xa1 + X12 + X22 —lo+Ds=0
— Xi2— X2+ Xi3+Xe3 —/l3+D3=0

The initially rather small, two-product, three-month scheduling problem has now
Problem 14 involves a developed into an 18-variable, 20-constraint linear programming problem. Note that in
2;%?;2222 ﬂhe%glgﬁ this problem we were concerned only with one type of machine process, one type of
smoothing constraints. labour and one type of storage area. Actual production scheduling problems usually
involve several machine types, several labour grades and/or several storage areas,
requiring large-scale linear programmes. For instance, a problem involving 100 prod-
ucts over a 12-month period could have more than 1000 variables and constraints.
The full model formulation is then:

Min 20x11 + 20x12 + 20X13 + 10X21 + 10x00 + 10Xo3 + 0.3511 + 0.3512 + 0.3513 + 0.15851+
0.5525 + 0.15853 + 0.5/1 + 0.5/ + 0.5/3 + 0.2D4 + 0.2D5 + 0.2D3

s.t.
X11 — S11 = 500
Xoq — So1 = 800

S11 + X412 — S12 = 3000
So1 + Xoo — Soo = 500
S12 + Xo3 — S13 = 5000
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Linear programming
models for production
scheduling are often very
large. Thousands of
decision variables and
constraints are
necessary when the
problem involves
numerous products,
machines and time
periods. Data collection
for large-scale models
can be more time-
consuming than either
the formulation of the
model or the
development of the
computer solution.

Soo + Xo3 — Sz3 = 3000

S13 > 400

Soz > 200

0.1x11 4+ 0.08x21 < 400

0.1x12 + 0.08x22 < 500

0.1x43 + 0.08x23 < 600

0.05x11 + 0.07x27 < 300

0.05x12 + 0.07x20 < 300

0.05x13 + 0.07x23 < 300

2511 + 3s21 < 10000

2512 + 320 < 10000

2513 + 3s23 < 10000

X11 + Xo1 — 1 + D1 = 2500

—X11 —Xo1 +X12 + Xop —lo + D2 =0
—X12 — Xoo + X13 +Xo3 — I3 + D3 =0
X11, X12, X13, Xo1, Xo2, X23, S11, S12, S13, S21,S22, S23,/1, l2,/3, D2, D3 >0

Figure 4.2 shows the optimal solution to the Bollinger Electronics production
scheduling problem. Table 4.6 contains a portion of the managerial report based on
the optimal solution.

Consider the monthly variation in the production and inventory schedule shown
in Table 4.6. Recall that the inventory cost for component 802B is one-half the
inventory cost for component 322A. Therefore, as might be expected, component
802B is produced heavily in the first month (April) and then held in inventory for
the demand that will occur in future months. Component 322A tends to be pro-
duced when needed, and only small amounts are carried in inventory.

The costs of increasing and decreasing the total production volume tend to
smooth the monthly variations. In fact, the minimum-cost schedule calls for a 500-
unit increase in total production in April and a 2200-unit increase in total produc-
tion in May. The May production level of 5200 units is then maintained during June.

The machine usage section of the report shows ample machine capacity in all
three months. However, labour capacity is at full utilization (slack = 0 for constraint
13 in Figure 4.2) in the month of May. The dual price shows that an additional hour
of labour capacity in May will improve the value of the optimal solution (lower cost)
by approximately €1.11.

A linear programming model of a two-product, three-month production system
can provide valuable information in terms of identifying a minimum-cost production
schedule. In larger production systems, where the number of variables and con-
straints is too large to track manually, linear programming models can provide a
significant advantage in developing cost-saving production schedules.

Workforce Assignment

Workforce assignment problems frequently occur when production managers must
make decisions involving staffing requirements for a given planning period. Work-
force assignments often have some flexibility, and at least some personnel can be
assigned to more than one department or work centre. Such is the case when
employees have been cross-trained on two or more jobs or, for instance, when sales
personnel can be transferred between stores. In the following application, we show
how linear programming can be used to determine not only an optimal product mix,
but also an optimal workforce assignment.
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Figure 4.2 The Management Scientist Solution for the Bollinger Electronics Problem

Objective Function Value = 225295.000

Variable Value Reduced Costs

X11 500.000 0.000

X12 3200.000 0.000

X13 5200.000 0.000

X21 2500.000 0.000

X22 2000.000 0.000

X23 0.000 0.128

. S11 0.000 0.172

EXCEL file S12 200.000 0.000

BOLLINGER S13 400.000 0.000

S21 1700.000 0.000

S22 3200.000 0.000

S23 200.000 0.000

I1 500.000 0.000

I2 2200.000 0.000

I3 0.000 0.072

D1 0.000 0.700

D2 0.000 0.700

D3 0.000 0.628
Constraint Slack/Surplus Dual Prices

1 0.000 -20.000

2 0.000 -10.000

3 0.000 -20.128

4 0.000 -10.150

5 0.000 -20.428

6 0.000 -10.300

7 0.000 -20.728

8 0.000 -10.450

9 150.000 0.000

10 20.000 0.000

11 80.000 0.000

12 100.000 0.000

13 0.000 1.111

14 40.000 0.000

15 4900.000 0.000

16 0.000 0.000

17 8600.000 0.000

18 0.000 0.500

19 0.000 0.500

20 0.000 0.428

McCormick Manufacturing Company produces two products with contributions
to profit per unit of €10 and €9, respectively. The labour requirements per unit
produced and the total hours of labour available from personnel assigned to each
of four departments are shown in Table 4.7. Assuming that the number of hours
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MANAGEMENT SCIENCE IN ACTION

razil is the world’s largest exporter of orange

juice and the product is critically important both
to the economy at the macroeconomic level and to
the individual farmers at the microeconomic level. To
remain competitive, the quality of the final product
must be both consistent and high. However, this is
not necessarily as easy as it might seem. Typically,
the orange producers are small, independent farm-
ers, over 20000 in one area of Brazil alone, who sell
their produce to the processing companies who then
transform the oranges into orange juice. The quality
and quantity of the finished product will depend on
several factors: the variety of oranges grown; their
juice vyield; the ratio of juice to solids; their acidity.
These factors in turn are heavily affected by the
decision of when to harvest the orange crop. This

project developed a linear programming model to
investigate the effect of the orange harvesting sched-
ule. The model took into account factors such as the
productivity characteristics of orange orchards, the
fruit characteristics and transportation distances from
the orchards to the processing plant. The model
used two alternative objective functions to allow dif-
ferent scenarios to be examined. The first maximized
the total soluble solids achieved through processing;
the second maximized the total quantity of oranges
harvested. The project found that, using the model,
profit contribution could be increased by around
US$2.5 million in a season.

Based on J. V. Caixeta-Filho, ‘Orange harvesting scheduling manage-
ment’, Journal of the Operational Research Society 57 (2006): 37-42.

available in each department is fixed, we can formulate McCormick’s problem as a
standard product-mix linear program with the following decision variables:

Py = units of product 1
P> = units of product 2

Table 4.6 Minimum Cost Production Schedule Information for the Bollinger Electronics Problem

Production
Component 322A 500 3200 5200
Component 802B 2500 2000 0
Totals 3000 5200 5200
Ending inventory
Component 322A 0 200 400
Component 802B 1700 3200 200
Machine usage
Scheduled hours 250 480 520
Slack capacity hours 150 20 80
Labour usage
Scheduled hours 200 300 260
Slack capacity hours 100 0 40
Storage usage
Scheduled storage 5100 10000 1400
Slack capacity 4900 0 8600

Total production, inventory and production-smoothing cost = €225295

deemed that any suppressed content does not materially affect the overall learning experience. Ceng:
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Table 4.7 Departmental Labour-Hours Per Unit and Total Hours Available for the

McCormick Manufacturing Company

1 0.65 0.95 6500
2 0.45 0.85 6000
3 1.00 0.70 7000
4 0.15 0.30 1400

The linear programme is:

Max 10Py + 9P»
s.t.
0.65P1 + 0.95P, < 6500
0.45P + 0.85P, < 6000
1.00P; + 0.70P> < 7000
0.15P; + 0.30P, < 1400
Pi, P2 >0

The optimal solution to the linear programming model is shown in Figure 4.3.
After rounding, it calls for 5744 units of product 1, 1795 units of product 2 and a
total profit of €73 590. With this optimal solution, departments 3 and 4 are operat-
ing at capacity, and departments 1 and 2 have a slack of approximately 1062 and
1890 hours, respectively. We would anticipate that the product mix would change
and that the total profit would increase if the workforce assignment could be revised
so that the slack, or unused hours, in departments 1 and 2 could be transferred to
the departments currently working at capacity. However, the production manager
may be uncertain as to how the workforce should be reallocated among the four
departments. Let us expand the linear programming model to include decision
variables that will help determine the optimal workforce assignment in addition to
the profit-maximizing product mix.

However, the company are keen to improve productivity and are launching a
training programme for their workforce. The cross-training programme will train a
number of workers in each department to undertake the task of workers in other
departments. This will provide the company with some labour flexibility. By taking
advantage of the cross-training skills, a limited number of employees and labour-
hours may be transferred from one department to another. For example, the cross-
training permits transfers as shown in Table 4.8. Row 1 of this table shows that some
employees assigned to department 1 have cross-training skills that permit them to be
transferred to department 2 or 3. The right-hand column shows that, for the current
production planning period, a maximum of 400 hours can be transferred from
department 1. Similar cross-training transfer capabilities and capacities are shown
for departments 2, 3 and 4.

When workforce assignments are flexible, we do not automatically know how
many hours of labour should be assigned to or be transferred from each department.
We need to add decision variables to the linear programming model to account for
such changes.
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Figure 4.3 The Excel Solution for the McCormick Manufacturing Company Problem with no Workforce
Transfers Permitted

TARGET CELL (MAX)

Name Original Value Final Value

73589.74359

Objective function 0

ADJUSTABLE CELLS

Name Original Value Final Value

Units P1 0 5743.589744

Units P2 0 1794.871795
CONSTRAINTS
Name Cell Value Status Slack
Dept. 1 5438.461538 Not Binding 1061.538462
Dept. 2 4110.25641 Not Binding 1889.74359
Dept. 3 7000 Binding 0
Dept. 4 1400 Binding 0
ADJUSTABLE CELLS

Final Reduced Objective Allowable Allowable

Name Value Cost Coefficient Increase Decrease
Units P1 5743.589744 0 10 2.857142857 5.5
Units P2 1794.871795 0 9 11 2
CONSTRAINTS

Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
Dept. 1 5438.461538 0 6500 1E+30 1061.538462
Dept. 2 4110.25641 0 6000 1E+30 1889.74359
Dept. 3 7000 8.461538462 7000 2333.333333 3733.333333
Dept. 4 1400 10.25641026 1400 418.1818182 350

EXCEL file
McCormick

b; = the labour-hours allocated to department / fori =1, 2, 3, and 4
tj = the labour-hours transferred from department / to department j

The right-hand sides are
now treated as decision

With the addition of decision variables by, b,, by and b4, we write the capacity
restrictions for the four departments as follows:

variables
0.65P1 + 0.95P; < b4
0.45P¢ 4+ 0.85P5> < by
1.00P1 +0.70P5 < b3
0.15P¢ 4+ 0.30P> < b4
Since by, by, b5 and b, are now decision variables, we follow the standard practice of
placing these variables on the left side of the inequalities, and the first four con-
straints of the linear programming model become:
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Table 4.8 Cross-Training Ability and Capacity Information

Cross-Training Transfers
Permitted to Department

Maximum Hours

From Department 1 2 3 4 Transferable
1 — yes yes — 400
2 — — yes yes 800
3 — — — yes 100
4 yes yes — — 200
0.65P¢ + 0.95P, — b4 <0
0.45P¢ + 0.86P, — bs <0
1.00P4 + 0.70P> — b3 <0
0.15P¢ + 0.30P, —bs <0

The labour-hours ultimately allocated to each department must be determined by a
series of labour balance equations, or constraints, that include the number of hours
initially assigned to each department plus the number of hours transferred into the
department minus the number of hours transferred out of the department. Using
department 1 as an example, we determine the workforce allocation as follows:

Hours Hours Hours
by = initially in + | transferred into | — | transferred out of
department 1 department 1 department 1

Table 4.7 shows 6500 hours initially assigned to department 1. We use the transfer
decision variables #;; to denote transfers into department 1 and #y; to denote transfers
from department 1. Table 4.8 shows that the cross-training capabilities involving
department 1 are restricted to transfers from department 4 (variable #4;) and transfers
to either department 2 or department 3 (variables 71, and #3). Thus, we can express the
total workforce allocation for department 1 as:

b1 = 6500 + ty1 — t1p —t13

Moving the decision variables for the workforce transfers to the left-hand side, we
have the labour balance equation or constraint:

by — t41 + tyo + t13 = 6500

This form of constraint will be needed for each of the four departments. Thus, the
following labour balance constraints for departments 2, 3 and 4 would be added to the
model.

by — t1o — tgo + tog + tog = 6000
bz — t13 — tog + L34 = 7000
by — tog — tag + t41 + tso = 1400

Finally, Table 4.8 shows the number of hours that may be transferred from each
department is limited, indicating that a transfer capacity constraint must be added
for each of the four departments. The additional constraints are:
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ti2 + t13 < 400
fo3 + 24 < 800
f34 <100
41+t < 200

The complete linear programming model has two product decision variables (P,
and P,), four department workforce assignment variables (by, b,, b3 and by), seven
transfer variables (f12, t13, f23, t24, t34, t41 and t,5) and 12 constraints. The full
formulation is then:

Max  10Py + 9P, + 0by + 0bs + 0bg + Oby4 + Ot12 + Ot13 + Otog + Ofog + Ofzq + Otgq + Otso

s.t.

0.65P¢ +0.95P, — by <0
0.45P¢ +0.85P, — by <0
P1+0.7P, —b3 <0
0.15P1 +0.3P —bs <0
b1 + tyo + t13 — t41 = 6500
bo — tyo + tog + tog — t4o = 6000
bz — ty3 — tog + t34 = 7000
by —tos — taa + tay + tap = 1400
to + 113 < 400
tog + tog < 800
t34 < 100
t41 +t4p < 200

P1, Po, by, bo, b3, ba, tio, ti3, tos, tos, tas, ta1, tsz >0

Notice that the objective function shows all the decision variables even though only

two of them have non-zero coefficients, since it is only production of P; and P, that

contribute financially to profit. Figure 4.4 shows the optimal solution to the problem.

McCormick’s profit can be increased by €84011 — €73590 = €10421 by taking

Variations in the advantage of cross-training and workforce transfers. The optimal product mix of

workforce assignment 6825 units of product 1 and 1751 units of product 2 can be achieved if ¢35 = 400

g&i?ozzuifs a“:ed " hours are transferred from department 1 to department 3; #,3 = 651 hours are

allocating raw material transferred from department 2 to department 3; and #,4 = 149 hours are transferred

resources to products, from department 2 to department 4. The resulting workforce assignments for
dllocating machine ime departments 1-4 would provide 6100, 5200, 8051 and 1549 hours, respectively.

toproducts and If a manager has the flexibility to assign personnel to different departments

allocating salesforce time 5

to stores or sales reduced workforce idle time, improved workforce utilization and improved profit

territories. should result. The linear programming model in this section automatically assigns

employees and labour-hours to the departments in the most profitable manner.

Blending, Diet and Feed-Mix Problems

A large category of LP applications fall into the area generally known as blending, or
diet or feed-mix problems. Typically such problems revolve around the requirement
to mix together a variety of ingredients in order to produce some final product in
such a way that the final product meets certain specified criteria. Applications of
blending problems range from the oil industry where crude oils have to be blended
with other ingredients to make a variety of petrols and related fuels, through the
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MANAGEMENT SCIENCE IN ACTION

aking sure that you have the right staff with the

right skills in the right place at the right time is
critical for any organization. For large organizations
workforce planning and scheduling is not a trivial
task and typically takes time and resources to get
right. No wonder that organizations are keen to bet-
ter planning and scheduling methods available
through the application of MS models. Continental
Airlines did just that and has saved an estimated
US$10 million a year as a result. The airline operates
a complex global flight schedule with over 1100
flights each day utilizing around 350 aircraft of differ-
ent types. Amongst its 44000 employees it has
around 4500 pilots based at its four main crew loca-
tions. Clearly on a routine basis the company has to
make sure its pilots are matched properly to flights
and to aircraft but this is a complex task involving a
number of factors: the start and end points of the
flight; the flight duration; the type of aircraft; the
training and experience of the pilot. On top of this,
staff preferences also need to be taken into account —
the type of aircraft the pilot prefers to fly; the type of
flight schedule they prefer; holiday and family com-
mitments and so on. The company developed a
decision support system, CrewResourceSolver, that

comprised four inter-connected models. The Staffing
model looked at current staff availability, expected staff
demand, new staff recruitment and staff losses to iden-
tify staff shortage and surpluses. The Vacation model
analyzed the vacation periods available to pilots to
avoid staff shortages at peak demand periods. The
Planning Optimization model matched pilot availability
with the airline’s operational requirements. Finally, the
Training Optimization model developed a staff training
plan for pilots undertaking training and development,
for example to qualify to fly a different type of aeroplane.
The integrated modelling approach has not only cut
costs and saved time but has also allowed the staff
planners to examine alternative options and led to a
change in the way the airline plans its pilot staffing and
training. Darryal Chadler, Director of Crew Resources
and Administration at Continental commented ‘Solver
provides the opportunity to run numerous scenarios to
select the optimal plan that will meet the airline’s flying
requirement. ... The system will be an invaluable tool
that will help us maintain pilot productivity as we manage
our business in the future’.

Based on G. Yu, J. Pachon, B. Thengvall, D. Chandler and A. Wilson,
‘Optimizing Pilot Planning and Training for Continental Airlines’, Inter-
faces 34 4 (2004): 253-64.

chemical industry producing drugs, medicines, fertilizers, etc., to the food industry
where different foodstuffs have to be mixed together to produce some food item or a
balanced meal.

The Delta Oil Company (DOC) operates in Nigeria and runs an oil refinery that
blends three different petroleum components into two different fuels. The fuels are
sold on to fuel companies around the world depending on demand and worldwide
fuel prices. The company calculates its costs and profits using the US$. The company
is trying to plan its daily production. Currently DOC estimates it can sell its regular
fuel at $1 per litre and its premium fuel at $1.08 per litre. The cost of the three
petroleum components that it uses are shown in Table 4.9, together with available
quantities.

Product specifications for the regular and premium fuels restrict the amounts of
each component that can be used in each gasoline product. Table 4.10 lists the
product specifications. Current commitments to customers require DOC to produce
at least 10000 litres of regular fuel each day.

The DOC blending problem is to determine how many litres of each component
should be used in the regular blend and how many should be used in the premium
blend. The optimal blending solution should maximize the firm’s profit, subject to
the constraints on the available petroleum supplies shown in Table 4.9, the product
specifications shown in Table 4.10, and the required 10000 litres of regular fuel.
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Figure 4.4 Excel Solution for the McCormick Manufacturing Company Problem

TARGET CELL (MAX)
Name Original Value Final Value

Objective function 0 84011.29944

ADJUSTABLE CELLS

Name Original Value Final Value
P1 0 6824.858757
P2 0 1751.412429
bl 0 6100
b2 0 4559.887006
b3 0 8050.847458
b4 0 1549.152542
tl2 0 0
tl3 0 400
t23 0 650.8474576
t24 0 149.1525424
t34 0 0
tdl 0 0
td2 0 0
CONSTRAINTS
Name Cell Value Status Slack
Dept. 1 1.81899E-12 Binding 0
Dept. 2 0 Binding 0
Dept. 3 1.81899E-12 Binding 0
Dept. 4 -2.27374E-13 Binding 0
Balance 1 6500 Binding 0
Balance 2 5359.887006 Not Binding 640.1129944
Balance 3 7000 Binding 0
Balance 4 1400 Binding 0
Transfer 1 400 Binding 0
Transfer 2 800 Binding 0
Transfer 3 0 Not Binding 100
Transfer 4 0 Not Binding 200
We define the decision variables as:
xj = litres of component / used in fuel j,
where i = 1, 2, or 3 for components 1, 2, or 3,
and j =r if regular or j = p if premium
The six decision variables are:
x4, = litres of component 1 in regular fuel
Xor = litres of component 2 in regular fuel
x3r = litres of component 3 in regular fuel
X1p = litres of component 1 in premium fuel
Xop = litres of component 2 in premium fuel
X3p = litres of component 3 in premium fuel
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Figure 4.4 (continued)

ADJUSTABLE CELLS

BLENDING, DIET AND FEED-MIX PROBLEMS

Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
Pl 6824.858757 0 10 0.35 1.692307692
P2 1751.412429 0 9 1.833333333 0.304347826
bl 6100 0 0 7.457627119 0.790960452
b2 4559.887006 0 0 0 0.663507109
b3 8050.847458 0 0 1.794871795 4.782608696
b4 1549.152542 0 0 7.373737374 1.794871795
tl2 0 -8.248587571 0 8.248587571 1E+30
tl3 400 0 0 1E+30 7.457627119
t23 650.8474576 0 0 0 4.782608696
t24 149.1525424 0 0 4.782608696 0
t34 0 0 0 0 1E+30
td1l 0 -7.457627119 0 7.457627119 1E+30
td2 0 -8.248587571 0 8.248587571 1E+30
CONSTRAINTS
Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
Dept. 1 1.81899E-12 0.790960452 0 536.9668246 338.4615385
Dept. 2 0 0 0 4559.887006 640.1129944
Dept. 3 1.81899E-12 8.248587571 0 1192.307692 2266
Dept. 4 -2.27374E-13 8.248587571 0 133.3333333 581.8181818
Balance 1 6500 0.790960452 6500 536.9668246 338.4615385
Balance 2 5359.887006 0 6000 1E+30 640.1129944
Balance 3 7000 8.248587571 7000 1192.307692 2266
Balance 4 1400 8.248587571 1400 133.3333333 581.8181818
Transfer 1 400 7.457627119 400 266.6666667 400
Transfer 2 800 8.248587571 800 892.1259843 581.8181818
Transfer 3 0 0 100 1E+30 100
Transfer 4 0 0 200 1E+30 200
EXCEL file
— The total number of litres of each type of fuel produced is the sum of the number of
litres produced using each of the three petroleum components.
Total litres Produced
Regular fuel = X1, + Xor + Xar
Premium fuel = x1p + Xop + X3p
The total litres of each petroleum component are calculated in a similar fashion.
Total Petroleum Component Use
Component 1 = x1, 4+ X1p
Component 2 = Xor + X2p
Component 3 = x3 + X3y
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Table 4.9 Petroleum Cost and Supply for the DOC Blending Problem

1 $0.50 5000 litres
2 $0.60 10000 litres
3 $0.84 10000 litres

Table 4.10 Product Specifications for the DOC Blending Problem

Regular fuel At most 30% component 1
At least 40% component 2
At most 20% component 3

Premium fuel At least 25% component 1
At most 40% component 2
At least 30% component 3

We develop the objective function of maximizing the profit contribution by
identifying the difference between the total revenue from both fuels and the total
cost of the three petroleum components. By multiplying the $1.00 per litre price by
the total litres of regular fuel, the $1.08 per litre price by the total litres of premium
fuel, and the component cost per litre figures in Table 4.9 by the total litres of each
component used, we obtain the objective function:

Max  1.00(x1; + X2r +Xar) + 1.08(X1p + Xop + X3p)
— 0.50(x4, +X1p) — 0.60(xr +X2p) — 0.84(xs +X3p)

When we combine terms, the objective function becomes:
Max  0.50x4, + 0.40x5, + 0.16x3, + 0.58x1p 4 0.48x2p + 0.24x3,
The limitations on the availability of the three petroleum components are:

X1r +X1p < 5000 Component 1
Xor 4+ Xop < 10000 Component 2
X3 +X3p < 10000 Component 3

Six constraints are now required to meet the product specifications stated in
Table 4.10. The first specification states that component 1 can account for no more
than 30 per cent of the total litres of regular fuel produced. That is,

X1r < 0.30(X1; + Xor + X3r)

Rewriting this constraint with the variables on the left-hand side and a constant on
the right-hand side yields:

0.70x4, — 0.30x5, — 0.30x30 < 0
The second product specification listed in Table 4.10 becomes:

Xor > 0.40(X1, + Xor + X3r)
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and thus:
— 0.40x4, 4+ 0.60xo, — 0.40x3, > 0
Similarly, we write the four remaining blending specifications listed in Table 4.10 as:

—0.20x1, — 0.20x + 0.80x3, <0
+0.75x1p — 0.25x9, — 0.25x3, > 0
—0.40x1p + 0.60x2p — 0.40x3, < O
—0.30x1p — 0.30x2p + 0.70x3, > O

The constraint for at least 10000 litres of regular fuel is:
X1r + Xor + X3 > 10000

The complete linear programming model with six decision variables and ten con-
straints is then:

Max 0.50x7, + 0.40xo, + 0.16x3; 4 0.58x1p + 0.48x2, + 0.24x3,

s.t.
Xir + Xip < 5000
Xor + X < 10000
Xar + X3p < 10000
0.70x4, — 0.30x2, — 0.30x3, < 0
—0.40x4, + 0.60xo, — 0.40x3, > 0
—0.20x4, — 0.20xo, 4 0.80x3, < 0
0.75xX1, — 0.25X5 — 0.25x3, > 0
—0.40x4p + 0.60xz, — 0.40xg, < 0
—0.30xp — 0.30xz, + 0.70xg, > 0
Xir + Xor + Xar > 10000
Xiry Xory Xar, X1p7 X2p7 XSp > 0
Try Problem 11 as The optimal solution to the DOC blending problem is shown in Figure 4.5. The
another example of a optimal solution, which provides a daily profit of $9300, is summarized in Table 4.11.

blending model. The optimal blending strategy shows that 10000 litres of regular fuel should be

produced. The regular fuel will be manufactured as a blend of 8000 litres of com-
ponent 2 and 2000 litres of component 3. The 15000 litres of premium fuel will be
manufactured as a blend of 5000 litres of component 1, 2000 litres of component 2
and 8000 litres of component 3.

The interpretation of the slack and surplus variables associated with the product
specification constraints (constraints 4-9) in Figure 4.5 needs some clarification.
If the constraint is a < constraint, the value of the slack variable can be inter-
preted as the litres of component use below the maximum amount of the
component use specified by the constraint. For example, the slack of 3000.000
for constraint 4 shows that component 1 use is 3000 litres below the maximum
amount of component 1 that could have been used in the production of 10000
litres of regular fuel. If the product specification constraint is a > constraint, a
surplus variable shows the litres of component use above the minimum amount
of component use specified by the blending constraint. For example, the surplus
of 4000.000 for constraint 5 shows that component 2 use is 4000 litres above the
minimum amount of component 2 that must be used in the production of 10000
litres of regular fuel.
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Figure 4.5 The Management Scientist Solution for the DOC Blending Problem

Objective Function Value = 9300.000

Variable Value Reduced Costs
EXCEL file X1R 0.000 0.000
DOC X2R 8000.000 0.000
X3R 2000.000 0.000
X1P 5000.000 0.000
X2P 2000.000 0.000
X3P 8000.000 0.000

Constraint Slack/Surplus Dual Prices
1 0.000 0.580
2 0.000 0.480
3 0.000 0.240
4 3000.000 0.000
5 4000.000 0.000
6 0.000 0.000
7 1250.000 0.000
8 4000.000 0.000
9 3500.000 0.000
10 0.000 -0.080

Table 4.11 DOC Gasoline Blending Solution

litres of Component (percentage)

Fuel Component 1 Component 2 Component 3 Total
Regular 0 (0%) 8000 (80%) 2000 (20%) 10000
Premium 5000 (33"/3%) 2000 (13':%) 8000 (53'/5%) 15000

NOTES AND COMMENTS

A convenient way to define the decision variables in a blending problem is to use a matrix in which the rows
correspond to the raw materials and the columns correspond to the final products. For example, in the
DOC blending problem, we could define the decision variables as follows:

Final Products

Regular Fuel Premium Fuel
Component 1 S Xip
Raw Materials Component 2 Xor Xop
Component 3 Xar Xap

This approach has two advantages: (1) it provides a systematic way to define the decision variables for any
blending problem; and (2) it provides a visual image of the decision variables in terms of how they are related to
the raw materials, products and each other.
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Marketing and Media Applications

Applications of linear programming in marketing are numerous. In this section we
discuss applications in media selection and marketing research.

Media Selection

Media selection applications of linear programming are designed to help marketing
managers allocate a fixed advertising budget to various advertising media. Potential
media include newspapers, magazines, radio, television, Internet, SMS text messag-
ing and direct mail. In these applications, the objective is to maximize reach,
frequency and quality of exposure. Restrictions on the allowable allocation usually
arise during consideration of company policy, contract requirements and media
availability. In the application that follows, we illustrate how a media selection
problem might be formulated and solved using a linear programming model.

The Lochside Development Corporation (LDC) is a joint public—private partner-
ship venture based in Scotland. LDC’s remit is to use private finance to fund housing
and leisure construction projects that will boost tourism and increase economic
growth and yet at the same time be environmentally friendly. One such project
underway is to construct a small new community alongside a small loch (a lake in
Scotland). Part of the development involves constructing homes, shops and leisure
facilities for permanent residents. A second part involves constructing holiday
homes and LDC is currently considering how best to market these. The primary
market for these homes includes middle- and upper-income families within approx-
imately 200 miles of the development. LDC have employed the advertising firm of
Boone, Phillips and Jackson (BP&J) to design the promotional campaign.

After considering possible advertising media and the market to be covered, BP&J
recommended that the first month’s advertising be restricted to five media. At the end
of the month, BP&J will then re-evaluate its strategy based on the month’s results.
BP&J collected data on the number of potential customers reached, the cost per
advertisement, the maximum number of times each medium is available and the
exposure quality rating for each of the five media. The quality rating is measured in
terms of an exposure quality unit, a measure of the relative value of one advertisement
in each of the media. This measure, based on BP&J’s experience in the advertising
business, takes into account factors such as audience demographics (age, income and
education of the audience reached), image presented and quality of the advertisement.
The information collected is presented in Table 4.12.

LDC provided BP&J with an advertising budget of £30000 for the first month’s
campaign. In addition, LDC imposed the following restrictions on how BP&J may allocate
these funds: at least ten television commercials must be used, at least 50000 potential
customers must be reached and no more than £18000 may be spent on television
advertisements. What advertising media selection plan should be recommended?

The decision to be made is how many times to use each medium. We begin by
defining the decision variables:

DTV = number of times daytime TV is used
ETV = number of times evening TV is used
DN = number of times daily newspaper is used
SN = number of times Sunday newspaper is used
R = number of times radio is used
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Table 4.12 Advertising Media Alternatives for LDC

1. Daytime TV (1 min) 1000 1500 15 65
2. Evening TV (30 sec) 2000 3000 10 90
3. Daily newspaper (full 1500 400 25 40
page)
4. Sunday newspaper 2500 1000 4 60
magazine (2 page
colour)
5. Radio, 8:00 A.m. or 300 100 30 20
5:00 pm. Nnews
(30 sec)

* The maximum number of times the medium is available is either the maximum number of times the advertising medium
occurs (e.g., four Sundays per month or the maximum number of times BP&J recommends that the medium be used).

The data on quality of exposure in Table 4.12 show that each daytime TV (DTV)
advertisement is rated at 65 exposure quality units. Thus, an advertising plan
with DTV advertisements will provide a total of 65DTV exposure quality units.
Continuing with the data in Table 4.12, we find evening TV (ETV) rated at 90
exposure quality units, daily newspaper (DN) rated at 40 exposure quality units,
Sunday newspaper (SN) rated at 60 exposure quality units and radio (R) rated at
20 exposure quality units. With the objective of maximizing the total exposure
quality units for the overall media selection plan, the objective function becomes:

Max  65DTV 4 90ETV + 40DN + 60SN + 20R  Exposure quality

We now formulate the constraints for the model from the information given:

DTV < 15
ETV < 10
DN < 25 Availability of media
SN < 4
R < 30
1500DTV + 3000ETV + 400DN + 1000SN + 100R < 30000 Budget
DTV + ETV > 10 - -
}Telewsmn restrictions
1500DTV + 3000ETV < 18000
1000DTV + 2000ETV + 1500DN + 2500SN + 300R > 50000 Customers reached

DTV, ETV, DN, SN, R >0

The optimal solution to this five-variable, nine-constraint linear programming model
is shown in Figure 4.6; a summary is presented in Table 4.13.

The optimal solution calls for advertisements to be distributed among daytime
TV, daily newspaper, Sunday newspaper and radio. The maximum number of
exposure quality units is 2370, and the total number of customers reached is
61500. The Reduced Costs column in Figure 4.1 indicates that the number of
exposure quality units for evening TV would have to increase by at least 65
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before this media alternative could appear in the optimal solution. Note that the
budget constraint (constraint 6) has a dual price of 0.060. Therefore, a £1.00
increase in the advertising budget will lead to an increase of 0.06 exposure
quality units. The dual price of —25.000 for constraint 7 indicates that reducing
the number of television commercials by one will increase the exposure quality
of the advertising plan by 25 units. Thus, LDC should consider reducing the
requirement of having at least ten television commercials.

A possible shortcoming of this model is that, even if the exposure quality measure
were not subject to error, it offers no guarantee that maximization of total exposure
quality will lead to a maximization of profit or of sales (a common surrogate for
profit). However, this issue is not a shortcoming of linear programming; rather, it is
a shortcoming of the use of exposure quality as a criterion. If we could directly
measure the effect of an advertisement on profit, we could use total profit as the
objective to be maximized.

The Management Scientist Solution for the LDC Problem

Objective Function Value = 2370.000
Variable Value Reduced Costs
DTV 10.000 0.000
ETV 0.000 65.000
DN 25.000 0.000
SN 2.000 0.000
R 30.000 0.000
ﬁle Constraint Slack/Surplus Dual Prices
1 5.000 0.000 iSeE
5 10.000 0.000 Availability
3 0.000 16.000 54
Budget
4 2.000 0.000
5 0.000 14.000 -
Television
6 0.000 0.060 Restrictions
7 0.000 -25.000 :
8 3000.000 0.000 Audience
9 11500.003 0.000 -—1_Coverage

Table 4.13 Advertising Plan for LDC

Daytime TV 10 £15000
Daily newspaper 25 10000
Sunday newspaper 2 2000
Radio 30 3000

£30000

Exposure quality units = 2370
Total customers reached = 61 500
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NOTES AND COMMENTS

1 The media selection model required subjective 2 The media selection model presented in this

evaluations of the exposure quality for the media
alternatives. Marketing managers may have
substantial data concerning exposure quality, but
the final coefficients used in the objective function
may also include considerations based primarily
on managerial judgement. Judgement is an
acceptable way of obtaining input for a linear

section uses exposure quality as the objective
function and places a constraint on the number of
customers reached. An alternative formulation of
this problem would be to use the number of
customers reached as the objective function and
add a constraint indicating the minimum total
exposure quality required for the media plan.

programming model.

Marketing Research

An organization conducts marketing research to learn about consumer character-
istics, attitudes and preferences. Marketing research firms that specialize in provid-
ing such information often do the actual research for client organizations. Typical
services offered by a marketing research firm include designing the study, conduct-
ing market surveys, analyzing the data collected and providing summary reports and
recommendations for the client. In the research design phase, targets or quotas may
be established for the number and types of respondents to be surveyed. The market-
ing research firm’s objective is to conduct the survey so as to meet the client’s needs
at a minimum cost.

Market Survey International (MSI), specializes in evaluating consumer reac-
tion to new products, services and advertising campaigns. The company has
been approached by a government housing agency which is reviewing its stra-
tegic priorities. As part of this review, the agency is keen to obtain the views of
citizens and has commissioned MSI to undertake some structured market
research. MSI will conduct a total of 1000 personal interviews with a number
of households across the country. To try to ensure a representative cross-
section of respondents, interviews will take place during the day and also in
the evenings. The agency has also provided further details of the interviews it
requires:

1 Interview at least 400 households with children.
2 Interview at least 400 households without children.

3 The total number of households interviewed during the evening must
be at least as great as the number of households interviewed during the
day.

4 At least 40 per cent of the interviews for households with children must be
conducted during the evening.

5 At least 60 per cent of the interviews for households without children must be
conducted during the evening.

Because the interviews for households with children take additional interviewer time
and because evening interviewers are paid more than daytime interviewers, the cost
varies with the type of interview. Based on previous research studies, estimates of
the interview costs are as follows:
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Interview Cost

Household Day Evening
Children €20 €25
No children €18 €20

What is the household, time-of-day interview plan that will satisfy the contract
requirements at a minimum total interviewing cost?

In formulating the linear programming model for the MSI problem, we utilize the
following decision-variable notation:

DC = the number of daytime interviews of households with children
EC = the number of evening interviews of households with children
DNC = the number of daytime interviews of households without children
ENC = the number of evening interviews of households without children

We begin the linear programming model formulation by using the cost-per-interview
data to develop the objective function:

Min  20DC + 25EC + 18DNC + 20ENC
The constraint requiring a total of 1000 interviews is:
DC + EC + DNC + ENC = 1000
The five specifications concerning the types of interviews are as follows.

o Households with children:
DC + EC > 400
e Households without children:
DNC + ENC > 400
o At least as many evening interviews as day interviews:
EC +ENC > DC + DNC

The usual format for linear programming model formulation and computer input
places all decision variables on the left side of the inequality and a constant (possibly
zero) on the right side. Thus, we rewrite this constraint as:

—DC+EC—-DNC+ENC >0
o Atleast 40 per cent of interviews of households with children during the evening:
EC>0.4(DC+EC) or —0.4DC+0.6EC >0

o At least 60 per cent of interviews of households without children during the
evening:

ENC > 0.6(DNC +ENC) or —0.6DNC+ 0.4ENC >0

When we add the nonnegativity requirements, the four-variable and six-constraint
linear programming model becomes:
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Min  20DC + 25EC + 18DNC + 20ENC
s.t.
DC + EC+ DNC+ ENC=1000 Total interviews
DC + EC > 400 Households with children
DNC 4+ ENC > 400 Households without children
-DC + EC—- DNC+ ENC> 0 Evening interviews
—0.4DC + 0.6EC > 0 Evening interviews
in households with children
—0.6DNC + 0.4ENC > 0 Evening interviews
in households without children

DC, EC, DNC, ENC > 0

The optimal solution to this linear program is shown in Figure 4.7. The solution
reveals that the minimum cost of €20 320 occurs with the following interview schedule.

Number of Interviews

Household Day Evening Totals
Children 240 160 400
No children 240 360 600

Totals 480 520 1000

Hence, 480 interviews will be scheduled during the day and 520 during the evening.
Households with children will be covered by 400 interviews, and households without
children will be covered by 600 interviews.

Selected sensitivity analysis information from Figure 4.7 shows a dual price of
—19.2 for constraint 1. In other words, the value of the optimal solution will get
worse (the total interviewing cost will increase) by €19.20 if the number of inter-
views is increased from 1000 to 1001. Thus, €19.20 is the incremental cost of
obtaining additional interviews. It also is the savings that could be realized by
reducing the number of interviews from 1000 to 999.

The surplus variable, with a value of 200, for constraint 3 shows that 200 more
households without children will be interviewed than required. Similarly, the surplus
variable, with a value of 40, for constraint 4 shows that the number of evening
interviews exceeds the number of daytime interviews by 40. The zero values for the
surplus variables in constraints 5 and 6 indicate that the more expensive evening
interviews are being held at a minimum. Indeed, the dual price of five for constraint
5 indicates that if one more household (with children) than the minimum require-
ment must be interviewed during the evening, the total interviewing cost will go up
by €5.00. Similarly, constraint 6 shows that requiring one more household (without
children) to be interviewed during the evening will increase costs by €2.00.

Financial Applications

In finance, linear programming can be applied in problem situations involving
capital budgeting, make-or-buy decisions, asset allocation, portfolio selection, finan-
cial planning and many more. In this section, we describe a portfolio selection
problem and a problem involving funding of an early retirement programme.
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Figure 4.7 Excel Solution for the Market Survey Problem

TARGET CELL (MIN)
Name Original Value Final Value

Objective function 0 20320

ADJUSTABLE CELLS

Name Original Value Final Value
DC 0 240
EC 0 160
DNC 0 240
ENC 0 360
CONSTRAINTS
Name Cell Value Status Slack
Total interviews 1000 Not Binding 0
Households with children 400 Binding 0
Households without children 600 Not Binding 200
Evening interviews 40 Not Binding 40
Evening interviews in households with children 0 Binding 0
Evening interviews in households with children 0 Binding 0
ADJUSTABLE CELLS
Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
DC 240 0 20 5 4.666666667
EC 160 0 25 1E+30 5
DNC 240 0 18 2 1E+30
ENC 360 0 20 4.666666667 2
CONSTRAINTS
Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
Total interviews 1000 19.2 1000 1E+30 200
Households with children 400 2.8 400 100 400
Households without 600 0 400 200 1E+30
children
Evening interviews 40 0 0 40 1E+30
Evening interviews in 0 5 0 240 20
households with
children
Evening interviews in 0 2 0 240 20
households with
children
EXCEL file
MARKET
Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has

deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



CHAPTER 4 LINEAR PROGRAMMING APPLICATIONS

MANAGEMENT SCIENCE IN ACTION

eckitt and Coleman is a world leader in the

manufacture and marketing of household, toi-
letry, food and pharmaceutical products employing
over 25000 people worldwide and with its products
sold in over 40 countries. In the late 1990s it decided
to adopt a more analytical and objective approach to
decisions relating to the allocation of marketing
funds to its industrial cleaning products. The com-
pany operated seven geographical regions globally
and the marketing Vice President requested a model
to determine the amount of marketing funds to be
spent on current business and on new business
opportunities within each region. The model was
expected to be modified and used as management
visited each region as part of their marketing plan-
ning. An LP model was developed covering the
seven geographic regions; three product groups
for each region (surface cleaners, disinfectants,

ties for each region; together with additional market-
ing information such as market size, alternative mar-
keting costs and so on. Interestingly, the model was
built with 11 alternative marketing objectives, such
as sales volume growth, brand value share allowing
management to explore and evaluate the impact of
marketing spend in different ways. The model esti-
mates the revenue derived from the cost of the
marketing mix chosen (such as advertising and store
displays) and incorporates both marketing and
budgetary constraints. The benefits reported from
use of the model included improved profitability, a
faster response to unexpected or unpredicted mar-
ket conditions, more consistency in marketing deci-
sions and the ability to explore alternative scenarios
in detail.

Based on R. J. Richardson, ‘A Marketing Resource Allocation Model’,

- ) i Journal of Business and Economic Studies 10 1 (2004): 43-53.
oven cleaners); up to five new business opportuni-

Portfolio selection problems involve situations in which a financial manager must
select specific investments — for example, stocks and bonds — from a variety of
investment alternatives. Managers of mutual funds, credit unions, insurance compa-
nies and banks frequently encounter this type of problem. The objective function for
portfolio selection problems usually is maximization of expected return or minimi-
zation of risk. The constraints usually take the form of restrictions on the type of
permissible investments, company policy, maximum permissible risk and so on.
Problems of this type have been formulated and solved using a variety of mathe-
matical programming techniques. In this section we formulate and solve a portfolio
selection problem as a linear programme.

Consider the case of Welte Mutual located in Berlin. Welte just obtained
€100000 by converting industrial bonds to cash and is now looking for other
investment opportunities for these funds. Based on Welte’s current investments,
the firm’s top financial analyst recommends that all new investments be made in the
oil industry, steel industry or in government bonds. Specifically, the analyst identi-
fied five investment opportunities and projected their annual rates of return. The
investments and rates of return are shown in Table 4.14.

Management of Welte imposed the following investment guidelines:

Neither industry (oil or steel) should receive more than €50 000.

Government bonds should be at least 25 per cent of the steel industry investments.

The investment in Pacific Oil, the high-return but high-risk investment, cannot
be more than 60 per cent of the total oil industry investment.
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Table 4.14 Investment Opportunities for Welte Mutual Funds

Atlantic Ol 7.3
Pacific Oil 10.3
Midwest Steel 6.4
Huber Steel 7.5
Government bonds 45

What portfolio recommendations — investments and amounts — should be made for
the available €100000? Given the objective of maximizing projected return subject
to the budgetary and managerially imposed constraints, we can answer this question
by formulating and solving a linear programming model of the problem. The
solution will provide investment recommendations for the management of Welte
Mutual Funds.

Let:

A = euros invested in Atlantic Ol

P = euros invested in Pacific Oil

M = euros invested in Midwest Steel

H = euros invested in Huber Steel

G = euros invested in government bonds

Using the projected rates of return shown in Table 4.14, we write the objective
function for maximizing the total return for the portfolio as:

Max 0.073A + 0.103P + 0.064M + 0.075H + 0.045G
The constraint specifying investment of the available €100 000 is:
A+P+M+H+G=100000

The requirements that neither the oil nor the steel industry should receive more
than €50000 are:

A+ P < 50000
M+ H < 50000

The requirement that government bonds be at least 25 per cent of the steel industry
investment is expressed as:

G>025M+H) or —025M—025H+G>0

Finally, the constraint that Pacific Oil cannot be more than 60 per cent of the total
oil industry investment is:

P<0.60(A+P) or —0.60A+0.40P<0

By adding the nonnegativity restrictions, we obtain the complete linear program-
ming model for the Welte Mutual investment problem:
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Max 0.073A + 0.103P + 0.064M + 0.075H + 0.045G

s.t.
A+ P+ M + H+ G = 100000 Available funds
A + P < 50000 Qil industry maximum

M + H 50000 Steel industry maximum
—0.25M — 0.25H + G 0 Government
bonds minimum
0 Pacific Oil restriction

<
>

—-0.6A+ 0.4P
AP, M, H G>0

IN

The optimal solution to this linear programme is shown in Figure 4.8. Table 4.15
shows how the funds are divided among the securities. Note that the optimal
solution indicates that the portfolio should be diversified among all the investment
opportunities except Midwest Steel. The projected annual return for this portfolio is
€8000, which is an overall return of 8 per cent.

The optimal solution shows the dual price for constraint 3 is zero. The reason is
that the steel industry maximum isn’t a binding constraint; increases in the steel
industry limit of €50 000 will not improve the value of the optimal solution. Indeed,
the slack variable for this constraint shows that the current steel industry investment
is €10000 below its limit of €50000. The dual prices for the other constraints are
nonzero, indicating that these constraints are binding.

The dual price for the The dual price of 0.069 for constraint 1 shows that the value of the optimal

avallable: funds consiraint golyution can be increased by 0.069 if one more euro can be made available for the

ﬁ:gvrlg;s;: Emitﬁgrsn portfolio investment. If more funds can be obtained at a cost of less than 6.9 per

additional investment cent, management should consider obtaining them. However, if a return in excess of

funds. 6.9 per cent can be obtained by investing funds elsewhere (other than in these five
securities), management should question the wisdom of investing the entire
€100000 in this portfolio.

Similar interpretations can be given to the other dual prices. Note that the dual
price for constraint 4 is negative at —0.024. This result indicates that increasing the
value on the right-hand side of the constraint by one unit can be expected to worsen
the value of the optimal solution by 0.024. In terms of the optimal portfolio, then, if

Figure 4.8 The Management Scientist Solution for the Welte Problem

Objective Function Value = 8000.000

Variable Value Reduced Costs
A 20000.000 0.000
EXCEL file P 30000.000 0.000
e M 0.000 0.011
H 40000.000 0.000
G 10000.000 0.000

Constraint Slack/Surplus Dual Prices
1 0.000 0.069
2 0.000 0.022
3 10000.000 0.000
4 0.000 -0.024
5 0.000 0.030
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Table 4.15 Optimal Portfolio Selection for Welte Mutual

Investment Amount Expected Annual return
Atlantic Ol €20000 €1460
Pacific Oil 30000 3090
Huber Steel 40000 3000
Government bonds 10000 450

Totals €100000 €8000

Expected annual return of €8 000
Overall rate of return = 8%

Welte invests one more euro in government bonds (beyond the minimum require-
ment), the total return will decrease by €0.024. To see why this decrease occurs,
note again from the dual price for constraint 1 that the marginal return on the funds
invested in the portfolio is 6.9 per cent (the average return is 8 per cent). The rate of
return on government bonds is 4.5 per cent. Thus, the cost of investing one more euro
in government bonds is the difference between the marginal return on the portfolio and
the marginal return on government bonds: 6.9 per cent — 4.5 per cent = 2.4 per cent.

Note that the optimal solution shows that Midwest Steel should not be included
in the portfolio (M = 0). The associated reduced cost for M of 0.011 tells us that the
objective function coefficient for Midwest Steel would have to increase by 0.011
before considering the Midwest Steel investment alternative would be advisable.
With such an increase the Midwest Steel return would be 0.064 + 0.011 = 0.075,
making this investment just as desirable as the currently used Huber Steel invest-
ment alternative.

Finally, a simple modification of the Welte linear programming model permits
determining the fraction of available funds invested in each security. That is, we
divide each of the right-hand side values by 100 000. Then the optimal values for the
variables will give the fraction of funds that should be invested in each security for a
portfolio of any size.

NOTES AND COMMENTS

1 The optimal solution to the Welte Mutual Funds

Practise formulating a
variation of the Welte
problem by working
Problem 7.

involved. In cases where the analyst believes that

problem indicates that €20 000 is to be spent on
the Atlantic Oil stock. If Atlantic Oil sells for €75 per
share, we would have to purchase exactly 2667,
shares in order to spend exactly €20000. The
difficulty of purchasing fractional shares is usually
handled by purchasing the largest possible integer
number of shares with the allotted funds (e.g., 266
shares of Atlantic Oil). This approach guarantees
that the budget constraint will not be violated. This
approach, of course, introduces the possibility that
the solution will no longer be optimal, but the
danger is slight if a large number of securities are

the decision variables must have integer values,
the problem must be formulated as an integer
linear programming model. Integer linear
programming is the topic of online Chapter 15.

Financial portfolio theory stresses obtaining a
proper balance between risk and return. In the Welte
problem, we explicitly considered return in the
objective function. Risk is controlled by choosing
constraints that ensure diversity among oil and steel
stocks and a balance between government bonds
and the steel industry investment.
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Financial Planning

Linear programming has been used for a variety of financial planning applications. The
Management Science in Action, Optimal Lease Structuring at GE Capital, describes how
linear programming is used to optimize the structure of a leveraged lease.

Hewlitt Corporation established an early retirement programme as part of its
corporate restructuring. The company has asked employees who are within a few
years of normal retirement if they would be willing to take early retirement. Staff
who do so will be given a special financial payment by the company for each year
before they reach the normal retirement age. So, for example, someone who would
normally retire at the age of 60 who decides to take early retirement at the age of 55
will get five years of financial payments from the company. The company obviously
will achieve savings by not having to pay the employee a salary plus benefits during
those five years. So, for example, the company has to find €430 000 in year 1 to pay
staff who have taken early retirement; €210 000 in year 2 and so on. At the close of
the voluntary sign-up period, 68 employees had elected early retirement. As a result
of these early retirements, the company incurs the following obligations over the
next eight years.

Year | 1 2 3 4 5 6 7 8

Cash Requirement 430 210 222 231 240 195 225 255

The cash requirements (in thousands of euro) are due at the beginning of each year.

The corporate treasurer must determine how much money must be set aside
today to meet the eight yearly financial obligations as they come due. The financing
plan for the retirement programme includes investments in government bonds as
well as savings. The investments in government bonds are limited to three choices:

Bond Price, € Rate (%) Years to Maturity
1 1150 8.875 &
2 1000 5.500 6
& 1350 11.750 7

The bonds have a nominal, face value of €1000. So, for example, if the company

buys Bond 1 at €1150 per bond, then it will receive an interest payment of 8.875 per

cent of €1000 from the government each year for the next five years, when Bond 1

matures. At maturity, the government buys the bond back at face value of €1000.

For the purposes of planning, the treasurer assumed that any funds not invested in

bonds will be placed in savings and earn interest at an annual rate of 4 per cent.
We define the decision variables as follows:

F = total euros required to meet the retirement plan’s eight-year obligation
By = units of bond 1 purchased at the beginning of year 1
B> = units of bond 2 purchased at the beginning of year 1
B3 = units of bond 3 purchased at the beginning of year 1
S; = amount placed in savings at the beginning of year i fori=1,..., 8

So, the company has to decide how many of each of the three bonds to buy at the
start of year 1 and how much additional savings will be needed each year for the next
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MANAGEMENT SCIENCE IN ACTION

E Capital is a $70 billion subsidiary of General

Electric. As one of America’s largest and most
diverse financial services companies, GE Capital
arranges leases in both domestic and international
markets, including leases for telecommunications;
data processing; construction; and fleets of cars,
trucks and commercial aircraft. To help allocate
and schedule the rental and debt payments of a
leveraged lease, GE Capital analysts developed an
optimization model, which is available as an optional
component of the company’s lease analysis propri-
etary software.

Leveraged leases are designed to provide
financing for assets with economic lives of at least
five years, which require large capital outlays. A
leveraged lease represents an agreement among
the lessor (the owner of the asset), the lessee (the
user of the asset) and the lender who provides a
non recourse loan of 50 per cent to 80 per cent of
the lessor’s purchase price. In a non recourse loan,
the lenders cannot turn to the lessor for repayment
in the event of default. As the lessor in such
arrangements, GE Capital is able to claim owner-
ship and realize income tax benefits such as depre-
ciation and interest deductions. These deductions
usually produce tax losses during the early years of
the lease, which reduces the total tax liability.

eight years. The objective function is to minimize the total euros needed to meet the

Approximately 85 per cent of all financial leases in
the United States are leveraged leases.

In its simplest form, the leveraged lease structur-
ing problem can be formulated as a linear pro-
gramme. The linear programme models the after-tax
cash flow for the lessor, taking into consideration
rental receipts, borrowing and repaying of the loan
and income taxes. Constraints are formulated to
ensure compliance with IRS guidelines and to ena-
ble customizing of leases to meet lessee and lessor
requirements. The objective function can be entered
in a custom fashion or selected from a predefined
list. Typically, the objective is to minimize the les-
see’s cost, expressed as the net present value of
rental payments, or to maximize the lessor’s after-tax
yield.

GE Capital developed an optimization approach
that could be applied to single-investor lease
structuring. In a study with the department most
involved with these transactions, the optimization
approach vyielded substantial benefits. The
approach helped GE Capital win some single-
investor transactions ranging in size from $1 mil-
lion to $20 million.

Based on C.J. Litty, ‘Optimal Lease Structuring at GE Capital’, Inter-
faces (May/June 1994): 34-45.

retirement plan’s eight-year obligation, or:

Min F

A key feature of this type of financial planning problem is that a constraint must be
formulated for each year of the planning horizon. In general, each constraint takes
the form:

( Funds available at

[ Funds invested in bonds | _ [ Cash obligation for
the beginning of the year -

and placed in savings the current year

The funds available at the beginning of year 1 are given by F. With a current price of
€1150 for bond 1 and investments expressed in thousands of euro, the total invest-
ment for By units of bond 1 would be 1.15B;. Similarly, the total investment in bonds
2 and 3 would be 1B, and 1.35B3;, respectively. The investment in savings for year 1 is
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S;. Using these results and the first-year obligation of 430, we obtain the constraint
for year 1:
F—1.15By — 1B, —1.356B3 — Sy =430 Year 1

Investments in bonds can take place only in this first year, and the bonds will be held

We do not consider until maturity.

future investments in The funds available at the beginning of year 2 include the investment returns of
Eggsso?ebcoan”;: ézggﬁgge 8.875 per cent on the nominal value of bond 1, 5.5 per cent on the nominal value of
on interest rates and bond 2, 11.75 per cent on the nominal value of bond 3, and 4 per cent on savings.
cannot be known in The new amount to be invested in savings for year 2 is S,. With an obligation of 210,
advance. the constraint for year 2 is:

0.08875B+ + 0.055B, + 0.1175B3 + 1.04S1 — S, =210  Year 2
Similarly, the constraints for years 3 to 8 are:

0.08875B+ + 0.055B, + 0.1175B3 + 1.04S, — S3 =222 Year 3
0.08875B+ + 0.055B, + 0.1175B3 + 1.04S3 — S, = 231 Year 4
0.08875B+ + 0.055B, + 0.1175B3 + 1.04S, — S5 = 240 Year 5
1.08875B1 + 0.055B, + 0.1175B3 + 1.04S5 — Sg = 195 Year 6
1.055B, + 0.1175B3 + 1.04Sg — S7 =225 Year 7

1.1175B3 + 1.04S7; — Sg = 255 Year 8

Note that the constraint for year 6 shows that funds available from bond 1 are
1.08875B;. The coefficient of 1.08875 reflects the fact that bond 1 matures at the
end of year 5. As a result, the nominal value plus the interest from bond 1
during year 5 is available at the beginning of year 6. Also, because bond 1
matures in year 5 and becomes available for use at the beginning of year 6,
the variable B; does not appear in the constraints for years 7 and 8. Note the
similar interpretation for bond 2, which matures at the end of year 6 and has the
nominal value plus interest available at the beginning of year 7. In addition,
bond 3 matures at the end of year 7 and has the nominal value plus interest
available at the beginning of year 8.

Finally, note that a variable Sg appears in the constraint for year 8. The retire-
ment fund obligation will be completed at the beginning of year 8, so we anticipate
that Sg will be zero and no funds will be put into savings. However, the formulation
includes Sg in the event that the bond income plus interest from the savings in year
7 exceed the 255 cash requirement for year 8. Thus, Sg is a surplus variable that
shows any funds remaining after the eight-year cash requirements have been
satisfied.

The optimal solution to this 12-variable, 8-constraint linear programme is shown
in Figure 4.9. With an objective function value of 1728.79385, the total investment
required to meet the retirement plan’s eight-year obligation is €1 728 794. Using the
current prices of €1150, €1000 and €1350 for each of the bonds respectively, we can
summarize the initial investments in the three bonds as follows:

Bond Units Purchased Investment Amount
1 By = 144.988 €1150(144.988) = €166 736
2 B, = 187.856 €1000(187.856) = €187 856

3 B; = 228.188 €1350(228.188) = €308 054
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Figure 4.9 The Management Scientist Solution for the Hewlitt Corporation Cash
Requirements Problem

EXCEL file Objective Function Value = 1728.79385
HEWLITT
Variable Value Reduced Costs
F 1728.79385 0.00000
Bl 144.98815 0.00000
B2 187.85585 0.00000
B3 228.18792 0.00000
S1 636.14794 0.00000
S2 501.60571 0.00000
S3 349.68179 0.00000
S4 182.68091 0.00000
S5 0.00000 0.06403
S6 0.00000 0.01261
S7 0.00000 0.02132
S8 0.00000 0.67084
Constraint Slack/Surplus Dual Prices
1 0.00000 -1.00000
2 0.00000 -0.96154
3 0.00000 -0.92456
4 0.00000 -0.88900
5 0.00000 -0.85480
6 0.00000 -0.76036
7 0.00000 -0.71899
8 0.00000 -0.67084

The solution also shows that €636148 (see §;) will be placed in savings at
the beginning of the first year. By starting with €1,728 794, the company
can make the specified bond and savings investments and have enough left over
to meet the retirement programme’s first-year cash requirement of €430 000.

The optimal solution in Figure 4.9 shows that the decision variables Sy, S5, S3 and
S, are all greater than zero, indicating investments in savings are required in each of
the first four years. However, interest from the bonds plus the bond maturity
incomes will be sufficient to cover the retirement programme’s cash requirements
in years 5 through 8.

The dual prices have an interesting interpretation in this application. Each right-
hand side value corresponds to the payment that must be made in that year. Note that
the dual prices are negative, indicating that reducing the payment in any year would be
beneficial because the total funds required for the retirement programme’s obligation
would be less. Also note that the dual prices show that reductions are more beneficial in
the early years, with decreasing benefits in subsequent years. As a result, Hewlitt would
benefit by reducing cash requirements in the early years even if it had to make
equivalently larger cash payments in later years.

In this application, the dual price can be thought of as the negative of the present
value of each euro in the cash requirement. For example, each euro that must be
paid in year 8 has a present value of €0.67084.
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NOTES AND COMMENTS

1 The optimal solution for the Hewlitt Corporation solution. If an optimal integer solution were
problem shows fractional numbers of required, the methods of integer linear
government bonds at 144.988, 187.856 and programming covered in Chapter 15 would have
228.188 units, respectively. However, fractional to be used.
bond units usually are not available. If we were 2 We implicitly assumed that interest from the
conservative and rounded up to 145, 188 and government bonds is paid annually. Investments
229 units, respectively, the total funds required for such as treasury notes actually provide interest
the eight-year retirement programme obligation payments every six months. In such cases, the
would be approximately €1254 more than the model can be reformulated with six-month
total funds indicated by the objective function. periods, with interest and/or cash payments
Because of the magnitude of the funds involved, occurring every six months.

rounding up probably would provide a workable

Revenue Management

Revenue management involves managing the short-term demand for a fixed perish-
able inventory in order to maximize the revenue potential for an organization. The
methodology, originally developed for American Airlines, was first used to deter-
mine how many airline flight seats to sell at an early reservation discount fare and
how many airline flight seats to sell at a full fare. By making the optimal decision for
the number of discount-fare seats and the number of full-fare seats on each flight,
the airline is able to increase its average number of passengers per flight and
maximize the total revenue generated by the combined sale of discount-fare and
full-fare seats. Today, all major airlines use some form of revenue management.

Given the success of revenue management in the airline industry, it was not long
before other industries began using revenue management. Models have been
expanded to include pricing strategies, overbooking policies, short-term supply
decisions and the management of nonperishable assets. Application areas now
include hotels, apartment rentals, car rentals, cruise lines and golf courses. The
Management Science in Action, Revenue Management at National Car Rental,
discusses how National Car Rental implemented revenue management.

The development of a revenue management system can be expensive and time-
consuming, but the potential payoffs can be substantial. For instance, the revenue
management system used at American Airlines generates nearly $1 billion in annual
incremental revenue. To illustrate the fundamentals of revenue management, we
will use a linear programming model to develop a revenue management plan for
Leisure Air. The company is based in Scotland and, in the winter months, offers a
service aimed at holidaymakers going on a skiing/snowboarding holiday in Switzer-
land and Austria. The company offers a daily flight from Glasgow to Salzburg and
from Edinburgh to Geneva using two Boeing 737-400 aeroplanes each with a 132
seat capacity. Both flights stopover briefly in Amsterdam. The return flights are
available later the same day.

Figure 4.10 illustrates the logistics of the Leisure Air problem situation. To keep
the size of the problem manageable and understandable we shall look only at the
outbound leg of the flights.

Leisure Air uses two fare classes: a discount-fare Q class and a full-fare Y class.
Reservations using the discount-fare Q class must be made at least 14 days in
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uring its recovery from a near liquidation in the
mid-1990s, National Car Rental developed a
revenue management system that uses linear pro-
gramming and other analytical models to help man-
age rental car capacity, pricing and reservations. The
goal of the revenue management system is to
develop procedures that identify unrealized revenue
opportunities, improve utilization and ultimately
increase revenue for the company.
Management science models play a key role in
revenue management at National. For instance, a
linear programming model is used for length-of-rent

Another model generates length-of-rent catego-
ries for each arrival day, which maximizes revenue.
Pricing models are used to manage revenue by
segmenting the market between business and lei-
sure travel. For example, fares are adjusted to
account for the fact that leisure travellers are willing
to commit further in advance than business travellers
and are willing to stay over a weekend.

The implementation of the revenue management
system is credited with returning National Car Rental
to profitability. In the first year of use, revenue man-
agement resulted in increased revenues of $56

control. An overbooking model identifies optimal million.
overbooking levels subject to service level con-
straints, and a planned upgrade algorithm allows
cars in a higher-priced class to be used to satisfy

excess demand for cars in a lower-priced class.

Based on M. K. Geraghty and Ernest Johnson, ‘Revenue Management
Saves National Car Rental’, Interfaces 27, no. 1 (January/February
1997)107-127.

advance and are not changeable. Reservations using the full-fare Y class may be
made anytime, with no penalty for changing the reservation at a later date. To
determine the itinerary and fare alternatives that Leisure Air can offer its customers,
we must consider not only the origin and the destination of each flight, but also the
fare class. For instance, possible products include Glasgow to Amsterdam using Q
class, Edinburgh to Salzburg using Q class, Amsterdam to Geneva using Y class and
so on. Each product is referred to as an origin-destination-itinerary fare (ODIF).
Leisure Air established fares and developed forecasts of customer demand for each
of 16 ODIFs, as shown in Table 4.16.

Suppose that a customer calls the Leisure Air reservation office and requests a Q
class seat from Glasgow to Geneva. Should Leisure Air accept the reservation? The
difficulty in making this decision is that even though Leisure Air may have seats
available, the company may not want to accept this reservation at the Q class fare of
€268, especially if it is possible to sell the same reservation later at the Y class fare of
€456. Thus, determining how many Q and Y class seats to make available are impor-
tant decisions that Leisure Air must take in order to operate its reservation system.

To develop a linear programming model that can be used to determine how many
seats Leisure Air should allocate to each fare class we need to define 16 decision
variables, one for each origin-destination-itinerary fare alternative. The decision
variables will relate to the number of seats to be sold and we shall use the ODIF
codes in Table 4.16. So, for example, GAQ will refer to the number of seats sold at
Q class between Glasgow and Amsterdam.

The objective is to maximize total revenue. Using the fares shown in Table 4.16,
we can write the objective function for the linear programming model as follows:

Max  178GAQ + 268GSQ + 228GVQ + 380GAY + 456GSY + 560GVY
+ 199EAQ + 249ESQ + 349EVQ + 385EAY + 444ESY
+ 580EVY + 179ASQ + 380ASY + 224AVQ + 582AVY
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Figure 4.10 Logistics of the Leisure Air Problem

Flight
Leg 1

Amsterdam
A

Next we must write the constraints. We need two types of constraints: capacity and
demand. We begin with the capacity constraints.

Consider the Glasgow—Geneva flight leg in Figure 4.10. The Boeing 737-400
aeroplane has a 132-seat capacity. Three possible final destinations for passengers
on this flight (Amsterdam, Salzburg or Geneva) and two fare classes (Q and Y)
provide six ODIF alternatives: (1) Glasgow—Amsterdam Q class; (2) Glasgow—Salz-
burg Q class; (3) Glasgow—Salzburg Q class; (4) Glasgow—Amsterdam Y class; (5)
Glasgow—-Geneva Y class; and (6) Glasgow—Salzburg Y class. Thus, the number of
seats allocated to the Glasgow—Amsterdam flight leg is GAQ + GSQ + GVQ +
GAY + GSY + GVY. With the capacity of 132 seats, the capacity constraint is as
follows:

GAQ + GSQ + GVQ + GAY + GSY + GVY < 132 Glasgow—Amsterdam

The capacity constraints for the Edinburg—Amsterdam, Amsterdam—-Geneva and
Amsterdam-Salzburg flight legs are developed in a similar manner. These three
constraints are as follows:

EAQ + ESQ + EVQ + EAY + ESY + EVY <132 Edinburgh—Amsterdam
GVQ + GVY + EVQ + EVY + AVQ + AVY <132 Amsterdam-Geneva
GSQ + GSY + ESQ + ESY + ASQ + ASY < 132 Amsterdam—Salzburg

The demand constraints limit the number of seats for each ODIF based on the
forecasted demand. Using the demand forecasts in Table 4.16, 16 demand constraints
must be added to the model. The first four demand constraints are as follows:

GAQ < 33 Glasgow-Amsterdam Q class
GSQ < 44 Glasgow-Geneva Q class
GVQ < 45 Glasgow-Salzburg Q class
GAY <16 Glasgow-Amsterdam Y class

The complete linear programming model with 16 decision variables, four capacity
constraints and 16 demand constraints is as follows:

Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has
deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



FINANCIAL APPLICATIONS

Table 4.16 Fare and Demand Data for 16 Leisure Air Origin-Destination-Itinerary

Fares (ODIFS)

1 Glasgow Amsterdam Q GAQ $178 33
2 Glasgow Salzburg Q GSQ 268 44
3 Glasgow Geneva Q GVQ 228 45
4 Glasgow Amsterdam Y GAY 380 16
5 Glasgow Salzburg Y GSY 456 6
6 Glasgow Geneva Y GVY 560 11
7 Edinburgh Amsterdam Q EAQ 199 26
8  Edinburgh Salzburg Q ESQ 249 56
9 Edinburgh Geneva Q EVQ 349 39
10  Edinburgh Amsterdam Y EAY 385 15
11 Edinburgh Salzburg Y ESY 444 7
12 Edinburgh Geneva Y EVY 580 9
13 Amsterdam  Salzburg Q ASQ 179 64
14 Amsterdam  Salzburg Y ASY 380 8
15 Amsterdam  Geneva Q AVQ 224 46
16 Amsterdam  Geneva Y AVY 582 10

Max 178GAQ + 268GSQ + 228GVQ + 380GAY + 456GSY + 560GVY + 199EAQ+
249ESQ + 349EVQ + 385EAY + 444ESY + 580EVY + 179ASQ + 380ASY+
224AVQ + 582AVY

s.t.

GAQ + GSQ + GVQ + GAY + GSY + GVY <132
EAQ + ESQ + EVQ + EAY +ESY +EVY <132
GVQ + GWY +EVQ +EVY + AVQ +AVY <132
GSQ + GSY +ESQ +ESY +ASQ +ASY <132
GAQ < 33
GSQ < 44
GVQ < 45
GAY < 16
GSY< 6
Gw < 11
EAQ < 26
ESQ < 56
EVQ < 39
EAY < 15
ESY < 7
EVvy < 9
ASQ < 64
ASY < 8
AVQ < 46
AVYY < 10
GAQ,GSQ,GVQ, GAY,GSY,GVY,EAQ, ESQ, EVQ, EAY ,ESY EVY,ASQ, ASY,AVQ,AVY > 0
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The optimal solution to the Leisure Air revenue management problem is shown in
Figure 4.11. The value of the optimal solution is €103,103. The optimal solution
shows that GAQ = 33, GSQ = 44, GVQ = 22, GAY = 16 and so on. Thus, to max-
imize revenue Leisure Air should allocate 33 Q class seats to Glasgow—Amsterdam,
44 Q class seats to Glasgow—Salzburg, 22 Q class seats to Glasgow—Geneva, 16 Y class
seats to Glasgow—Amsterdam and so on.

Over time, reservations will come into the system and the number of remaining seats
available for each ODIF will decrease. For example, the optimal solution allocated 44
Q class seats to Glasgow—Salzburg. Suppose that two weeks prior to the departure date,

Dual prices tell all 44 seats have been sold. Now, suppose that a new customer calls the Leisure Air
;edsd?;ﬁgnrei%mf e reservation office and requests a Q class seat for the flight. Should Leisure Air accept
associated with the new reservation even though it exceeds the original 44-seat allocation? The dual

overbooking each ODIE. price for the Glasgow—Salzburg Q class demand constraint will provide information
that will help a Leisure Air reservation agent make this decision.

Constraint 6, GSQ < 44, restricts the number of Q class seats that can be
allocated to Glasgow—Salzburg to 44 seats. In Figure 4.11 we see that the dual price
for constraint 6 is €85. The dual price tells us that if one more Q class seat was
available from Glasgow—Salzburg, revenue would improve by €85. This increase in
revenue is referred to as the bid price for this origin-destination-itinerary fare. In
general, the bid price for an ODIF tells a Leisure Air reservation agent the value of
one additional reservation once a particular ODIF has been sold out.

By looking at the dual prices for the demand constraints in Figure 4.11, we see
that the highest dual price (bid price) is €376 for constraint 8, GAY < 16. This
constraint corresponds to the Glasgow—Amsterdam Y class itinerary. Thus, if all 16
seats allocated to this itinerary have been sold, accepting another reservation will
provide additional revenue of €376. Given this revenue contribution, a reservation
agent would most likely accept the additional reservation even if it resulted in an
overbooking of the flight. Other dual prices for the demand constraints show a bid
price of €358 for constraint 20 (41Y) and a bid price of €332 for constraint 10
(GVY). Thus, accepting additional reservations for the Amsterdam—Geneva Y class
and the Glasgow—Geneva Y class itineraries is a good choice for increasing revenue.

A revenue management system like the one at Leisure Air must be flexible and adjust
to the ever-changing reservation status. Conceptually, each time a reservation is
accepted for an origin-destination-itinerary fare that is at its capacity, the linear pro-
gramming model should be updated and re-solved to obtain new seat allocations along
with the revised bid price information. In practice, updating the allocations on a real-
time basis is not practical because of the large number of itineraries involved. However,
the bid prices from a current solution and some simple decision rules enable reservation
agents to make decisions that improve the revenue for the firm. Then, on a periodic basis
such as once a day or once a week, the entire linear programming model can be updated
and resolved to generate new seat allocations and revised bid price information.

Data Envelopment Analysis

Data envelopment analysis (DEA) is a specialist application of LP that analyzes the
relative performance of a group of similar organizations. For example, we may have
a company that operates with different business units across the world. We may want
to compare the performance of the business unit in Asia with those in other parts of
the world. We may have a large retail company that has stores located in different
parts of the country. Again, we want to compare the performance of stores in
relation to each other. We may have different university business schools running
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Figure 4.11 The Excel Solution for the Leisure Air Revenue Management Problem
TARGET CELL (MAX)
Name Original Value Final Value
Objective function 0 103103
ADJUSTABLE CELLS
Name Original Value Final Value
GAQ 0 33
GSQ 0 44
GVQ 0 22
GAY 0 16
GSY 0 6
GVY 0 11
EAQ 0 26
ESQ 0 36
EVQ 0 39
EAY 0 15
ESY 0 7
EVY 0 9
ASQ 0 31
ASY 0 8
AVQ 0 41
AVY 0 10
CONSTRAINTS
Name Cell Value Status Slack
1 132 Binding 0
2 132 Binding 0
3 132 Binding 0
4 132 Binding 0
5 33 Binding 0
6 44 Binding 0
7 22 Not Binding 23
8 16 Binding 0
9 6 Binding 0
10 11 Binding 0
11 26 Binding 0
12 36 Not Binding 20
13 39 Binding 0
14 15 Binding 0
15 7 Binding 0
16 9 Binding 0
17 31 Not Binding 33
18 8 Binding 0
19 41 Not Binding 5
20 10 Binding 0
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ADJUSTABLE CELLS

Final Reduced Objective Allowable Allowable
Name Value Cost Coefficient Increase Decrease
GAQ 33 0 178 1E+30 174
GSQ 44 0 268 1E+30 85
GVQ 22 0 228 85 4
GAY 16 0 380 1E+30 376
GSY 6 0 456 1E+30 273
GVY 11 0 560 1E+30 332
EAQ 26 0 199 1E+30 129
ESQ 36 0 249 55 70
EVQ 39 0 349 1E+30 55
EAY 15 0 385 1E+30 315
ESY 7 0 444 1E+30 195
EVY 9 0 580 1E+30 286
ASQ 31 0 179 70 55
ASY 8 0 380 1E+30 201
AVQ 41 0 224 4 85
AVY 10 0 582 1E+30 358
CONSTRAINTS
Final Shadow Constraint Allowable Allowable
Name Value Price R.H. Side Increase Decrease
1 132 4 132 23 5
2 132 70 132 20 33
3 132 224 132 5 41
4 132 179 132 33 31
5 33 174 33 5 23
6 44 85 44 5 23
7 22 0 45 1E+30 23
8 16 376 16 5 16
9 6 273 6 5 6
10 11 332 11 22 11
11 26 129 26 33 20
12 36 0 56 1E+30 20
13 39 55 39 33 5
14 15 315 15 33 15
15 7 195 7 36 7
16 9 286 9 33 5
17 31 0 64 1E+30 33
18 8 201 8 31 8
19 41 0 46 1E+30 5
20 10 358 10 41 5

MBA programmes. We want to compare the performance of the different schools
against each other. It is not immediately obvious why LP is relevant in this type of
situation. After all, it does not look as if we will be trying to optimize anything.
However, let us look at the information shown in Table 4.17 and see how LP can be
applied. The data relate to four hospitals that provide health care in a particular
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region of the country: the General, the University, the County and the City hospitals.
The data show a number of variables for each hospital:

Full time equivalent (FTE) staff: the total number of full-time equivalent staff
working in each hospital.

Supply costs: the costs, in €000s, of running each hospital each year. Such costs
will be made up of the cost of drugs and medicines as well as routine
operational costs such as heating, maintenance, cleaning, etc.

Bed days available: this measures the hospital’s capacity to provide health care
and measures the number of beds available multiplied by the number of days
in the year each bed was available. For example, with ten beds available for,
say, 350 days in the year we would have 3500 bed days available.

Number of in-patient days treatment provided: an in-patient is someone
admitted to hospital for health treatment. This variable measures the total
number of days that in-patients were being treated at the hospital. For
example, if we had 20 in-patients each staying five days in the hospital for
treatment then the number of in-patient days provided would be 100.

Out-patients treated: an out-patient is someone requiring medical treatment but
who does not need to be admitted into the hospital. They can be treated at the
hospital and leave the same day.

Nurses trained: the number of people who have completed a formal nurse
training programme at the hospital.

Paramedics trained: the number of people who have completed a formal
paramedic training programme at the hospital.

One aspect that hospital management is likely to be interested in is relative performance.
How is an individual hospital performing in comparison with the others? Whilst there are a
number of different ways we could approach such an investigation into efficiency the one
we shall explore utilizes features of the basic LP model. We can actually view the informa-
tion in the table as a set of inputs and a set of outputs. Simply, inputs are the resources going
into a hospital so it can produce certain outputs. So, in the case of the hospitals, we have
FTE staff, supply costs and available bed days as the inputs — the resources used by the
hospitals. These resources are needed in order to produce outputs — here to provide
treatment and care to patients in the form of in-patient days and out-patients treated;
and to provide training to nurses and paramedics. Now, in terms of efficiency, other things
being equal we would like to get the most outputs from the least inputs and we would be
interested in seeing how the four hospitals are doing in terms of efficiency in relation to
each other.

Table 4.17 Performance Data for the Four Hospitals

FTE staff 285.2 162.3 275.7 210.4
Supply costs (€000s) 123.8 128.7 348.5 154.1
Bed days available (000s) 106.72 64.21 104.1 104.04
Number of in-patient days provided (000s) 48.14 34.62 36.72 33.16
Outpatients treated (000s) 431 2711 45.98 56.46
Nurses trained 253 148 175 160

Paramedics trained 41 27 23 84
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However, a simple examination of Table 4.17 suggests that such comparison is
not going to be easy given that we have multiple inputs and multiple outputs.
County hospital, for example, has a higher output of trained nurses than University
hospital but a lower output of trained paramedics. And to make matters worse
their inputs are different also! To progress, let us introduce a simple expression of
efficiency:

output
input

Efficiency =

That is, an organization will be more efficient the more output it produces in relation
to its input. However, if we have multiple outputs and inputs, we must show this as
some sort of average output to average input. Clearly, a simple average of outputs/
inputs will not work given the varied units of measurement, so instead we have:

- weighted outputs

Efficiency = m

That is, an organization’s efficiency is the ratio of its weighted outputs to its
weighted inputs. Conventionally, efficiency is shown between 0 and 1 (or 0 to
100). However, we are still left with the problem of weights. How do we determine
suitable weights? After all, different hospitals may place differing priorities on
individual outputs and inputs. County hospital, for example, may decide to put more
importance on out-patient treatments rather than paramedics trained while City
hospital may put a higher weight on paramedics trained and less on in-patient days
provided. DEA resolves this problem very simply. The DEA approach is to find the
set of weights for hospital x that maximizes that particular hospital’s efficiency score
(and with the word maximizes we are back in LP territory once more). By definition,
those weights will optimize hospital x’s efficiency score. We then use those same
weights to calculate the efficiency score for the other hospitals in the data set.
Clearly those weights may not be the optimal weights for the other hospitals.
However, by looking at the efficiency scores calculated, we can determine hospital
x’s efficiency relative to the other hospitals. For example, let us suppose that hospital
x’s efficiency score was 0.8 (on a scale from 0 to 1) whilst that for hospital y was 0.9 —
calculated using the optimal weights for hospital x. We know that hospital x’s weights
are optimal for hospital x — this is the best efficiency score possible. And yet another
hospital, using weights that may not be optimal for itself, has a higher efficiency. We
would conclude that hospital x was relatively inefficient compared to hospital y.
Hospital y is achieving more outputs and/or less input than hospital x.

So, we are looking to find a set of weights for hospital x that maximizes its efficiency
score. That efficiency score will be relative to the efficiency scores of the other hospitals
in the data set and all efficiency scores will be constrained to be between 0 and 1. We
shall use as our decision variables, u; and v;, where u; refer to the output weights and v;
refer to the input weights. In summary we will then have:

weighted outputs of hospital x
" weighted inputs of hospital x

s.t.

weighted outputs of hospital 1
weighted inputs of hospital 1 —

weighted outputs of hospital 2
weighted inputs of hospital 2 —
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weighted outputs of hospital 3
weighted inputs of hospital 3 —

weighted outputs of hospital 4
weighted inputs of hospital 4 —

weights > 0

To see how this looks mathematically, let us examine County hospital’s efficiency.
We then have:

36.72u4 + 45.98us 4 175u3 + 23U4

Max :
X 5757y, 1 348.5v, + 104.1v3

s.t.

48.14uq1 + 43.1us + 253uz + 41us
285.2v4 +123.8v»> + 106.72v3

34.62u1 + 27.11u» + 148uz + 27uy
162.3vy + 128.7vo + 64.21v3

36.72uq + 45.98us + 175u3 + 23u4
275.7v¢1 + 348.5vo + 104.1v3

33.16u4 + 56.46uU2 + 160u3 + 84u4
210.4v4 + 154.1v,> + 104.04v3

<A1

Ui, Uz, U3, Ug, Vy, V2, V3 > 0

The objective function is set to optimize the efficiency score by finding the most
favourable values for the weights/decision variables. We then have a constraint for
the efficiency score using the optimum weights for County for each of the four
hospitals in the data set. Each constraint must be no greater than 1 given that we are
assessing efficiency at between 0 and 1. Clearly the constraints are not in the
standard linear format, but this is easily remedied. Transforming the first constraint,
for example, we have:

48.14uq + 43.1up + 253u3 + 41U,
285.2v4 + 123.8v, 4+ 106.72v3

48.14uq + 43.1ups + 253u3 + 41uy < 285.2vq + 123.8vo + 106.72v3
48.14uq + 43.1us + 253u3 + 41uy — 285.2vqy — 123.8vo — 106.72v < 0

We can transform the other three constraints in the same way. Transforming the
objective function, however, is less obvious. To do so we need to observe that when
we are seeking to maximize a ratio, as in this case, it is the relative magnitude
of the numerator and denominator that are of interest and not their individual
values. We can therefore achieve the same by setting the denominator to some
constant value and then maximize the numerator. Here we shall set the denomi-
nator, the weighted inputs, to take a value of 1. Our objective function then

becomes:
Max :
36.72u1 + 45.98u» + 175u3 + 23uy4
Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has

deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



188 CHAPTER 4 LINEAR PROGRAMMING APPLICATIONS

But with an additional constraint that:

275.7vy + 348.5v0 + 104.1v3 =1

The full formulation is then:

Max :

36.72uq + 45.98u» + 175u3 + 23u4

s.t.

275.7v1 + 348.5vo + 104.1v3 + 1

48.14u4 + 43.1up + 253u3 + 41uy — 285.2vy — 123.8v, — 106.72v

IN

34.62u1 + 27.11up + 148Uz + 27U — 162.3vy — 128.7vo — 64.21v3

A

36.72u4 + 45.98u, + 175u3 + 23us — 275.7v4 — 348.5v5, — 104.1v3 <

o o o O

33.16u4 + 56.46u» + 160Uz + 84us — 210.4vy — 154.1vo — 104.04v; <

Ui, Uz, Uz, Ug, Vi, Vo, V3 >0

The LP problem can now be solved in the usual way. Figure 4.12 shows the results.
The objective function takes a value of 0.902. This is the efficiency score for County
hospital. Given that this is less than 1 tells us that County hospital is relatively
inefficient compared to at least one other hospital in the data set. Using the
optimum weights for County hospital, we can calculate the efficiency scores for
the other hospitals:

General hospital: 0.99
University hospital: 1.00
County hospital: 0.90
City hospital 1.00

In fact we see that all the other hospitals are more efficient than County with
The ‘envelopment’ part both University and City hospitals having maximum efficiency. This implies that
of DEA comes rom e County’s efficiency can be improved — more outputs and/or less inputs are
fact that the efficient possible given the performance of the other hospitals. Advanced analysis of the
units create an ‘envelope’”  DEA results (which is beyond this text) would also enable managers to set
or fronfier envelope, 0 yymerical targets in terms of what input/output quantities should be for County.
frontier, around the data . . .
set We could now repeat the analysis for the other three hospitals in the data set to
assess their relative efficiency. For example, we could re-formulate the problem
to look at General hospital. The objective function would now use the numerical
parameters for General hospital from Table 4.17 and the equality constraint
would also use appropriate numerical parameters. Solving the new problem
would give the optimum input/output weights for General hospital and again
its own efficiency score.
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Figure 4.12 Excel Solution for the Hospital DEA Problem

TARGET CELL (MAX)

Name Original Value Final Value
Objective function 0 0.901677796
ADJUSTABLE CELLS

Name Original Value Final Value
ul 0 0
uz2 0 0.012377016
u3 0 0.001900472
u4 0 0
vl 0 0
v2 0 0
v3 0 0.009606148
CONSTRAINTS

Name Cell Value Status Slack

Weight equality

-0.010899304

Not Binding

0.010899304

General 0 Binding 0
University -0.098322204 Not Binding 0.098322204
County 0 Binding 0
City 1 Not Binding 0

189

DEA is a powerful application of linear programming and has been used to
compare efficiency across many different types of organization such as schools,
hospitals, banks, retail stores. It has proved so popular that it has its own specialist
software packages and a number of dedicated websites.

NOTES AND COMMENTS

1 Remember that the goal of data envelopment
analysis is to identify operating units that are
relatively inefficient. The method does not
necessarily identify the operating units that are
relatively efficient. Just because the efficiency index
is E = 1, we cannot conclude that the unit being
analyzed is relatively efficient. Indeed, any unit that
has the largest output on any one of the output
measures cannot be judged relatively inefficient.

2 It is possible for DEA to show all but one unit
to be relatively inefficient. Such would be the
case if a unit producing the most of every

output also consumes the least of every
input. Such cases are extremely rare in
practice.

In applying data envelopment analysis to
problems involving a large group of operating
units, practitioners have found that roughly 50 per
cent of the operating units can be identified as
inefficient. Comparing each relatively inefficient
unit to the units contributing to the composite unit
may be helpful in understanding how the
operation of each relatively inefficient unit can be
improved.
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MANAGEMENT SCIENCE IN ACTION

nsuring value for money for the taxpayer is a

key expectation placed on every public sector
organization. At the time of this project, North Car-
olina was spending around US$150 million every
year on pupil transportation to and from school
with around 13000 school buses transporting
almost 700000 every day to 100 school districts.
The Department of Public Instruction was tasked
with reviewing the situation, specifically to ensure
that school districts that operated efficiently were
reimbursed in full for pupil transportation costs
whilst those less efficient were reimbursed only as
much as was seen to be fair and equitable. It was
recognized that DEA had considerable potential to
inform these decisions. The DEA model that was
developed used two inputs: the number of buses
used to transport pupils and total operating expen-
diture; and one output, the average number of
pupils transported per day. However, the problem
was complicated by the fact that school districts
were very diverse in terms of their population base,
demographic mix and school locations. As a result
the initial efficiency scores resulting from the DEA
solution were then adjusted to compensate for

Summary

these different factors. There was then a pro-
gramme over four years of phasing in the funding
allocations to match the adjusted efficiency scores,
with considerable effort going into convincing the
decision makers that the new system was both fair
and provided an incentive for the less efficient
school districts to improve their performance over
time and hence increase funding. The modelling
project has resulted in school districts, including
those with high efficiency scores, reviewing their
transportation arrangements and seeking perform-
ance improvements. Among the improvements
realized were:

e reduction in the number of buses needed;
e reduction in distance travelled;

e reduced operating costs;

e improved safety.

With total projected savings of around $130 million
over a six-year period.

Based on T. R. Sexton, S. Sleeper and R. E. Taggart Jr, ‘Improving
pupil transportation in North Carolina’, Interfaces 24 1 (1994):
87-103.

This chapter has introduced a number of common areas of application of linear programming in

business and management.

The formulation stage of LP is typically one of the most difficult in the real world and one where
practise, experience and awareness of other LP applications does make things much easier.

LP applications in the same area often have similar characteristics and this can be helpful when

formulating a new problem in the same area.

Specialist software has been developed for a number of these application problem types, dedicated
websites have been established to bring users together and in some cases academic journals and

member societies created.
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Problems

Note: The following problems have been designed to give you an understanding and appreci-
ation of the broad range of problems that can be formulated as linear programmes. You should
be able to formulate a linear programming model for each of the problems. However, you will
need access to a linear programming computer package to develop the solutions and make the
requested interpretations.

SELF 1 The Uppsala Chamber of Commerce periodically sponsors public service seminars and

test programmes. Currently, promotional plans are under way for this year’s programme.
Advertising alternatives include television, Internet and newspaper. Audience estimates,
costs and maximum media usage limitations are as shown.

Constraint Television Internet Newspaper
Audience per advertisement 100000 18000 40000
Cost per advertisement €2000 €300 €600
Maximum media usage 10 20 10

To ensure a balanced use of advertising media, Internet advertisements must not exceed
50 per cent of the total number of advertisements authorized. In addition, television should
account for at least 10 per cent of the total number of advertisements authorized.
a. If the promotional budget is limited to €18200, how many commercial messages
should be run on each medium to maximize total audience contact? What is the
allocation of the budget among the three media, and what is the total audience

reached?
b. By how much would audience contact increase if an extra €100 were allocated to the
promotional budget?

SELF 2 The management of Hartman Company is trying to determine the amount of each of two
test products to produce over the coming planning period. The following information concerns
labour availability, labour utilization and product profitability.

Product (hours/unit)

Department 1 2 Labour-Hours Available
A 1.00 0.35 100
B 0.30 0.20 36
@ 0.20 0.50 50
Profit contribution/unit €30.00 €15.00

a. Develop a linear programming model of the Hartman Company problem. Solve the
model to determine the optimal production quantities of products 1 and 2.

b. In calculating the profit contribution per unit, management doesn’t deduct labour costs
because they are considered fixed for the upcoming planning period. However,
suppose that overtime can be scheduled in some of the departments. Which
departments would you recommend scheduling for overtime? How much would you be
willing to pay per hour of overtime in each department?
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c. Suppose that ten, six and eight hours of overtime may be scheduled in departments
A, B and C, respectively. The cost per hour of overtime is €18 in department A,
€22.50 in department B and €12 in department C. Formulate a linear programming
model that can be used to determine the optimal production quantities if overtime is
made available. What are the optimal production quantities, and what is the revised
total contribution to profit? How much overtime do you recommend using in each
department? What is the increase in the total contribution to profit if overtime is
used?

3 Hilltop Coffee manufactures a coffee product by blending three types of coffee beans. The
cost per kilo and the available kilos of each bean are as follows:

Bean Cost per kilo Available kilos
1 €0.50 500
2 €0.70 600
3 €0.45 400

Consumer tests with coffee products were used to provide ratings on a scale of 0-100, with
higher ratings indicating higher quality. Product quality standards for the blended coffee
require a consumer rating for aroma to be at least 75 and a consumer rating for taste to be at
least 80. The individual ratings of the aroma and taste for coffee made from 100 per cent of
each bean are as follows.

Bean Aroma Rating Taste Rating
1 75 86
2 85 88
3 60 75

Assume that the aroma and taste attributes of the coffee blend will be a weighted average of the
attributes of the beans used in the blend.

a. What is the minimum-cost blend that will meet the quality standards and provide 1000
kilos of the blended coffee product?

b. What is the cost per kilo for the coffee blend?

c. Determine the aroma and taste ratings for the coffee blend.

d. If additional coffee were to be produced, what would be the expected cost per kilo?

SELF 4 Ajax Fuels is developing a new additive for aeroplane fuels. The additive is a mixture
test of three ingredients: A, B and C. For proper performance, the total amount of
additive (amount of A + amount of B + amount of C) must be at least ten grams
per litre of fuel. However, because of safety reasons, the amount of additive must
not exceed 15 grams per litre of fuel. The mix or blend of the three ingredients is
critical. At least one gram of ingredient A must be used for every gram of ingredient B.
The amount of ingredient C must be at least one-half the amount of ingredient A. If
the costs per gram for ingredients A, B and C are €0.10, €0.03 and €0.09,
respectively, find the minimum-cost mixture of A, B and C for each litre of
aeroplane fuel.
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5 Kunz and Sons manufactures two products used in the heavy equipment industry. Both
products require manufacturing operations in two departments. The following are the
production time (in hours) and profit contribution figures for the two products.

Labour-Hours

Product Profit per Unit, € Dept. A Dept. B
1 25 6 12
2 20 8 10

For the coming production period, Kunz has available a total of 900 hours of labour that
can be allocated to either of the two departments. Find the production plan and labour
allocation (hours assigned in each department) that will maximize the total contribution to
profit.

SELF 6 The North Somerset Police’s Department schedules police officers for eight-hour shifts.

test The start times for the shifts are 8:00 A.m., noon, 4:00 p.m., 8:00 p.m., midnight and 4:00 A.m.
An officer beginning a shift at one of these times works for the next eight hours. During
normal weekday operations, the number of officers needed varies depending on the time
of day. The department staffing guidelines require the following minimum number of
officers on duty:

Time of Day Minimum Officers on Duty
8:00 A.m.—Noon 5
Noon-4:00 pwm. 6
4:00 pM.—8:00 RM. 10

8:00 pm.—Midnight
Midnight—4:00 A.m.
4:00 A.M.—8:00 A.Mm.

[ )RR N|

Determine the number of police officers that should be scheduled to begin the eight-hour shifts
at each of the sixtimes (8:00 A.m., noon, 4:00 p.m., 8:00 p.M., midnight and 4:00 A.m.) to minimize
the total number of officers required. (Hint: Let x; = the number of officers beginning work at
8:00 a.m., X2 = the number of officers beginning work at noon, and so on.)

SELF 7 Reconsider the Welte Mutual Funds problem from Section 4.5. Define your decision

test variables as the fraction of funds invested in each security. Also, modify the constraints
limiting investments in the oil and steel industries as follows: no more than 50 per cent of
the total funds invested in stock (oil and steel) may be invested in the oil industry, and no
more than 50 per cent of the funds invested in stock (oil and steel) may be invested in the
steel industry.

a. Solve the revised linear programming model. What fraction of the portfolio should be
invested in each type of security?

b. How much should be invested in each type of security?

. What are the total earnings for the portfolio?

d. What is the marginal rate of return on the portfolio? That is, how much more could be
earned by investing one more euro in the portfolio?

(2]
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SELF 8 A local hospital purchases two types of drug from three different suppliers. The suppliers

test have limited capacity, and no one supplier can meet all the hospital’s needs. In addition,
the suppliers charge different prices for the drugs. Price data (in price per unit) are as
follows:
Supplier
Drug 1 2 3
A €12 €13 €14
B €10 €11 €10

Each supplier has a limited capacity in terms of the total number of units of each drug
components it can supply. However, as long as the hospital provides sufficient advance
orders, each supplier can devote its capacity to drug A, drug B or any combination of the
two, if the total number of units ordered is within its capacity. Supplier capacities are as

follows:
Supplier | 1 2 3
Capacity | 600 1000 800

If the hospital expects to need 1000 units of drug A and 800 units of drug B, what purchases do
you recommend? That is, how many units of each drug should be ordered from each supplier?
What is the total purchase cost for the drug?

9 The Atlantic Seafood Company (ASC) is a buyer and distributor of seafood products
that are sold to restaurants and speciality seafood outlets throughout the Western
Europe. ASC has a frozen storage facility in Lisbon that serves as the primary
distribution point for all products. One of the ASC products is frozen large black tiger
shrimp, which are sized at 16-20 pieces per pound. Each Saturday ASC can purchase
more tiger shrimp or sell the tiger shrimp at the existing Lisbon warehouse market
price. The ASC goal is to buy tiger shrimp at a low weekly price and sell it later at
a higher price. ASC currently has 20000 pounds of tiger shrimp in storage. Space
is available to store a maximum of 100000 pounds of tiger shrimp each week. In
addition, ASC developed the following estimates of tiger shrimp prices for the next

four weeks:
Week Price/lb.
1 €6.00
2 €6.20
3 €6.65
4 EHI56

ASC would like to determine the optimal buying-storing-selling strategy for the next four weeks.
The cost to store a pound of shrimp for one week is €0.15, and to account for unforeseen
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changes in supply or demand, management also indicated that 25 000 pounds of tiger shrimp
must be in storage at the end of week 4. Determine the optimal buying-storing-selling strategy
for ASC. What is the projected four-week profit?

SELF 10 Romans Food Market, located in ltaly, carries a variety of speciality foods from around

test the world. Two of the store’s leading products use the Romans Food Market name:
Romans Regular Coffee and Romans DeCaf Coffee. These coffees are blends of
Brazilian Natural and Colombian Mild coffee beans, which are purchased from a
distributor. Because Romans purchases large quantities, the coffee beans may be
purchased on an as-needed basis for a price 10 per cent higher than the market price the
distributor pays for the beans. The current market price is €0.47 per kilo for Brazilian
Natural and €0.62 per kilo for Colombian Mild. The compositions of each coffee blend
are as follows:

Blend
Bean Regular DeCaf
Brazilian Natural 75% 40%
Colombian Mild 25% 60%

Romans sells the Regular blend for €3.60 per kilo and the DeCaf blend for €4.40 per kilo.
Romans would like to place an order for the Brazilian and Colombian coffee beans that will
enable the production of 1000 kilos of Roman Regular coffee and 500 kilos of Roman
DeCaf coffee. The production cost is €0.80 per kilo for the Regular blend. Because of the
extra steps required to produce DeCaf, the production cost for the DeCaf blend is €1.05
per kilo. Packaging costs for both products are €0.25 per kilo. Formulate a linear
programming model that can be used to determine the kilos of Brazilian Natural and
Colombian Mild that will maximize the total contribution to profit. What is the optimal
solution and what is the contribution to profit?

SELF 11 Seastrand Oil Company produces two grades of fuel: regular and high octane. Both

test fuels are produced by blending two types of crude oil. Although both types of crude oil
contain the two important ingredients required to produce both fuels, the percentage of
important ingredients in each type of crude oil differs, as does the cost per litre. The
percentage of ingredients A and B in each type of crude oil and the cost per fuel are

shown.
Crude oil 1
Crude Oil Cost Ingredient A Ingredient B 60% ingredient B
1 €0.10 20% 60% /
2 €0.15 50% 30%

Each litre of regular fuel must contain at least 40 per cent of ingredient A, whereas each fuel of
high octane can contain at most 50 per cent of ingredient B. Daily demand for regular and
high-octane fuel is 800 000 and 500 000 litres, respectively. How many litres of each type of
crude oil should be used in the two fuels to satisfy daily demand at a minimum cost?

12 Frandec Company manufactures, assembles and rebuilds material handling equipment
used in warehouses and distribution centres. One product, called a Liftmaster, is
assembled from four components: a frame, a motor, two supports and a metal strap.
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Frandec’s production schedule calls for 5000 Liftmasters to be made next month. Frandec
purchases the motors from an outside supplier, but the frames, supports and straps may
either be manufactured by the company or purchased from an outside supplier.
Manufacturing and purchase costs per unit are shown.

Component Manufacturing Cost Purchase Cost
Frame €38.00 €51.00
Support €11.50 €15.00
Strap € 6.50 € 7.50

Three departments are involved in the production of these components. The time (in
minutes per unit) required to process each component in each department and the
available capacity (in hours) for the three departments are as follows:

Department
Component Cutting Milling Shaping
Frame 3 2.2 3.1
Support 1.3 1.7 2.6
Strap 0.8 — 1.7
Capacity (hours) 350 420 680

a. How many of each component should be manufactured and how many should be
purchased?

b. What is the total cost of the manufacturing and purchasing plan?

c. How many hours of production time are used in each department?

d. How much should Frandec be willing to pay for an additional hour of time in the shaping
department?

e. Another manufacturer has offered to sell frames to Frandec for €45 each. Could
Frandec improve its position by pursuing this opportunity? Why or why not?

13 The Two-Rivers Oil Company near Pittsburgh transports gasoline to its distributors by
truck. The company recently contracted to supply gasoline distributors in southern Ohio,
and it has $600 000 available to spend on the necessary expansion of its fleet of gasoline
tank trucks. Three models of gasoline tank trucks are available.

Capacity Purchase Monthly Operating Cost,
Truck Model (gallons) Cost Including Depreciation
Super Tanker 5000 $67 000 $550
Regular Line 2500 $55000 $425
Econo-Tanker 1000 $46 000 $350

The company estimates that the monthly demand for the region will be 550 000 gallons
of gasoline. Because of the size and speed differences of the trucks, the number of
deliveries or round trips possible per month for each truck model will vary. Trip
capacities are estimated at 15 trips per month for the Super Tanker, 20 trips per month
for the Regular Line and 25 trips per month for the Econo-Tanker. Based on
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maintenance and driver availability, the firm does not want to add more than 15 new
vehicles to its fleet. In addition, the company has decided to purchase at least three of the
new Econo-Tankers for use on short-run, low-demand routes. As a final constraint, the
company does not want more than half the new models to be Super Tankers.

a. If the company wishes to satisfy the gasoline demand with a minimum monthly
operating expense, how many models of each truck should be purchased?

b. If the company did not require at least three Econo-Tankers and did not limit the number
of Super Tankers to at most half the new models, how many models of each truck
should be purchased?

SELF 14 The Silver Star Bicycle Company in India will be manufacturing both men’s and women’s

test models for its Easy-Pedal ten-speed bicycles during the next two months. Management wants
to develop a production schedule indicating how many bicycles of each model should be
produced in each month. Current demand forecasts call for 150 men’s and 125 women’s
models to be shipped during the first month and 200 men’s and 150 women’s models to be
shipped during the second month. Additional data are shown.

Labour Requirements (hours)

Production Costs Indian Current
Model Rupees (Rs) Manufacturing Assembly Inventory
Men's 1200 2.0 1.5 20
Women's 900 1.6 1.0 30

Last month the company used a total of 1000 hours of labour. The company’s

labour relations policy will not allow the combined total hours of labour (manufacturing
plus assembly) to increase or decrease by more than 100 hours from month to
month. In addition, the company charges monthly inventory at the rate of 2 per cent
of the production cost based on the inventory levels at the end of the month. The
company would like to have at least 25 units of each model in inventory at the end of
the two months.

a. Establish a production schedule that minimizes production and inventory costs and
satisfies the labour-smoothing, demand and inventory requirements. What inventories
will be maintained and what are the monthly labour requirements?

b. If the company changed the constraints so that monthly labour increases and
decreases could not exceed 50 hours, what would happen to the production schedule?
How much will the cost increase? What would you recommend?

15 Filtron Corporation produces filtration containers used in water treatment systems.
Although business has been growing, the demand each month varies considerably. As a
result, the company utilizes a mix of part-time and full-time employees to meet production
demands. Although this approach provides Filtron with great flexibility, it resulted in
increased costs and morale problems among employees. For instance, if Filtron needs to
increase production from one month to the next, additional part-time employees have to
be hired and trained, and costs go up. If Filtron has to decrease production, the
workforce has to be reduced and Filtron incurs additional costs in terms of
unemployment benefits and decreased morale. Best estimates are that increasing the
number of units produced from one month to the next will increase production costs by
€1.25 per unit, and that decreasing the number of units produced will increase
production costs by €1.00 per unit. In February Filtron produced 10 000 filtration
containers but only sold 7500 units; 2500 units are currently in inventory. The sales
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forecasts for March, April and May are for 12000 units, 8 000 units and 15000 units,
respectively. In addition, Filtron has the capacity to store up to 3000 filtration containers
at the end of any month. Management would like to determine the number of units to be
produced in March, April and May that will minimize the total cost of the monthly
production increases and decreases.

SELF 16 Jansson Cabinets received a contract to produce loud speaker cabinets for a major

test hi-fi manufacturer. The contract calls for the production of 3300 bookshelf speakers
and 4100 floor speakers over the next two months, with the following delivery
schedule.
Model Month 1 Month 2
Bookshelf 2100 1200
Floor 1500 2600

Jansson estimates that the production time for each bookshelf model is 0.7 hours
and the production time for each floor model is one hour. The raw material costs are
€10 for each bookshelf model and €12 for each floor model. Labour costs are €22 per
hour using regular production time and €33 using overtime. Jansson has up to 2400
hours of regular production time available each month and up to 1000 additional hours
of overtime available each month. If production for either cabinet exceeds demand in
month 1, the cabinets can be stored at a cost of €5 per cabinet. For each product,
determine the number of units that should be manufactured each month on regular
time and on overtime to minimize total production and storage costs.

17 EZ-Windows manufactures replacement windows for the home renovation business. In
January, the company produced 15 000 windows and ended the month with 9000
windows in inventory. EZ-Windows management team would like to develop a
production schedule for the next three months. A smooth production schedule is
obviously desirable because it maintains the current workforce and provides a
similar month-to-month operation. However, given the sales forecasts, the
production capacities and the storage capabilities as shown, the management team
does not think a smooth production schedule with the same production quantity each
month possible.

February March April
Sales forecast 15000 16500 20000
Production capacity 14000 14000 18000
Storage capacity 6000 6000 6000

The company’s cost accounting department estimates that increasing production by one
window from one month to the next will increase total costs by €1.00 for each unit increase
in the production level. In addition, decreasing production by one unit from one month to
the next will increase total costs by €0.65 for each unit decrease in the production level.
Ignoring production and inventory carrying costs, formulate and solve a linear
programming model that will minimize the cost of changing production levels while still
satisfying the monthly sales forecasts.
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SELF 18 Western Family Restaurant offers a variety of low-cost meals and quick service. Other than

test management, the restaurant operates with two full-time employees who work eight hours
per day. The rest of the employees are part-time employees who are scheduled for four-
hour shifts during peak meal times. On Saturdays the restaurant is open from 11:00 A.m. to
10:00 p.m. Management wants to develop a schedule for part-time employees that will
minimize labour costs and still provide excellent customer service. The average wage rate
for the part-time employees is €7.60 per hour. The total number of full-time and part-time
employees needed varies with the time of day as shown.

Time Total Number of Employees Needed

11:00 A.m.—Noon
Noon-1:00 rwm.
1:00 pm.—2:00 PMm.
2:00 pM.—3:00 PMm.
3:00 pM.—4:00 pMm.
4:00 pM.—5:00 pMm.
5:00 pM.—6:00 PM.
6:00 pM.~7:00 pMm.
7:00 pM.—8:00 PM.
8:00 rM.—9:00 pMm.
9:00 pM.—10:00 pMm.

©

—
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One full-time employee comes on duty at 11:00 A.m., works four hours, takes an hour off, and
returns for another four hours. The other full-time employee comes to work at 1:00 p.m. and
works the same four-hours-on, one-hour-off, four-hours-on pattern.

a. Develop a minimum-cost schedule for part-time employees.

b. What is the total payroll for the part-time employees? How many part-time shifts are
needed? Use the surplus variables to comment on the desirability of scheduling at least
some of the part-time employees for three-hour shifts.

c. Assume that part-time employees can be assigned either a three-hour or four-hour
shift. Develop a minimum-cost schedule for the part-time employees. How many
part-time shifts are needed, and what is the cost savings compared to the previous
schedule?

19 The Quick and Easy operates five fast-food restaurants in the UK. Input measures for the
restaurants include weekly hours of operation, full-time equivalent staff and weekly supply
expenses. Output measures of performance include average weekly contribution to profit,
market share and annual growth rate. Data for the input and output measures are shown in
the following tables.

Input Measures

Restaurant Hours of Operation FTE Staff Supplies (£)
London 96 16 850
Manchester 110 22 1400
Edinburgh 100 18 1200
Bristol 125 25 1500

Cardiff 120 24 1600
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Output Measures

Restaurant Weekly Profit Market Share (%) Growth Rate (%)
London £3 800 25 8.0
Manchester £4600 32 8.5
Edinburgh £4 400 85 8.0
Bristol £6 500 30 10.0
Cardiff £6 000 28 9.0

a. Develop a linear programming model that can be used to evaluate the performance of
the Manchester Quick and Easy restaurant.

b. Solve the model.

c. Is the Manchester Quick and Easy restaurant relatively inefficient? Discuss.

d. Where does the composite restaurant have more output than the Manchester
restaurant? How much less of each input resource does the composite restaurant
require when compared to the Manchester restaurant?

e. What other restaurants should be studied to find suggested ways for the Manchester
restaurant to improve its efficiency?

SELF 20 Reconsider the Leisure Air problem from Section 4.5. The demand forecasts shown in

test Table 4.16 represent Leisure Air's best estimates of demand. But, because demand cannot
be forecasted perfectly, the number of seats actually sold for each origin-destination-
itinerary fare (ODIF) may turn out to be smaller or larger than forecasted. Suppose that
Leisure Air believes that economic conditions have improved and that their original forecast
may be too low. To account for this possibility, Leisure Air is considering switching the
Boeing 737-400 aeroplanes with Boeing 757-200 aeroplanes that Leisure Air has available
in other markets. The Boeing 757-200 aeroplane has a seating capacity of 158.

a. Because of scheduling conflicts in other markets, suppose that Leisure Air is only able
to obtain one Boeing 757-200. Should the larger plane be based in Glasgow or in
Edinburgh? Explain.

b. Based upon your answer in part (a), determine a new allocation for the ODIFs. Briefly
summarize the major differences between the new allocation using one Boeing 757-200
and the original allocation summarized in Figure 4.11.

c. Suppose that two Boeing 757-200 aeroplanes are available. Determine a new allocation
for the ODIF’s using the two larger aeroplanes. Briefly summarize the major differences
between the new allocation using two Boeing 757-200 aeroplanes and the original
allocation shown in Figure 4.11.

d. Consider the new solution obtained in part (b). Which ODIF has the highest bid price?
What is the interpretation for this bid price?

CASE PROBLEM 1 Planning an Advertising Campaign
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he Cossack Grill is an upscale restaurant

located in St. Petersburg. To help plan an adver-
tising campaign for the coming season, the restau-
rant’s management team hired the advertising firm
of Hartman & Jablinsky (HJ). The management team
requested HJ's recommendation concerning how
the advertising budget should be distributed across

television, Internet and newspaper advertisements.
The budget has been set at 279 000 Roubles.

In a meeting with the restaurant’s management
team, HJ consultants provided the following informa-
tion about the industry exposure effectiveness rating
per ad, their estimate of the number of potential new
customers reached per ad and the cost for each ad.



Television 90 4000 R10000
Internet 25 2000 R3000
Newspaper 10 1000 R1000

The exposure rating is viewed as a measure of
the value of the ad to both existing customers and
potential new customers. It is a function of such
things as image, message recall, visual and audio
appeal and so on. As expected, the more expensive
television advertisement has the highest exposure
effectiveness rating along with the greatest potential
for reaching new customers.

At this point, the HJ consultants pointed out that
the data concerning exposure and reach were only
applicable to the first few ads in each media. For tele-
vision, HJ stated that the exposure rating of 90 and the
4000 new customers reached per ad were reliable for
the first ten television ads. After ten ads, the benefit is
expected to decline. For planning purposes, HJ rec-
ommended reducing the exposure rating to 55 and
the estimate of the potential new customers reached
to 1500 for any television ads beyond ten. For Internet
ads, the preceding data are reliable up to a maximum
of 15 ads. Beyond 15 ads, the exposure rating
declines to 20 and the number of new customers
reached declines to 1200 per ad. Similarly, for news-
paper ads, the preceding data are reliable up to a
maximum of 20; the exposure rating declines to five
and the potential number of new customers reached
declines to 800 for additional ads.

The restaurant's management team accepted
maximizing the total exposure rating, across all media,
as the objective of the advertising campaign. Because
of management’s concern with attracting new cus-
tomers, management stated that the advertising cam-
paign must reach at least 100 000 new customers. To
balance the advertising campaign and make use of all
advertising media, Flamingo’s management team
also adopted the following guidelines.

Use at least twice as many Internet
advertisements as television advertisements.

DATA ENVELOPMENT ANALYSIS

Use no more than 20 television
advertisements.

The television budget should be at least
R140000.

The Internet advertising budget is restricted to
a maximum of R99 000.

The newspaper budget is to be at least
R30,000.

HJ agreed to work with these guidelines and provide
a recommendation as to how the R279 000 advertis-
ing budget should be allocated among television,
radio and newspaper advertising.

Develop a model that can be used to determine
the advertising budget allocation for the restau-
rant. Include a discussion of the following in your
report.

A schedule showing the recommmended number
of television, Internet and newspaper
advertisements and the budget allocation for
each media. Show the total exposure and
indicate the total number of potential new
customers reached.

How would the total exposure change if an
additional R10 000 were added to the advertising
budget?

A discussion of the ranges for the objective
function coefficients. What do the ranges
indicate about how sensitive the
recommended solution is to HJ’s exposure
rating coefficients?

After reviewing HJ’s recommendation, the
restaurant’s management team asked how the
recommendation would change if the objective
of the advertising campaign was to maximize the
number of potential new customers reached.
Develop the media schedule under this
objective.

Compare the recommendations from parts 1 and
4. What is your recommendation for the
advertising campaign?
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Phoenix Computer

hoenix Computer manufactures and sells per-

sonal computers directly to customers. Orders
are accepted by phone and through the company’s
website. Phoenix will be introducing several new lap-
top models over the next few months and manage-
ment recognizes a need to develop technical sup-
port personnel to specialize in the new laptop
systems. One option being considered is to hire
new employees and put them through a three-month
training programme. Another option is to put current
customer service specialists through a two-month
training programme on the new laptop models.
Phoenix estimates that the need for laptop special-
ists will grow from 0 to 100 during the months of May
through September as follows: May — 20; June — 30;
July — 85; August — 85; and September — 100. After
September, Phoenix expects that maintaining a staff
of 100 laptop specialists will be sufficient.

The annual salary for a new employee is esti-
mated to be €27 000 whether the person is hired
to enter the training programme or to replace a
current employee who is entering the training pro-
gramme. The annual salary for the current Phoenix
employees who are being considered for the training
programme is approximately €36 000. The cost of
the three-month training programme is €1500 per
person, and the cost of the two-month training pro-
gramme is €1000 per person. Note that the length of
the training programme means that a lag will occur
between the time when a new person is hired and
the time a new laptop specialist is available. The
number of current employees who will be available
for training is limited. Phoenix estimates that the
following numbers can be made available in the
coming months: March — 15; April — 20; May — 0;
June - 5; and July — 10. The training centre has the
capacity to start new three-month and two-month
training classes each month; however, the total num-

ber of students (new and current employees) that
begin training each month cannot exceed 25.

Phoenix needs to determine the number of new
employees that should begin the three-month train-
ing programme each month and the number of cur-
rent employees that should begin the two-month
training programme each month. The objective is
to satisfy staffing needs during May through Sep-
tember at the lowest possible total cost; that is,
minimize the incremental salary cost and the total
training cost.

It is currently January, and Phoenix Computer
would like to develop a plan for hiring new employ-
ees and determining the mix of new and current
employees to place in the training programme.

Perform an analysis of the Phoenix Computer prob-
lem and prepare a report that summarizes your find-
ings. Be sure to include information on and analysis
of the following items.

The incremental salary and training cost
associated with hiring a new employee and
training him/her to be a laptop specialist.

The incremental salary and training cost
associated with putting a current employee
through the training programme. (Don't forget
that a replacement must be hired when the
current employee enters the programme.)

Recommendations regarding the hiring and training
plan that will minimize the salary and training costs
over the February through August period as well as
answers to these questions: What is the total cost of
providing technical support for the new laptop
models? How much higher will monthly payroll
costs be in September than in January?

Textile Mill Scheduling

he Shimla Textile Mill* in India produces five
different fabrics for European clothing manu-
facturers. Each fabric can be woven on one or more
of the mill's 38 looms. The sales department’s
forecast of demand for the next month is shown in

Table 4.18, along with data on the selling price per
metre, variable cost per metre and purchase price
per metre. Prices are in euros. The mill operates 24
hours a day and is scheduled for 30 days during the
coming month.

“This case is based on the Calhoun Textile Mill Case by Jeffrey D. Camm, PM. Dearing, and Suresh K. Tadisnia, 1987.
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The mill has two types of looms: dobbie and
regular. The dobbie looms are more versatile and
can be used for all five fabrics. The regular looms
can produce only three of the fabrics. The mill has a
total of 38 looms: 8 are dobbie and 30 are regular.
The rate of production for each fabric on each type
of loom is given in Table 4.19. The time required to
change over from producing one fabric to another is
negligible and does not have to be considered.

The Mill satisfies all demand with either its own
fabric or fabric purchased from another mill. Fabrics
that cannot be woven at the Mill because of limited
loom capacity will be purchased from another mill.
The purchase price of each fabric is also shown in
Table 4.18.

Develop a model that can be used to schedule
production for the Shimla Textile Mill, and at the

DATA ENVELOPMENT ANALYSIS

same time, determine how many metres of each
fabric must be purchased from another mill. Include
a discussion and analysis of the following items in
your report.

The final production schedule and loom
assignments for each fabric.

The projected total contribution to profit.

A discussion of the value of additional loom time

(The mill'is considering purchasing a ninth dobbie
loom. What is your estimate of the monthly profit

contribution of this additional loom? ).

A discussion of the objective coefficients ranges.

A discussion of how the objective of minimizing
total costs would provide a different model than
the objective of maximizing total profit
contribution. (How would the interpretation of the
objective coefficients ranges differ for these two
models? ).

Table 4.18 Monthly Demand, Selling Price, Variable Cost and Purchase Price Data for

Shimla Textile Mill Fabrics

1 16500 0.99 0.66 0.80
2 22000 0.86 0.55 0.70
3 62000 1.10 0.49 0.60
4 7500 1.24 0.51 0.70
5 62000 0.70 0.50 0.70

Table 4.19 Loom Production Rates for the Shimla Textile Mill

1 4.63 =
2 4.63 =
3 5.23 5.23
4 5.23 5.23
5 417 417

Note: Fabrics 1 and 2 can be manufactured
only on the dobbie loom.
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Workforce Scheduling

he Emergency Department at the local hospital provides emergency health care on an as-needed basis

for people involved in accidents, having injuries, etc. Understandably, it is difficult to predict how busy the
Department will be at any one time and, accordingly, it is also difficult to plan and schedule its workforce
requirements, particularly for nurses qualified and experienced in working in such a department. Recently the
hospital has started using WorkForce Unlimited, a company that specializes in providing temporary nursing
staff to the health care sector. WorkForce Unlimited offered to provide temporary nurses under three contract
options that differ in terms of the length of employment and the cost. The three options are summarized:

1 One month €2000
2 Two months €4 800
3 Three months €7 500

The longer contract periods are more expensive because WorkForce Unlimited experiences greater difficulty
finding temporary nursing staff who are willing to commit to longer work assignments.
Over the next six months, the hospital projects the following needs for additional nurses in the Emergency

Department.
Month January February March April May June
Nurses Needed 10 23 19 26 20 14

Each month, the hospital can hire as many temporary nurses as needed under each of the three options.
For instance, if the hospital hires five nurses in January under Option 2, WorkForce Unlimited will supply
the hospital with five temporary nurses who will work two months: January and February. For these
nurses, the hospital will have to pay 5(€4800) = €24,000. Because of some negotiations under way, the
hospital does not want to commit to any contractual obligations for temporary nurses that extend beyond
June.

The hospital’s health and safety programme requires each temporary nurse to receive training at the time of
hire. The training programme is required even if the person worked for the hospital in the past. The hospital
estimates that the cost of training is €875 each time a temporary nurse is hired. Thus, if a temporary nurse is
hired for one month, the hospital will incur a training cost of €875, but will incur no additional training cost if the
employee is on a two- or three-month contract.

Develop a model that can be used to determine the number of temporary nurses the hospital should hire each
month under each contract plan in order to meet the projected needs at a minimum total cost. Include the
following items in your report:

A schedule that shows the number of temporary nurses that the hospital should hire each month for each
contract option.

A summary table that shows the number of temporary nurses that the hospital should hire under each
contract option, the associated contract cost for each option, and the associated training cost for each
option. Provide summary totals showing the total number of temporary nurses hired, total contract costs
and total training costs.

If the cost to train each temporary nurse could be reduced to €700 per month, what effect would
this change have on the hiring plan? Explain. Discuss the implications that this effect on the hiring
plan has for identifying methods for reducing training costs. How much of a reduction in training
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costs would be required to change the hiring plan based on a training cost of €875 per temporary
nurse?

Suppose that the hospital hired ten full-time nurses at the beginning of January in order to satisfy part of the
requirements over the next six months. If the hospital can hire full-time nurses for €16.50 per hour, including
fringe benefits, what effect would it have on total labour and training costs over the six-month period as
compared to hiring only temporary nurses? Assume that full-time and temporary nurses both work
approximately 160 hours per month. Provide a recommendation regarding the decision to hire additional
full-time nurses.

Cinergy Coal Allocation*

inergy Corporation manufactures and distributes electricity for customers located in Indiana, Kentucky

and Ohio. The company spends $725 to $750 million each year for the fuel needed to operate its coal-
fired and gas-fired power plants; 92 per cent to 95 per cent of the fuel used is coal. Cinergy uses ten coal-
burning generating plants: five located inland and five located on the Ohio River. Some plants have more than
one generating unit. As the seventh-largest coal-burning utility in the United States, Cinergy uses 28-29 million
tons of coal per year at a cost of approximately $2 million every day.

The company purchases coal using fixed-tonnage or variable-tonnage contracts from mines in Indiana (49
per cent), West Virginia (20 per cent), Ohio (12 per cent), Kentucky (11 per cent), lllinois (5 per cent) and
Pennsylvania (3 per cent). The company must purchase all of the coal contracted for on fixed-tonnage
contracts, but on variable-tonnage contracts it can purchase varying amounts up to the limit specified in the
contract. The coal is shipped from the mines to Cinergy’s generating facilities in Ohio, Kentucky and Indiana.
The cost of coal varies from $19 to $35 per ton and transportation/delivery charges range from $1.50 to $5.00
per ton.

A model is used to determine the megawatt-hours (mWh)of electricity that each generating unit is expected
to produce and to provide a measure of each generating unit's efficiency, referred to as the heat rate. The heat
rate is the total BTUs required to produce one kilowatt-hour (kWh) of electrical power.

Cinergy uses a linear programming model, called the coal allocation model, to allocate coal to its generating
facilities. The objective of the coal allocation model is to determine the lowest-cost method for purchasing and
distributing coal to the generating units. The supply/availability of the coal is determined by the contracts with
the various mines, and the demand for coal at the generating units is determined indirectly by the megawatt-
hours of electricity each unit must produce.

The cost to process coal, called the add-on cost, depends upon the characteristics of the coal (moisture
content, ash content, BTU content, sulfur content and grindability) and the efficiency of the generating unit. The
add-on cost plus the transportation cost are added to the purchase cost of the coal to determine the total cost
to purchase and use the coal.

Cinergy signed three fixed-tonnage contracts and four variable-tonnage contracts. The company would like to
determine the least-cost way to allocate the coal available through these contracts to five generating units. The
relevant data for the three fixed-tonnage contracts are as follows:

“The authors are indebted to Thomas Mason and David Bossee of Cinergy Corp. for their contribution to this case problem.
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Supplier Number of Tons Contracted For Cost ($/ton) BTUs/Ib
RAG 350000 22 13000
Peabody Coal Sales 300000 26 13300
American Coal Sales 275000 22 12600

For example, the contract signed with RAG requires Cinergy to purchase 350 000 tons of coal at a price of $22
per ton; each pound of this particular coal provides 13000 BTUs.
The data for the four variable-tonnage contracts follow:

Supplier Number of Tons Available Cost ($/ton) BTUs/Ib
Consol, Inc. 200000 32 12250
Cyprus Amax 175000 85 12000
Addington Mining 200000 31 12000
Waterloo 180000 88 11300

For example, the contract with Consol, Inc., enables Cinergy to purchase up to 200000 tons of coal at a cost
of $32 per ton; each pound of this coal provides 12250 BTUs.

The number of megawatt-hours of electricity that each generating unit must produce and the heat rate
provided are as follows:

Generating Unit Electricity Produced (mWh) Heat Rate (BTUs per kWh)
Miami Fort Unit 5 550000 10500
Miami Fort Unit 7 500000 10200
Beckjord Unit 1 650000 10100
East Bend Unit 2 750000 10000
Zimmer Unit 1 1100000 10000

For example, Miami Fort Unit 5 must produce 550000 megawatt-hours of electricity, and 10500 BTUs are
needed to produce each kilowatt-hour.
The transportation cost and the add-on cost in dollars per ton are shown here:

Transportation Cost ($/ton)

Miami Miami East
Fort Fort Beckjord Bend Zimmer
Supplier Unit 5 Unit 7 Unit 1 Unit 2 Unit 1
RAG 5.00 5.00 4.75 5.00 4.75
Peabody 875 8.78 3.50 3.75 3.50
American 3.00 3.00 2.75 3.00 2.75
Consol 3.25 8265 2.85 825 2.85
Cyprus 5.00 5.00 4.75 5.00 4.75
Addington 2.25 2.25 2.00 2.25 2.00

Waterloo 2.00 2.00 1.60 2.00 1.60
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Add-On Cost ($/ton)

Miami Fort Miami Fort Beckjord East Bend Zimmer
Supplier Unit 5 Unit 7 Unit 1 Unit 2 Unit 1
RAG 10.00 10.00 10.00 5.00 6.00
Peabody 10.00 10.00 11.00 6.00 7.00
American 13.00 13.00 15.00 9.00 9.00
Consol 10.00 10.00 11.00 7.00 7.00
Cyprus 10.00 10.00 10.00 5.00 6.00
Addington 5.00 5.00 6.00 4.00 4.00
Waterloo 11.00 11.00 11.00 7.00 9.00

Managerial Report

Prepare a report that summarizes your recommendations regarding Cinergy’s coal allocation problem. Be
sure to include information and analysis for the following issues.

1

Determine how much coal to purchase from each of the mining companies and how it should be allocated
to the generating units. What is the cost to purchase, deliver and process the coal?

Compute the average cost of coal in cents per million BTUs for each generating unit (a measure of the cost
of fuel for the generating units).

Compute the average number of BTUs per pound of coal received at each generating unit (a measure of
the energy efficiency of the coal received at each unit).

Suppose that Cinergy can purchase an additional 80000 tons of coal from American Coal Sales
as an ‘all or nothing deal’ for $30 per ton. Should Cinergy purchase the additional 80000 tons
of coal?

Suppose that Cinergy learns that the energy content of the coal from Cyprus Amax is actually 13000 BTUs
per pound. Should Cinergy revise its procurement plan?

Cinergy has learned from its trading group that Cinergy can sell 50000 megawatt-hours of
electricity over the grid (to other electricity suppliers) at a price of $30 per megawatt-hour.
Should Cinergy sell the electricity? If so, which generating units should produce the additional
electricity?

Excel Solution of Hewlitt Corporation Financial Planning

Problem

In Appendix 2.1 we showed how Excel could be used to solve linear programming
problems. To illustrate the use of Excel in solving a more complex linear program-
ming problems, we show the solution to the Hewlitt Corporation financial planning
problem presented in Section 4.5.

The spreadsheet formulation and solution of the Hewlitt Corporation problem
are shown in Figure 4.13. As described in Appendix 2.1, our practice is to put the
data required for the problem in the top part of the spreadsheet and build the model
in the bottom part of the spreadsheet. The model consists of a set of cells for the
decision variables, a cell for the objective function, a set of cells for the left-hand-side
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Figure 4.13 Excel Solution for the Hewlitt Corporation Problem

: Hewiitt Corporation Cash Requirements

430 1 2 3
210 Price (€1000) 1.15 1 1.35
Rate| 008875 0.055| 0.1175
231 Years to Maturity 5 6 7
240 |
185 Annual Savings Multiple 1.04
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Cash

Constraints In
Year 1 1728.79
Year 2 711 606
Year 3 571.682
Year 4 413.681

Year S 240
Year & 195
Year 7 225
Year 8 255

functions and a set of cells for the right-hand sides of the constraints. The cells for
each of these model components are screened; the cells for the decision variables are
also enclosed by a boldface line. Descriptive labels are used to make the spreadsheet
easy to read.

Formulation

The data and descriptive labels are contained in cells A1:G12. The screened cells in
the bottom portion of the spreadsheet contain the key elements of the model
required by the Excel Solver.

Decision Variables Cells A17:L17 are reserved for the decision variables. The
optimal values rounded to three places, are shown to be F =
1728.794, B; = 144.988, B, = 187.856, B; = 228.188, S§; =
636.148, S, = 501.606, S5 = 349.682, S, = 182.681 and S5 = S,
=5;,=8=0.

Objective Function The formula = A17 has been placed into cell B20 to reflect the
total funds required. It is simply the value of the decision
variable, F. The total funds required by the optimal solution is
shown to be €1 728 794.

Left-Hand Sides The left-hand sides for the eight constraints represent the
annual net cash flow. They are placed into cells G21:G28.

Cell G21 = E21 — F21 (Copy to G22:G28)
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For this problem, some of the left-hand-side cells reference other cells that contain
formulas. These referenced cells provide Hewlitt’s cash flow in and cash flow out for
each of the eight years." The cells and their formulas are as follows:

Cell E21 = A17

Cell E22 = SUMPRODUCT(SE$7 : $G$7,$B$17 : $D$17) + $F$10"E17
Cell E23 = SUMPRODUCT(SE$7 : $G$7,$B$17 : $D$17) + $F$10*F17
Cell E24 = SUMPRODUCT(SE$7 : $G$7,$B$17 : $D$17) + $F$10°G17
Cell E25 = SUMPRODUCT($E$7 : $G$7,$B$17 : $D$17) + $F$10"H17

Cell E26 = (1 + E7)*B17 + F7°C17 + G7°D17 + F10°117
Cell E27 = (1 +F7)*C17 + G7°D17 + F10*J17

Cell E28 = (1 + G7)*D17 + F10°K17

Cell F21 = SUMPRODUCT(E6:G6,B17:D17) + E17

Cell F22 = F17
Cell F23 = G17
Cell F24 = H17
Cell F25 = 117

Cell F26 = J17
Cell F27 = K17
Cell F28 = L17

Right-Hand Sides The right-hand sides for the eight constraints represent the
annual cash requirements. They are placed into cells 121:128.
Cell 121 = B5 (Copy to 122:128)

Excel Solution

We are now ready to use the information in the spreadsheet to determine the
optimal solution to the Hewlitt Corporation problem. The following steps describe
how to use Excel to obtain the optimal solution.

Step 1. Select the Tools menu
Step 2. Select the Solver option

Step 3. When the Solver Parameters dialog box appears:
Enter B20 in the Set Cell box
Select the Equal to: Min option
Enter A17:L17 in the By Changing Cells box
Choose Add

Step 4. When the Add Constraint dialog box appears:
Enter G21:G28 in the Cell Reference box
Select =
Enter 121:128 in the Constraint box
Click OK

Step 5. When the Solver Parameters dialog box appears:
Choose Options

Step 6. When the Solver Options dialog box appears:
Select Assume Non-Negative
Click OK

Step 7. When the Solver Parameters dialog box appears:
Choose Solve

"The cash flow in is the sum of the positive terms in each constraint equation in the mathematical model, and the
cash flow out is the sum of the negative terms in each constraint equation.
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Step 8. When the Solver Results dialog box appears:
Select Keep Solver Solution
Select Sensitivity in the Reports box
Click OK

The Solver Parameters dialogue box is shown in Figure 4.14. The optimal solution
is shown in Figure 4.13; the accompanying sensitivity report is shown in Figure 4.15.

Figure 4.14 Solver Parameters Dialogue Box for the Hewlitt Corporation Problem

Solver Parameters

$GE21:$G$20 = §1521:61528

Figure 4.15 Excel’s Sensitivity Report for the Hewlitt Corporation Problem

Adustable Calls
Final Reduced Objective  Allowable Allowable

Cell Name Value Cost Coefficient _Increase Decrease

$AG1T F 1728.793855 0 1 1E+30 1
$6$17 B1 144 9581498 0 0 0.087026239 0.013026775
$CH1T B2 187 8558478 0 0 0012795531 0020273774
$0$17 B3 328.1879195 1] 0 0.022906851 0.749863022
$EF17 S1 636.1479438 0 0 0109559807 0.05507386
$F$17 52 501.805712 1] 0 0.143307385 0.056848823
$G$17 S3 349.881791 1] 0 0.210854199 0.059039182
$HE17 54 182 680913 0 0 0413598622 0061382404
§I$17_ S5 0 0.054025159 0 1E+30 0.064025159
$J317 56 0_0.012613804 0 1E+30 0.012513604
PKE17 57 0 0.021318233 0 1E+30 0.021318233
FLE1T S8 0 0670839383 0 1E+30 0670839393

Constraints
Final Shadow  Constraint Allowable Allowable

Cell Name Value Price R.H. Side Increase Decrease

$G$21 Year 1 Flow 430 1 430 1E+30 1728.793855
$G$22 Year 2 Flow 210 0961538462 210 1E+30 6615938616
$G$23 Year 3 Flow 222 0.924556213 322 1E+30 521.6609405
$G$24 Year 4 Flow 231 0.888996359 p£l| 1E+30 363.6600628
$C$25 Year 5 Flow 240 0.854804181 240 1E+30 189.9881498
$G$26 Year 6 Flow 195 0.760364454 195 2149.927647 157.8558478
$C$H2T Year T Flow 225 0718991202 225 3027 962172 198 1879195
$G$28 Year 8 Flow 255 0670839383 255 1583.881915 255
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Linear Programming: The Simplex
Method

5.1 An Algebraic Overview of the Simplex Method 5.6
Algebraic Properties of the Simplex Method
Determining a Basic Solution

Basic Feasible Solution

5.2 Tableau Form

5.7

5.3 Setting Up the Initial Simplex Tableau

5.8

5.4 Improving the Solution

5.5 Calculating the Next Tableau
Interpreting the Results of an lteration
Moving Toward a Better Solution
Interpreting the Optimal Solution

Summary of the Simplex Method

Tableau Form: the General Case
Greater-Than-or-Equal-to Constraints (>)
Equality Constraints

Eliminating Negative Right-Hand Side Values
Summary of the Steps to Create Tableau Form

Solving a Minimization Problem

Special Cases

Infeasibility

Unbounded Problems
Alternative Optimal Solutions
Degeneracy

Learning objectives By the end of this chapter you will be able to:

Formulate an LP problem using the Simplex method

Calculate the Simplex tableau

Find the optimum solution using the Simplex method

Interpret the information in a Simplex tableau
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CHAPTER 5 LINEAR PROGRAMMING: THE SIMPLEX METHOD

MANAGEMENT SCIENCE IN ACTION

Fleet Assignment at Delta Air Lines

D elta Air Lines uses linear and integer program-
ming in its Coldstart project to solve its fleet
assignment problem. The problem is to match air-
craft to flight legs and fill seats with paying passen-
gers. Airline profitability depends on being able to
assign the right size of aircraft to the right leg at the
right time of day. An airline seat is a perishable
commodity; once a flight takes off with an empty
seat the profit potential of that seat is gone forever.
Primary objectives of the fleet assignment model are
to minimize operating costs and lost passenger rev-
enue. Constraints are aircraft availability, balancing

The successful implementation of the Coldstart
model for assigning fleet types to flight legs shows
the size of linear programmes that can be solved
today. The typical size of the daily Coldstart model is
about 60000 variables and 40000 constraints. The
first step in solving the fleet assignment problem is
to solve the model as a linear programme. The
model developers report successfully solving these
problems on a daily basis and contend that use of
the Coldstart model will save Delta Air Lines $300
million over a three year period.

Based on R. Subramanian, R.P Scheff, Jr., J.D. Quillinan, D.S. Wiper,

arrivals and departures at airports and maintenance
requirements.

and R.E. Marsten, ‘Coldstart: Fleet Assignment at Delta Air Lines’,
Interfaces (January/February 1994): 104-120.

In Chapter 2 we saw how to solve simple, two variable LP problems using the
graphical method. However, we also saw in Chapter 4 that LP problems are likely
to be more complex than this, involving a large number of decision variables and
constraints. The Management Science in Action, Fleet Management at Delta Airlines,
illustrates an LP problem involving around 60000 variables and 40000 constraints.
Clearly a graphical solution approach will not work so a mathematical method of
finding the solution is needed. In this chapter we introduce the Simplex method
which is the most widely used LP solution method and the basis for many LP
computer software programs. The Simplex method provides a set of step-by-step
instructions, known as an algorithm, for solving an LP problem of any size. In this
chapter we look at how the Simplex method works and in the next chapter we see
the sensitivity information that the Simplex method provides.

The Simplex method was
developed by George
Dantzig while working for
the US Air Force. It was
first published in 1949.

An Algebraic Overview of the Simplex Method

We will use a typical business problem to demonstrate the Simplex method. High-
Tech Industries imports electronic components that are used to assemble two differ-
ent models of laptop computers. One model is called the Deskpro, and the other
model is called the UltraPortable. HighTech’s management is currently interested in
developing a weekly production schedule for both products.

The Deskpro generates a profit contribution of €50 per unit, and the UltraPortable
generates a profit contribution of €40 per unit. For next week’s production, a maximum
of 150 hours of assembly time can be made available. Each unit of the Deskpro requires
three hours of assembly time, and each unit of the UltraPortable requires five hours of
assembly time. In addition, HighTech currently has only 20 UltraPortable display
components in inventory; so, no more than 20 units of the UltraPortable may be
assembled. Finally, only 300 square metres of warehouse space can be made available
for new production. Assembly of each Deskpro requires eight square metres of ware-
house space; similarly, each UltraPortable requires five square metres.
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AN ALGEBRAIC OVERVIEW OF THE SIMPLEX METHOD 213

To develop a linear programming model for the HighTech problem, we will use
the following decision variables:

x1 = number of units of the Deskpro
Xo = number of units of the UltraPortable

The complete mathematical model for this problem is then:

Max  50xq + 40xo
s.t.
3x1 + 5xo < 150 Assembly time
1x, < 20 Portable display
8xy + bxo < 300 Warehouse capacity
X1, Xo >0

Adding a slack variable to each of the constraints allows us to write the problem
in standard form.

The Simplex method was
developed before

computers were eadly - Constraint Equations (5.2) to (5.4) form a system of three simultaneous linear equa-
available. Dantzig tested

the method on a diet tions with five variables. Whenever a system of simultaneous linear equations has more
problem. Using desk variables than equations, we can expect an infinite number of solutions. The Simplex
caleulators ittook 120 method can be viewed as an algebraic procedure for finding the best solution to such a
zﬁgsgnsgﬁﬁisog_f me o system of equations. In our example, the best solution is the solution to Equations (5.2)
method was judged a to (5.4) that maximizes the objective function (5.1) and satisfies the nonnegativity

success! conditions given by (5.5). This is the solution the Simplex method aims to find.

Algebraic Properties of the Simplex Method

Determining a Basic Solution

For the HighTech Industries constraint equations, which have more variables (five)
than equations (three), the Simplex method finds solutions for these equations by
assigning zero values to two of the variables and then solving for the values of the
remaining three variables. For example, if we set x, = 0 and s; = 0, the system of
constraint equations becomes:

Using Equation (5.6) to solve for x;, we have:

3X1 =150
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CHAPTER 5 LINEAR PROGRAMMING: THE SIMPLEX METHOD

A basic solution is
obtained by setting two
of the five variables equal
to zero and solving the
three equations
simultaneously for the
values of the other three
variables.
Mathematically, we are
guaranteed a solution
only if the resulting three
equations are linearly
independent. Fortunately,
the Simplex method is
designed to guarantee
that a solution exists for
the basic variables at
each iteration.

and hence x; = 150/3 = 50. Equation (5.7) provides s, = 20. Finally, substituting
x1 = 50 into Equation (5.8) results in:

8(50) -+ 1s3 = 300

Solving for s3, we obtain s; = —100.
So, we obtain the following solution to the three-equation, five-variable set of
linear equations:

X1 = 50
Xo = 0
Sy = 0
So = 20
s3 = —100

This solution is referred to as a basic solution. To state a general procedure for
determining a basic solution, we must consider a standard-form linear programming
problem consisting of # variables and m linear equations, where # is greater than m.

Basic Solution
To determine a basic solution, set n — m of the variables equal to zero, and
solve the m linear constraint equations for the remaining . variables.'

In terms of the HighTech problem, a basic solution can be obtained by setting any two
variables equal to zero and then solving the system of three linear equations for the
remaining three variables. We shall refer to the n — m variables set equal to zero as the
nonbasic variables and the remaining m variables as the basic variables. So, in the preced-
ing example, x, and s; are the nonbasic variables, and x;, 55, and s5 are the basic variables.

Basic Feasible Solution

A basic solution can be either feasible or infeasible. A basic feasible solution is a basic
solution that also satisfies the nonnegativity conditions. The basic solution found by
setting x, and s; equal to zero and then solving for x;, s, and s5 is a basic infeasible
solution because s3 = —100 and negative values are not allowed in the formulation.
However, suppose that we had chosen instead to make x; and x, nonbasic variables by
setting x; = 0 and x, = 0. Solving for the corresponding basic solution is easy because
with x; = x, = 0, the three constraint equations reduce to:

154 =150
1S5 = 20
1s3 =300

The complete solution with x; = 0 and x, = 0 is then:

xg= 0
Xo= 0
sy = 150
So = 20
s3 = 300

This solution is a basic feasible solution because all of the variables satisfy the
nonnegativity conditions.

The following graph shows all the constraint equations and basic solutions for
the HighTech problem. Circled points (M-® are basic feasible solutions; circled

'In some cases, a unique solution cannot be found for a system of 7 equations and n variables. However, these
cases will never be encountered when using the Simplex method.
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points () are basic solutions that are not feasible. The basic solution found by
setting x, = 0 and s; = 0 corresponds to point (9); the basic feasible solution found
by setting x; = 0 and x, = 0 corresponds to point (D) in the feasible region.
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The graph in Figure 5.1 shows only the basic feasible solutions for the HighTech
problem; note that each of these solutions is an extreme point of the feasible region. In
Chapter 2 we showed that the optimal solution to a linear programming problem can be

Feasible Region and Extreme Points for the HighTech Industries Problem
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CHAPTER 5 LINEAR PROGRAMMING: THE SIMPLEX METHOD

Can you find basic and
basic feasible solutions
to a system of equations
at this point? Try
Problem 1.

found at an extreme point. Because every extreme point corresponds to a basic feasible
solution, we can now conclude that the HighTech problem does have an optimal basic
feasible solution.” The Simplex method is an iterative procedure for moving from one
basic feasible solution (extreme point) to another until the optimal solution is reached.

In geometry, a simplex is
an n dimensional
equivalent of a two
dimensional triangle, so
the Simplex method is
really looking for the
corner points in n
dimensions.

Tableau Form

With the Simplex method, an LP problem and its iterative solutions are usually
presented in tables, or tableau formats. Each tableau represents a basic solution
from the Simplex procedure. The tableau also provides a convenient method of
identifying whether a potentially improved solution exists. If we take our standard
LP format from the HighTech problem we have:

Max. 50x; + 40x> + 0s4 + 0So + 0s3

s.t.
3X1 + 5Xo + 154 =150
1Xo + 185 =20
8x1 + 5xo + 1s3 = 300
X1, X2, S1, S2, S3 >0
In tabular form we can show this as:
X4 X2 Sq So S3 Value
Objective function 50 40 0 0 0
Constraint 1 3 5 1 0 0 150
Constraint 2 0 1 0 1 0 20
Constraint 3 8 5 0 0 1 300

All we have done is to show the coefficients for the objective function and each
constraint on separate rows with the appropriate value of each in the final column of
the tableau. To help us remember what each column of the tableau relates to, we
have shown the variable associated with each column at the top of the tableau.
Later on, we will want to be able to refer to groups of coefficients (all those for
the objective function, all those for the constraint coefficients and all those for the

right-hand side values). We use matrix notation where:
C row = the row of objective function coefficients
b column = the column of right-hand side values of the constraint
equations
A matrix = the m rows and n columns of coefficients of the variables in

the constraint equations
Using this notation, we would have a tableau:

C row |
A matrix | b column

*We are only considering cases that have an optimal solution. That is, cases of infeasibility and unboundedness
will have no optimal solution, so no optimal basic feasible solution is possible.

deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



SETTING UP THE INITIAL SIMPLEX TABLEAU 217

Once we have the problem in tableau form, we then can obtain an initial Simplex
tableau that shows a basic feasible solution and then use the Simplex procedure to
search for improved solutions to this initial tableau. Given that the Simplex proce-
dure is iterative, we keep searching for improved solutions until we can no longer
find a better one. The current solution is then the optimal solution. To summarize,
the following steps are appropriate:

Step 1. Formulate the problem.

Step 2. Set up the problem in the standard form using slack and surplus variables
as appropriate.

Step 3. Set up the problem in tableau form.
Step 4. Set up the initial Simplex tableau.

Step 5. Search for improvements in the current solution shown in the tableau
until no further improvement can be made.

Setting Up the Initial Simplex Tableau

Clearly, the tableau we have developed simply sets out the LP problem formulation.
In order to proceed, we need to create a tableau that represents an initial basic,
feasible solution. This will allow us to begin the Simplex procedure and search for
the optimal solution. When an LP problem with all less-than-or-equal-to constraints
is written in the standard form, it is easy to find a basic feasible solution. We simply
set the decision variables equal to zero and solve for the values of the slack variables.
For the HighTech problem, we then have: x; = 0, x, = 0, s; = 150, s, = 20 and
s3 = 300 as the initial basic feasible solution (the slack variables simply take the
values of the right-hand side values of the constraints). Note that this solution puts
us at Point 1 in Figure 5.1. We now need an initial Simplex tableau that corresponds
to this point and to this basic, feasible, solution. This is not difficult to do. The initial
Simplex tableau for the HighTech problem is shown below:

X4 X2 Sq So S3 Value
Basis 50 40 0 0 0
sS4 3 5 1 0 0 150
S5 0 1 0 1 0 20
S3 8 5 0 0 1 300

To practise setting up the  We label the first column Basis to indicate the basic solution and we show

portion of the simplex the basic variables s, s», s3. From the tableau we can determine the values for
Iﬁg‘%zujeiiceesf‘u)ﬁgﬁgnng ' each of the basic variables: s1 = 150, s, = 20, s3 = 300. Non-basic variables — those
and constraints at this not appearing in the Basis list — automatically take zero values. Here, we have x;
paint, try Problem 4. and x; both equal to zero. Notice that for each basic variable, its corresponding

column in the tableau has a 1 in the only non-zero position. Such columns are
known as unit columns or unit vectors. Second, a row of the tableau is associated
with each basic variable. This row has a 1 in the unit column corresponding to the
basic variable. The value of each basic variable is then given by the b value in the
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The simplex tableau is
nothing more than a table
that helps keep track of
the simplex method
calculations.
Reconstructing the
original problem can be
accomplished from the
initial simplex tableau.

Try Problem 5(a) for
practise in setting up the
complete initial simplex
tableau for a problem
with less-than-or-equal-
to constraints.

row associated with the basic variable. In the tableau, row 2 is associated with
basic variable s; because this row has a 1 in the unit column corresponding to s;.
So, the value of s; is given by the right-hand side value b;: s; = by = 150. In a
similar fashion, s, = b, = 20, and s3 = b3 = 300.

If we study the standard-form representation of the HighTech constraint equa-
tions closely, we can identify two properties that make it possible to find an initial
basic feasible solution. The first property requires that the following conditions be
satisfied:

a. For each constraint equation, the coefficient of one of the m basic variables in
that equation must be 1, and the coefficients for all the remaining basic variables
in that equation must be 0.

b. The coefficient for each basic variable must be 1 in only one constraint
equation.

When these conditions are satisfied, exactly one basic variable with a coefficient of 1
is associated with each constraint equation, and for each of the m constraint
equations, it is a different basic variable. Thus, if the n—m non-basic variables are
set equal to zero, the values of the basic variables are the values of the right-hand
sides of the constraint equations.

The second property that enables us to find a basic feasible solution requires the
values of the right-hand sides of the constraint equations to be nonnegative. This
nonnegativity ensures that the basic solution obtained by setting the basic variables
equal to the values of the right-hand sides will be feasible.

If a linear programming problem satisfies these two properties, it is said to be in
tableau form.

Improving the Solution

Having found a basic feasible solution, the Simplex procedure now searches for an
improved solution. The general principle is simple: will we get an improved,
feasible solution if we add one of the non-basic variables to the current solution?
In our HighTech problem, this would mean adding either variable x; or x; to the
current solution (since these are the two non-basic variables). Effectively, this
would mean letting either x; or x, take a nonzero value (or, in a business context,
that we decide to produce some number of units of either the Deskpro model or
the UltraPortable).

Referring to Figure 5.1, our initial solution puts us at Point 1 on the graph (the
origin where both decision variables are zero). The Simplex procedure now deter-
mines whether a move to an adjacent corner point (either Point 5 or Point 2), would
give an improved solution. (Note that Points 3 and 4 are not considered at this time
since they are not adjacent to the current solution at Point 1.) However, if we were
to introduce one of the non-basic variables into the solution then we would have to
remove one of the existing basic variables — one of s4, s, or s; would then take a zero
value.

To help decide whether an improved solution is possible and determine which
variables would be part of the solution and which would leave, we add some addi-
tional information to the Simplex tableau. To help with the Simplex calculations, we
first add two more rows to the tableau.
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X4 X2 Sq So S3 Value
Basis 50 40 0 0 0 0
sS4 3 5 1 0 0 150
S5 0 1 0 1 0 20
S3 8 5 0 0 1 300
Zj
C/‘ =2

The first row, labelled z;, represents the decrease in the value of the objective
function that will result if one unit of the variable corresponding to the jth column
of the A matrix is brought into the basis. The second row, labelled c; - z;, represents
the net change in the value of the objective function if one unit of the variable
corresponding to the jth column of the A matrix is brought into the solution. We can
refer to the ¢; — z; row as the net evaluation row.

Let us first see how the entries in the z; row are calculated. Suppose that we
consider increasing the value of the non-basic variable x; by one unit — that is,
from x; = 0 to x; = 1. Effectively we want x; to be one of our basic variables. In
order to make this change, and at the same time continue to satisfy the con-
straint equations, the values of some of the other variables will have to be
changed. As we will show, the Simplex method requires that the necessary
changes be made to basic variables only. For example, in the first constraint
we have:

3X1 + 5Xo + 151 = 150

The current basic variable in this constraint equation is s;. Assuming that x;
remains a non-basic variable with a value of 0, then if x; is increased in value by
1, s; must be decreased by 3 for the constraint to be satisfied. Similarly, if we
were to increase the value of x; by 1 (keeping x, = 0), we can see from the
second and third equations that although s, would not change, s; would decrease
by 8. By analyzing all the constraint equations, we see that the coefficients in the
x; column indicate the amount of decrease in the current basic variables when
the non-basic variable x; is increased from 0 to 1. In general, all the column
coefficients can be interpreted in this way. For instance, if we make x, a basic
variable with a value of 1, s; will decrease by 5, s, will decrease by 1 and s; will
decrease by 5. This makes sense in the context of the HighTech problem. The
tableau shows that we currently have 150 slack hours of assembly time (s;), 20
unused display components (s;) and 300 square metres of unused warchouse
capacity (s3). So, if we were to produce one unit of x; this would require three
hours of assembly time, no display units as these as for the UltraPortable model,
(x2) and eight square metres of warehouse space.

To see how we now calculate the values for the z; row, let us look at the x; column
again. If x; were to increase by 1 (from 0 to 1) then we know that s; would need to
decrease by 3, s, by 0 and s5 by 8. Changing the values of the basic variables will also
affect the objective function. To assess the effect we would need to look at the
objective function coefficients for the current basic variables, shown in the ¢ row of
the tableau. Clearly, these are 0, 0 and 0 (since the slack variables add nothing to
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profitability). So, to calculate the change in the objective function, if we increase x;
by 1 we would have:

71 =0(3) +0(0) + 0(8) =0

Here we multiply the objective function coefficient of the relevant basic variable by
the change in the value of that variable. This increases x; by 1. Clearly the net effect
on the objective function is zero — reducing the value of sy, s, and s5 will have a zero
effect on the objective function value. The comparable calculations for the other z;
values are then:

2o =0(5)4+0(1)+0(5) =0
23 =0(1) +0(0) +0(0) = 0
24 =0(0) +0(1) +0(0) =0
75 =0(0)4+0(0) +0(1) =0
This then gives a tableau:
X4 X2 sS4 So S3 Value
Basis 50 40 0 0 0 0
S 8 5 1 0 0 150
So 0 1 0 1 0 20
S3 8 S 0 0 1 300
z 0 0 0 0 0 0
Ci—2z

In this tableau we also see a boldfaced 0 in the z; row in the last column. This
zero is the value of the objective function for the current basic feasible solution.
It is calculated in the same way as the other z; values by multiplying the objective
function coefficients of the current basic variables by the values in the last

column.
X1 X2 $4 So S3 Value
Basis Cs 50 40 0 0 0 0
S 0 8 5 1 0 0 150
So 0 0 1 0 1 0 20
S3 0 8 B 0 0 1 300
z 0 0 0 0 0 0
Ci—2z

The net evaluation row, ¢; — z; is then simply the difference between the objective
function coefficients shown in the ¢ row and the z values we have just calculated.
Adding these to the tableau we then have:
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X4 X2 Sq So S3 Value
Basis 50 40 0 0 0 0
sS4 3 5 1 0 0 150
S5 0 1 0 1 0 20
S3 8 5 0 0 1 300
Z 0 0 0 0 0 0
G=2 50 40 0 0 0 0

The interpretation of the coefficients in the net evaluation row is straightforward. If we
take the value of 50, for example, relating to the x; column, this coefficient shows the net
effect on the current objective function value of bringing one unit of x; into the current
solution (making x; a basic variable and allocating it a value of 1). In other words, allowing
one unit of x; to be produced will bring about a net change in profit of €50. Similarly,
the coefficient of €40 for the x, column tells us that allowing x, to take a value of 1 in the
solution would increase profit by this amount. We are now ready to see how the
information in the table can be used to see if the current basic solution can be improved.

From the net evaluation row, we see that each unit of the Deskpro (x;) intro-
duced into the current basis would increase the value of the objective function by
€50 and each unit of the UltraPortable (x,) by €40. Because x; causes the largest
per-unit increase, we choose it as the variable to bring into the basis. In other words,
x1 is set to enter the solution so that it will increase the objective function more than
x,. From Figure 5.1 we can also see the logic of this decision. From the current
solution (Point 1), we can either move in the direction of Point 5 (introduce the
UltraPortable, into the solution) or in the direction of Point 2 (introduce the
Deskpro into the solution). Given that our objective is to maximize profit contribu-
tion, obviously it then makes sense to introduce the variable that makes the largest
per unit profit contribution. This gives a simple decision rule:

Criterion for Entering a New Variable into the Basis

Look at the net evaluation row (ci—z;), and select the variable to enter the basis
that will cause the largest per-unit improvement in the value of the objective
function. In the case of a tie, follow the convention of selecting the variable
to enter the basis that corresponds to the leftmost of the columns.

However, if a new variable is set to enter the solution (non-basic variables are set to
become basic) then we must remove an existing variable from the solution (make an
existing basic variable non-basic). Clearly, we have three choices in the HighTech
problem: sy, 55, 53 could all become non-basic. In discussing how to calculate the z;
values, we noted that each of the coefficients in the x; column indicates the amount
of decrease in the corresponding basic variable that would result from increasing x;
by one unit. Considering the first row, we see that every unit of the Deskpro
produced will use three hours of assembly time, reducing s, by 3. In the current
solution, s; = 150 and x; = 0. Considering this row only, the maximum possible
value that x; could take can be calculated by solving:

3x1 = 150 which gives x; = 50

In other words, in relation only to s, the maximum value that x; could take if it came
into the solution is 50 units. (Of course, this would mean that we were using all of the
available assembly time to produce 50 units of x; — there would be no slack, s; = 0).
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To determine which basic
variable will become
nonbasic, only the
positive coefficients in
the incoming column
correspond to basic
variables that will
decrease in value when
the new basic variable
enters.

We can apply the same logic to s, and s5 in turn. For s,, introducing x; has no effect (a
zero coefficient) but for s3 the maximum value that x; could take would be:

8xy = 300 giving x1 = 37.5

This in turn would mean we were using all available warehouse space to store x;, there
would be no slack (s; = 0). If we now consider all three rows (constraints) simulta-
neously, we know that x; is set to enter the basic solution. The maximum possible
increase in xy is given by the smallest, nonzero ratio calculation. Here, the maximum
that x; can take at this stage in the procedure is a value of 37.5. At this level of
production, s3 would take a zero value — that is, s; would become a non-basic variable.

Criterion for Removing a Variable from the Current Basis (Minimum Ratio Test)
Suppose the incoming basic variable corresponds to column j in the A
portion of the simplex tableau. For each row i, compute the ratio b;/a; for
each a; greater than zero. The basic variable that will be removed from
the basis corresponds to the minimum of these ratios. In case of a tie, we
follow the convention of selecting the variable that corresponds to the
uppermost of the tied rows.

So, we now know that x; is set to enter the solution as a basic variable, s3 is set to
leave the current solution and become non-basic and also that x; will take a value of
37.5 in the new solution. Clearly, if we are changing the basic solution, we will need
to change the tableau to reflect the new solution. We look at how we do this next.

Calculating the Next Tableau

The way in which we transform the simplex tableau so that it still represents an equivalent
system of constraint equations is to use the following elementary row operations.

Elementary Row Operations

1 Multiply any row (equation) by a nonzero number.

2 Replace any row (equation) by the result of adding or subtracting a
multiple of another row (equation) to it.

The application of these elementary row operations to a system of simultaneous
linear equations will not change the solution to the system of equations; however,
the elementary row operations will change the coefficients of the variables and the
values of the right-hand sides.

The purpose of these arithmetic operations is to transform the existing tableau
into one that represents the new basic solution. We show the initial tableau below
together with the ratio calculations we performed earlier.

Initial tableau

X4 X5 Sq S5 S3 Value Ratio (Value/x;)
Basis Cp 50 40 0 0 0
S 0 3 B 1 0 0 150 50
S> 0 0 1 0 1 0 20 -
Sz 0 5 0 0 1 300 375
z 0 0 0 0 0 0
G =27 50 40 0 0 0 0
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We know that x; is set to enter the new solution and that s5 is set to leave. We refer
to the x; column as the pivot column, the s3 row as the pivot row and the coefficient
at the intersection of the pivot row and column as the pivot element (here 8, shown
circled). Looking at the pivot row we have:

8x1 + 5xo + 153 = 300

We know that in the improved solution, x; will enter the solution and that both x;
and s3 will be non-basic and take zero values. Given that, in the above equation we
know that two of the variables will be zero, we can easily solve for the third, x;, by
dividing the entire row by 8, the pivot element:

B4 | 56 1s; 300

8 8 8 8
This gives:
1x1 4+ 0.625x, + 0.125s3 = 37.5

This row replaces the existing pivot row in the new tableau.

New tableau

X4 X2 S So S3 Value
Basis C, 50 40 0 0 0
Sq 0
S5 0
X1 50 1 0.625 0 0 0.125 375
Zj
%=

However, we also need to adjust the other rows in the Initial Tableau. To help under-
stand the mathematics, let us explain what is happening in a business context. In the
initial solution, HighTech were producing neither of the two products and consequently
all their available resources were unused. Now, with the improved solution HighTech
will be producing 37.5 units of x; and in doing so are using all the available warehouse
space (hence s3 = 0). But by producing 37.5 units of x;, other available resources will
also be needed. From the original problem formulation we know that each unit of x;
required three hours of the available assembly time but that a number of available
display components are only needed for x, (which we are not producing at this stage).
So, we need to adjust the existing s; row to reflect the production of x; and we will not
need to alter the s, row since this is unaffected by x; production. The new row we have
just calculated, xy, is a general expression for the number of units of x; produced. We
know that each unit of x; produced will require three assembly hours. So, to calculate
the total number of assembly hours required, we can multiply the entire x; row by 3:

X1 row x 3:
3(1x1 + 0.625x, + 0.125s3) = 3(37.5)
or
3x¢ + 1.875x» + 0.375s3 = 112.5

This expression indicates how many assembly hours will be needed for x;. However,
the s; row in the Initial tableau indicates how many assembly hours we have to begin
with. So, to determine how many unused assembly hours (s;) we will have in the new
solution, we need to subtract the hours needed from the hours available, or:
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Assembly hours available 3¢ + BX, +15¢ + 0s, + 0s3 = 150

— assembly hours needed for x4 —(3x4 + 1.875x%» + .375s3 = 112.5)
production

Giving s Oxq + 3.125x, +1s4 + 0s, — 0.375s3 = 37.5

Our new tableau is then:

New tableau

X1 X2 S4 So S3 Value
Basis Cp 50 40 0 0 0
S 0 0 3.125 1 0 —0.375 375
S, 0 0 1 0 1 0 20
X4 50 1 0.625 0 0 0.125 375
7z 1875
C/' = Zj

The new solution is s; = 37.5, s, = 20 and x; = 37.5 (with x; and s; automatically set
to zero since they are non-basic). We also can obtain the new value for the objective
function:

0(37.5) + 0(20) + 50(37.5) = 1875

This is also shown in the new tableau. The calculations may look complex but they
condense into a series of simple steps:

o Identify the pivot column showing the non-basic variable that is to enter the
solution.

o Identify the pivot row that shows the basic variable that will leave the solution.

o Identify the pivot element at the intersection of the pivot row and column.

o Divide the existing pivot row by the pivot element.

e Adjust the other rows in the tableau in turn using the new pivot row and the
appropriate coefficient from the pivot column.

Note also, that the new tableau satisfies the two required properties for tableau form
that we set out in Section 5.2.

Interpreting the Results of an Iteration

In our example, the initial basic feasible solution was:

X1 = 0
Xo = 0
S1 = 150
S, = 20
sz = 300
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with a corresponding profit of €0. One iteration of the Simplex method moved us to
another basic feasible solution with an objective function value of €1875. This new
basic feasible solution is:

x4 =37.5
Xo =0

sS4 =37.5
So =20
s3=0

In Figure 5.2 we see that the initial basic feasible solution corresponds to extreme
point D. The first iteration moved us in the direction of the greatest increase per
unit in profit — that is, along the x; axis. We moved away from extreme point () in
Js ffom the origin n the x; direction until we could move no farther without violating one of the con-
Figure 5.2 to extreme straints. The tableau we obtained after one iteration provides the basic feasible
point 2. solution corresponding to extreme point Q.
We note from Figure 5.2 that at extreme point Q) the warehouse capacity
constraint is binding with s3; = 0 and that the other two constraints contain slack.
From the simplex tableau, we see that the amount of slack for these two constraints
is given by s; = 37.5 and s, = 20.

The first iteration moves

Moving Toward a Better Solution

To see whether a better basic feasible solution can be found, we need again to
calculate the z; and ¢; — z; rows for the new simplex tableau. Recall that the elements
in the z; row are the sum of the products obtained by multiplying the elements in the
cp column of the simplex tableau by the corresponding elements in the columns of
the A matrix. Thus, we obtain:

z;=0(0)  +0(0)+50(1) =50
7o = 0(31.25) 4 0(1) + 50(0.625) = 31.25
z3=0(1)  +0(0)+50(0) = 0
24=0(0)  +0(1)+50(0) = 0
25 = (—0.375)+ 0(0) + 50(0.125) = 6.25

Subtracting z; from ¢; to compute the new net evaluation row, we obtain the
following simplex tableau:

X4 X2 S S2 S3
Basis Cp 50 40 0 0 0
S 0 0 3.125 1 0 —0.375 37.5
So 0 0 1 0 1 0 20
X4 50 1 0.625 0 0 0.125 37.5
Z; 50 31.25 0 0 6.25 1875
G =27 0 8.75 0 0 —6.25

Let us now analyze the ¢; — z; row to see whether we can introduce a new variable
into the basis and continue to improve the value of the objective function. Using the
rule for determining which variable should enter the basis next, we select x, because it
has the highest (and only) positive coefficient in the ¢; — z; row. Referring to Figure 5.2
our current solution is at Point 2. The new solution introduces x, as a basic variable at
Point 3. It is also worth noting for a moment the other nonzero coefficient in this
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Figure 5.2 Feasible Region and Extreme Points for the HighTech Industries Problem
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row — that for s; equals —6.25. One of the managerial benefits of the Simplex
method is that virtually every part of the tableau can be used to help management
understand the consequences of decisions. Here we see that s3 takes a negative value
of €6.25. The interpretation of this is straightforward; s; has just been taken out of
the solution and is non-basic with a zero value. But this coefficient tells us that if we
were to force s3 back into the situation at this stage, it would have a negative impact
on the objective function. In other words, if we insisted on having unused warehouse
space (which is what s; measures), then each square metre of unused space will
effectively cost HighTech €6.25 in lost profit contribution since the only way of
freeing up warehouse space at this stage is to reduce production of x;.

To determine which variable will be removed from the basis when x, enters, we
must calculate for each row i the ratio b;a;,, (remember, though, that we should
calculate this ratio only if a;, is greater than zero); then we select the variable to
leave the basis that corresponds to the minimum ratio. As before, we will show these
ratios in an extra column of the simplex tableau:

X4 X2 S S2 S3

b
Basis cg | 50 40 0 0 0 a
375
o o| 0 @12 1 0 -0375 375 | poo=12
2
82 ol o 1 o 0 20 Tozzo
37.5
X1 50 | 1 0625 0 0 0125 375 | - =60
z 50  31.25 0o 0 625 1875
-2 0 875 0 0  -625
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With 12 as the minimum ratio, s; will leave the basis. The pivot element is
a1, = 3.125, which is circled in the preceding tableau. The nonbasic variable x, must
now be made a basic variable.

We can make this change by performing the following elementary row
operations:

Step 1. Divide every element in row 1 (the pivot row) by 3.125 (the pivot
element).

Step 2. Subtract the new row 1 (the new pivot row) from row 2.

Step 3. Multiply the new pivot row by 0.625, and subtract the result from
row 3.

The new simplex tableau resulting from these row operations is as follows:

X4 Xo S So S3
Basis Cp 50 40 0 0 0
X2 40 0 1 0.32 0 —-0.12 12
So 0 0 0 -0.32 1 0.12 8
X4 50 1 0 —0.20 0 0.20 30
zZ; 50 40 2.8 0 5.20 1980
C=2 0 0 2.8 0 —5.20

Note that the values of the basic variables are x, = 12, s, = 8 and x; = 30, and the
corresponding profit is 40(12) + 0(8) + 50(30) = 1980.

We must now determine whether to bring any other variable into the basis and
thereby move to another basic feasible solution. Looking at the net evaluation row,
we see that every element is zero or negative. Because ¢; — z; is less than or equal to
zero for both of the nonbasic variables s; and s3, any attempt to bring a nonbasic
variable into the basis at this point will result in a lowering of the current value of the
objective function. Hence, this tableau represents the optimal solution. In general,
the Simplex method uses the following criterion to determine when the optimal
solution has been obtained:

Optimality Criterion

The optimal solution to a linear programming problem has been reached
when all of the entries in the net evaluation row (c; —z;) are zero or
negative. In such cases, the optimal solution is the current basic feasible
solution.

Referring to Figure 5.2, we can see graphically the process that the Simplex
method used to determine an optimal solution. The initial basic feasible solution
corresponds to the origin (x; = 0, x, = 0, 51 = 150, s, = 20, s3 = 300). The first
iteration caused x; to enter the basis and s3 to leave. The second basic feasible
solution corresponds to extreme point @) (x1 =375, x, =0, s; = 37.5, s, = 20,
s3 = 0). At the next iteration, x, entered the basis and s; left. This iteration
brought us to extreme point () and the optimal solution (xr1 =30, x, =12,
s1 =0, s, =8, 53 =0).

For the HighTech problem with only two decision variables, we had a choice of
using the graphical or Simplex method. For problems with more than two variables,
we shall always use the Simplex method.
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CHAPTER 5 LINEAR PROGRAMMING: THE SIMPLEX METHOD

The first computer-based
simplex application was
in 1951 when the US Air
Force looked at the
deployment and support
of aircraft. The problem
had 71 variables and 48
constraints. There were
73 simplex iterations
needed to find the
optimal solution and this
took the computer 18
hours.

Interpreting the Optimal Solution

Using the final simplex tableau, we find the optimal solution to the HighTech
problem consists of the basic variables xy, x, and s, and nonbasic variables s; and
s3 with:

x; = 30

Xo = 12

si=0

So= 8

s3= 0

The value of the objective function is €1980. If management wants to maximize the
total profit contribution, HighTech should produce 30 units of the Deskpro and 12
units of the UltraPortable. When s, = 8, management should note that there will be
eight unused UltraPortable display units. Moreover, because s; = 0 and s3 = 0, no
slack is associated with the assembly time constraint and the warehouse capacity
constraint; in other words, these constraints are both binding. Consequently, if it is
possible to obtain additional assembly time and/or additional warehouse space,
management should consider doing so.

Figure 5.3 shows the computer solution to the HighTech problem using Excel.
The optimal solution with x; = 30 and x, = 12 is shown to have an objective
function value of €1980. The values of the slack variables complete the optimal
solution with s; = 0, s, = 8 and s; = 0. The values in the Reduced Costs column
are from the net evaluation row of the final simplex tableau. Note that the ¢; - z;
values in columns corresponding to x; and x, are both 0. The shadow prices are
the z; values for the three slack variables in the final simplex tableau. Referring
to the final tableau, we see that the shadow price for constraint 1 is the z; value
corresponding to s; = 2.8. Similarly, the shadow price for constraint 2 is 0, and
the dual price for constraint 3 = 5.2. The use of the Simplex method to calculate
shadow (dual) prices will be discussed further when we cover sensitivity analysis
in Chapter 6.

Summary of the Simplex Method

Let us now summarize the steps followed to solve a linear programme using the
Simplex method. We assume that the problem has all less-than-or-equal-to con-
straints and involves maximization.

Step 1. Formulate a linear programming model of the problem.

Step 2. Add slack variables to each constraint to obtain standard form.

Step 3. Set up the initial simplex tableau.

Step 4. Choose the nonbasic variable with the largest entry in the net evaluation
row to bring into the basis. This variable identifies the pivot column: the
column associated with the incoming variable.

Step 5. Choose as the pivot row that row with the smallest ratio of b;/a;; for a; > 0
where j is the pivot column. This pivot row is the row of the variables
leaving the basis when variable j enters.

Step 6. Perform the necessary elementary row operations.

a. Divide each eclement of the pivot row by the pivot element (the
element in the pivot row and pivot column).
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Figure 5.3 Excel Solution for the HighTech Industries Problem
Original
Name Value Final Value
Maximize Total Profit 0 1980
Original

Name Value Final Value

x1 0 30

X2 0 12

Name Cell Value Status Slack

Assembly time 150 Binding 0
used (LHS)
Display units 12 Not Binding 8
used (LHS)
Warehouse space 300 Binding 0
used (LHS)
ADJUSTABLE CELLS
Final Reduced Objective Allowable Allowable
_ Name value | Cost  Coefficient Increase Decrease
x1 30 0 50 14 26
X2 12 0 40 43.33333333 8.75
CONSTRAINTS
Final Shadow Constraint Allowable Allowable
________ Name =~ Value __Price =~ R.H. Side ~  Increase  Decrease
Assembly time 150 2.8 150 25 37.5
used (LHS)
Display units 12 0 20 1E+3 8
used (LHS)
Warehouse space 300 5.2 300 100 66.66666667
used (LHS)

b. Obtain zeroes in all other positions of the pivot column by adding
or subtracting an appropriate multiple of the new pivot row. Once
the row operations have been completed, the value of the new
basic feasible solution can be read from the b column of the
tableau.

Step 7. Test for optimality. If ¢; — z; < 0 for all columns, the solution is optimal. If

not, return to step 4.

- The steps are basically the same for problems with equality and greater-than-or-
lght/eesgyp%éwy 0 equal-to constraints except that setting up the tableau form requires a little more
employing the Simplex work. We discuss what is involved in Section 5.6. The modification necessary for
method, try Problem 6. minimization problems is covered in Section 5.7.

Copyright 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). Editorial review has

deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.
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NOTES AND COMMENTS

he entries in the net evaluation row provide the improve before it would be possible for the corre-

reduced costs that appear in the computer sol- sponding variable to assume a positive value in the
ution to a linear programme. Recall that in Chapter 3 optimal solution. In general, the reduced costs are
we defined the reduced cost as the amount by which the absolute values of the entries in the net evalua-
an objective function coefficient would have to tion row.

5.6 Tableau Form: The General Case

This section explains When a linear programme contains all less-than-or-equal-to constraints with nonneg-
how to get started with

the Simplex method for  ative right-hand side values, it is easy to set up the tableau form; we simply add a slack
problems with greater-  variable to each constraint. However, obtaining the tableau form is more complex if the
than-or-equal-to and linear programme contains greater-than-or-equal-to constraints, equality constraints

equality constraints. and/or negative right-hand side values. In this section we describe how to develop

tableau form for each of these situations and also how to solve linear programmes
involving equality and greater-than-or-equal-to constraints using the Simplex method.

Greater-Than-or-Equal-to Constraints ()

Suppose that in the HighTech Industries problem, management wanted to ensure that
the combined total production for both models would be at least 25 units. This require-
ment means that the following constraint must be added to the current linear programme:

Xy 4+ 1x2 > 25
Adding this constraint results in the following modified problem:

Max  50x1 + 40xo
s.t.
3x1 + bxo < 150 Assembly time
1x, < 20 UltraPortable display
8x1 + bxp, < 300 Warehouse space
X1 + 1xo > 25 Minimum total production
X1, Xo >0

First, we use three slack variables and one surplus variable to write the problem in
standard form. This provides the following:
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Now let us consider how we obtain an initial basic feasible solution to start the
Simplex method. Previously, we set x; = 0 and x, = 0 and selected the slack variables
as the initial basic variables. The extension of this notion to the modified HighTech
problem would suggest setting x; = 0 and x, = 0 and selecting the slack and surplus
variables as the initial basic variables. Doing so results in the basic solution:

xy= 0
Xo= 0
sy =150
So = 20
S3 =300
Sy =—-25
Clearly this solution is not a basic feasible solution because s, = —25 violates the

nonnegativity requirement. Here, with the Simplex method, we are trying to set x;
and x, to zero. However, the minimum total production constraint we added
requires that combined production must be at least 25 units and clearly we cannot
set x; and x, to zero and meet the constraint requirement. The difficulty is that the
standard form and the tableau form are not equivalent when the problem contains
greater-than-or-equal-to constraints.

To set up the tableau form, we shall resort to a mathematical ‘trick’ that will
enable us to find an initial basic feasible solution in terms of the slack variables s, s,
and s3 and a new variable we shall denote a4. Variable a, really has nothing to do
with the HighTech problem; it merely enables us to set up the tableau form and thus
obtain an initial basic feasible solution. This new variable, which has been artificially

Artificial variables are created to start the Simplex method, is referred to as an artificial variable.

appropriately named; The notation for artificial variables is similar to the notation used to refer to the
T}:ggsgein”?hghryesa'fal elements of the A matrix. To avoid any confusion between the two, recall that the
problem. elements of the 4 matrix (constraint coefficients) always have two subscripts,

whereas artificial variables have only one subscript referring to the constraint.

With the addition of an artificial variable, we can convert the standard form of the
problem into tableau form. We add artificial variable a4 to constraint Equation (5.12)
to obtain the following representation of the system of equations in tableau form:

3Xqy + 5Xo + 154 =150

1Xo + 185 = 20
8x1 + 5xo + 183 =300
X1 + 1xo —1s4+1as = 25

Note that the subscript on the artificial variable identifies the constraint with which it
is associated. Thus, a, is the artificial variable associated with the fourth constraint.

Because the variables sy, 55, 53 and a4 each appear in a different constraint with a
coefficient of 1, and the right-hand side values are nonnegative, both requirements
of the tableau form have now been satisfied. We can now obtain an initial basic
feasible solution by setting x; = x, = s4 = 0. The complete solution is:

X1 = 0
Xo = 0
S = 150
So= 20
s3 =300
ss= 0
ag = 25
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A basic feasible solution Is this solution feasible in terms of the real HighTech problem? No, it is not. It
conta\nmg one or more

orificial variabjes at does not satisfy the constraint 4 combined total production requirement of 25 units.
positive values is not We must make an important distinction between a basic feasible solution for the
feasible for the real tableau form and a feasible solution for the real problem. A basic feasible solution
problem. for the tableau form of a linear programming problem is not always a feasible

solution for the real problem.

The reason for creating the tableau form is to obtain the initial basic feasible
solution that is required to start the Simplex method. So, we see that whenever it is
necessary to introduce artificial variables, the initial simplex solution will not in
general be feasible for the real problem. This situation is not as difficult as it might
seem, however, because the only time we must have a feasible solution for the real
problem is at the last iteration of the Simplex method. So, devising a way to
guarantee that any artificial variable would be eliminated from the basic feasible
solution before the optimal solution is reached would eliminate the difficulty.

The way in which we guarantee that artificial variables will be eliminated before
the optimal solution is reached is to assign each artificial variable a very large cost in
the objective function. For example, in the modified HighTech problem, we could
assign a very large negative number (such as -100000) as the profit coefficient for
artificial variable ay4. So, if this variable is in the basis, it will substantially reduce
profits. As a result, this variable will be eliminated from the basis as soon as possible,
which is precisely what we want to happen.

As an alternative to picking a large negative number such as —100 000 for the profit
coefficient, we will denote the profit coefficient of each artificial variable by —M. Here
it is assumed that M represents a very large number — in other words, a number of
large magnitude and hence, the letter M. This notation will make it easier to keep
track of the elements of the simplex tableau that depend on the profit coefficients of
the artificial variables. Using —M as the profit coefficient for artificial variable a4 in
the modified HighTech problem, we can write the objective function for the tableau
form of the problem as follows:

Max  50x1 + 40xo + 0S¢ + 0S5 + 0s3 + 054 — May

The initial simplex tableau for the problem is shown here.

X4 X2 S1 S2 S3 S4 as

Basis Cg 50 40 0 0 0 0 —-M
Sq 0 & 5 1 0 0 0 0 150
Ss 0 0 1 0 1 0 0 0 20
S3 0 8 5 0 0 1 0 0 300
an -M @ 1 0 0 0 —1 1 25
z —M M 0 0 0 M M —25M

Ci—2Z 50 + M 40 + M 0 0 0 -M 0

This tableau corresponds to the solution s; = 150, s, = 20, s3 = 300, a4 = 25 and
x1 = x = 54 = 0.Interms of the simplex tableau, this solution is a basic feasible solution
because all the variables are greater than or equal to zero,andn — m =7 — 4 = 3 of
the variables are equal to zero.

Since ¢; — z; = 50 + M is the largest value in the net evaluation row, we see
that x; will become a basic variable during the first iteration of the Simplex
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method. Further calculations with the Simplex method show that x; will replace
a4 in the basic solution. The following tableau is the result of the first iteration.

Result of Iteration 1

X4 X2 Sq So S3 Sa ag

Basis Cg 50 40 0 0 0 0 —M
Sq 0 0 2 1 0 0 3 -3 75
So 0 0 1 0 1 0 0 0 20
S3 0 0 -3 0 0 1 8 -8 100
X4 50 1 1 0 0 0 -1 1 25
Z; 50 50 0 0 0 —50 50 1250

€= 0 -10 0 0 0 50 —M — 50

When the artificial variable a, = 0, we have a situation in which the basic feasible
solution contained in the tableau is also a feasible solution to the real HighTech
problem. In addition, because a4 is an artificial variable that was added simply to
obtain an initial basic feasible solution, we can now drop its associated column from
the tableau. Indeed, whenever artificial variables are used, they can be dropped from
the tableau as soon as they have been eliminated from the basic feasible solution.
The artificial variable has served its purpose in providing us with a real, basic
feasible solution and so is no longer needed.

When artificial variables are required to obtain an initial basic feasible solution,
the iterations required to eliminate the artificial variables are referred to as phase I
of the Simplex method. When all the artificial variables have been eliminated from
the basis (in more complex problems of course there may be more than one >
constraint and so more than one artificial variable), phase I is complete, and a basic
feasible solution to the real problem has been obtained. So, by dropping the column
associated with a4 from the current tableau, we obtain the following tableau at the
end of phase L.

X4 X2 S$q So S3 S,

Basis Cg 50 40 0 0 0 0
Sq 0 0 2 1 0 0 8 75
So 0 0 1 0 1 0 0 20
S3 0 0 -3 0 0 1 8 100
X4 50 1 1 0 0 0 -1 25
Z; 50 50 0 0 0 —-50 1250

-7 0 ~10 0 0 0 50

We are now ready to begin phase II of the Simplex method. This phase simply
continues the Simplex method computations after all artificial variables have been
removed. At the next iteration, variable s4 with ¢;—z; = 50 is entered into the
solution and variable s5 is eliminated. The tableau after this iteration is:
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X1 X2 S S2 S3 Sy
Basis Cgp 50 40 0 0 0 0
S 0 0 3.125 1 0 —0.375 0 37.5
S5 0 0 1 0 1 0 0 20
Sy 0 0 —0.375 0 0 0.125 1 12.5
X4 50 1 0.625 0 0 0.125 0 37.5
Z 50 31.25 0 0 6.250 0 1875
Ci—Z; 0 8.75 0 0 —6.250 0

Another iteration is required. This time x, comes into the solution, and s; is
eliminated. After performing this iteration, the following tableau shows that the
optimal solution has been reached.

X4 X2 S1 Sz S3 S4

Basis Cg 50 40 0 0 0 0
Xo 40 0 1 0.320 0 —-0.12 0 12
S5 0 0 0 —0.320 1 0.12 0 8
Sa 0 0 0 0.12 0 0.08 1 17
X4 50 1 0 -0.20 0 0.20 0 30
Z 50 40 2.80 0 5.20 0 1980

Ci—Z; 0 0 —-2.80 0 —-5.20 0

It turns out that the optimal solution to the modified HighTech problem is the
same as the solution for the original problem. However, the Simplex method
required more iterations to reach this extreme point, because an extra iteration
was needed to eliminate the artificial variable (a4) in phase I.

Fortunately, once we obtain an initial tableau using artificial variables, we need not
concern ourselves with whether the basic solution at a particular iteration is feasible
for the real problem. We need only follow the rules for the Simplex method. If we
reach the optimality criterion (all ¢; — z; < 0) and all the artificial variables have been
eliminated from the solution, then we have found the optimal solution. On the other
hand, if we reach the optimality criterion and one or more of the artificial variables
remain in solution at a positive value, then there is no feasible solution to the problem.
This special case will be discussed further in Section 5.8.

Equality Constraints

When an equality constraint occurs in a linear programming problem, we need to
add an artificial variable to obtain tableau form and an initial basic feasible solution.
For example, if constraint 1 is:

6X1 + 4Xo — bxg = 30

we would simply add an artificial variable a; to create a basic feasible solution in the
initial simplex tableau. With the artificial variable, the constraint equation becomes:

6x1 + 4xo — Bx3 + 1a; = 30
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Now a; can be selected as the basic variable for this row, and its value is given by
the right-hand side. Once we have created tableau form by adding an artificial
variable to each equality constraint, the Simplex method proceeds exactly as
before.

Eliminating Negative Right-Hand Side Values

One of the properties of the tableau form of a linear programme is that the values
on the right-hand sides of the constraints have to be nonnegative. In formulating a
linear programming problem, we may find one or more of the constraints have
negative right-hand side values. To see how this situation might happen, suppose
that the management of HighTech has specified that the number of units of the
UltraPortable model, x5, has to be less than or equal to the number of units of the
Deskpro model, x1, after setting aside five units of the Deskpro for internal company
use. We could formulate this constraint as:

Xo < Xq -5 (513)

Subtracting x; from both sides of the inequality places both variables on the left-
hand side of the inequality. So,

—X1 +Xo < =5 (5.14)

Because this constraint has a negative right-hand side value, we can develop an
equivalent constraint with a nonnegative right-hand side value by multiplying both
sides of the constraint by —1. In doing so, we recognize that multiplying an inequal-
ity constraint by —1 changes the direction of the inequality.

So, to convert inequality (5.14) to an equivalent constraint with a nonnegative
right-hand side value, we multiply by —1 to obtain:

X1 —Xo >5 (5.15)

We now have an acceptable nonnegative right-hand side value. Tableau form for this
constraint can now be obtained by subtracting a surplus variable and adding an
artificial variable.

For a greater-than-or-equal-to constraint, mu